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PREFACE. 


/  'J  Though    several   very  instructive  books  have   recently 

|i  ^  been  published  with  the  view  of  rendering  the  philosophy  and 

application  of  mechanical  principles  easy  and  attractive  to  the 
general  reader,  I  have  not  been  able  to  find  any  work  which 
:  ^  seemed  to  me  to  supersede  the  necessity  of  such  a  one  as  I 

have  here  attempted.     Its  objects  are  to  exhibit  in  a  logical 
r  manner  the  grounds   on   which   the  doctrines   of  Mechanics 

rest; — ^to  introduce  the  most  important  mathematical  propo> 
'  sitions  which  belong  to  the  elementary  portions  of  the  science, 

without  requiring  from  the  reader  any  knowledge  of  mathe- 
/*  matics  beyond  Geometry  and  the  simplest  processes  of  Arith- 

metic  and,  Algebra; — and  to  shew  that  such  a  knowledge 
/  enables  the  student  to  understand  and  perform  several  of  the 

calculations  which  the   practical   application   of  the   subject 
involves. 
^  The  popular  Treatises  on  Science  which  we  possess  are, 

^  so  far  as  I  have  been  able  to  judge,  deficient  in  their  bear- 

ing on  one  or  other  of  these  objects.     It  is  not  enough,  if 
f  we  would  treat  the  subject  philosophically,  to  state  the  leading 

I  mechanical  facts  which  offer  themselves,  and  to  connect  them 

f  with  certain  general  laws  and  general  terms  loosely  and  hastily 

f  applied.     The  rules  of  sound  reasdning  ought  to  goyem  every 

exposition  of  science,  however  popular ;  and  no  wish  to  avoid 

wearying  or  perplexing  the  reader  can  set  aside  the  obligation 

of  the  accurate  use  of  terms  and  the  paramount  authority  of 

■  logical  connexion.      It  may  not  be  needed,  or  wished,   that 
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there  should  be  a  large  apparatus  of  mathematical  deduction, 
but  it  is  quite  requisite  that  our  assertions  should  be  as  justly 
deduced  from  each  other  as  if  mathematics  had  been  the  in- 
strument employed.  It  may  not  be  necessary  to  solve  recondite 
problems  or  to  expound  abstruse  theories;  but  it  is  quite 
necessary  that  problems  should  not  be  referred  to  wrong 
principles,  or  difficulties  made  to  seem  easy  by  a  lax  use  of 
language.  However  few  and  simple  are  the  propositions  in- 
troduced, it  is  requisite  that  each  should  appear  in  its  proper 
sense,  derivation,  and  bearing.  This,  evdn  in  the  most  ele- 
mentary  treatise,  is  essential  to  the  value  of  the  lesson  taught ; 
and  is  important  in  order  that  the  doctrines  of  such  an  intro<- 
ductory  and  imperfect  system  may  readily  fall  into  their  place, 
and  harmonize  with  what  is  afterwards  learnt,  when  the  science 
is  studied  in  its  wider  and  more  complete  mathematical  de- 
velopement. 

Mechanics,  like  every  other  physical  science,  involves  two 
processes,  the  inductive  and  the  deductive;  the  ascent  from 
facts  and  observations  to  principles  and  axioms,  to  the  most 
simple  and  general  laws ;  and  the  descent  again  from  such  laws 
to  their  results  in  particular  cases,  their  exemplification  in 
special  facts.  The  latter  part  of  the  science  cannot  be  better 
presented  than  in  the  form  of  mathematical  reasonings,  such 
as  usually  constitute  the  main  portion  of  treatises  on  me- 
chanics: the  modes  in  which  the  general  laws  have  been 
obtained,  and  the  grounds  on  which  they  rest,  are  more 
difficult  to  place  clearly  before  the  reader.  This  difficulty 
is  increased  by  the  manner  in  which  some  writers  treat  the 
subject;  for  they  speak  as  if  the  ultimate  axioms  and  most 
general  principles  of  Mechanics  were  not  only  true,  but  self- 
evident  independently  of  experiment ;  oi:  at  most,  manifest  by 
a  reference  to  a  few  obvious  facts.  It  appeared  to  me  that 
the  best  mode  of  putting  this  matter  in  its  true  light  was 
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to  give  a  sketch  of  the  history  of  each  of  the  leading  prin- 
ciples of  the  science.  When  it  is  seen  through  how  many 
attempts,  and  after  how  many  errors  of  the  most  intelligent 
speculators,  every  one  of  these  doctrines  has  been  reduced  to 
its  final  simplicity  and  certainty,  it  will  perhaps  be  more 
evident  how  entirely  they  depend  upon  experiment  for  their 
proof,  and  how  far  from  easy  the  discovery  of  them  was.  In 
this  way  also  the  student  wiU  have  his  notice  difected  to  some 
of  the  most  natural  mistakes  which  occur  to  a  person  whose 
object  is  to  obtain  true  and  distinct  conceptions  on  these 
points.  • 

In  the  deductive  part  of  this  Essay  the  mathematical 
reader  will  readily  perceive  that  the  propositions  introduced 
are  very  few  and  limited  compared  with  those  which  might 
have  been  given.  My  intention  has  been  to  avoid  requiring 
from  the  reader,  not  only  much  previous  mathematical  reading, 
but  also  any  great  exertion  of  those  processes  of  generalisation 
and  abstraction  which  are  seldom  easy,  except  to  persons  of 
ipathematical  habits  or  mathematical  minds.  The  propositions 
which  I  have  given,  few  as  they  are,  are  capable  of  being  ap- 
plied to  a  vast  number  of  numerical  examples  of  all  the  most 
impOTtant  elementary  doctrines  of  Mechanics ;  and  it  is  by 
such  applications  that  I  conceive  the  student  may  most  readily 
obt^n  a  clear  insight  into  the  principles  o>f  the  science.  The 
Chapter  "on  the  Work  done  by  Machines'**  will  shew  that 
these  principles,  without  going  higher  in  the  theory  than  I 
have  done,  offer  a  wide  field  of  practical  utility. 

It  is,  I  hope,  one  of  the  privileges  of  an  Elementary  Essay 
like  the  present,  to  borrow  freely,  and  without  blame,  from  the 
best  works  which  have  been  published.  I  have  used  this 
privilege  to  a  considerable  extent.:  In  the  illustrations  of  the 
fundamental  Laws,  Dr  Amottfs  deservedly  popular  *  Elements 
of  Physics'  contains  well  selected /examples,  stated  with  great 
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liveliness;  and  I  have^  in  some  instances,  transcribed  from  such 
portions  of  his  work,  several  sentences  in  succession.  I  have, 
in  the  same  manner,  borrowed  an  account  of  the  progress  of 
opinions  concerning  the  second  Law  of  Motion  from  Adam 
Smithes  ** History  of  Astronomy;''  when  the  narrative  occurs 
as  a  part  of  the  history  of  the  scientific  tendencies  of  the 
human  mind.  In  Sir  John  HerscheFs  admirable  treatise  ^^  On 
the  Study  of  Natural  Philosophy,'^  a  statement  is  given  express- 
ing some  of  the  most  remarkable  exertion^  of  human  labour 
in  bushels  of  coals.  It  appeared  to  me  that  an  Essay  like  the 
present  was  a  place  where  the  reader  might  reasonably  expect 
to  find  an  elementary  explanation  of  the  principle  assumed  in 
this  estimate;  namely,  that  any  power  may,  so  far  as  theoretical 
possibility  is  concerned,  be  employed  to  do  any  work ;  and  that 
the  work  done  will  always  be  equivalent  to  the  power  expended. 
I  have  also  borrowed  an  illustration  of  the  accumulation  of 
power  from  Professor  Babbage's  curious  and  valuable  book 
*^  On  the  Economy  of  Manufactures."  For  calculations  and  in- 
formation connected  with  the  work  done  by  atmospheric  steam 
engines,  I  have  availed  myself  of  an  instructive  paper  in  the 
Philosophical  Transactions,  by  Dr  Davis  Gilbert  ^^  On  the  ew- 
pediency  of  assigning  specific  names  to  all  such  functions  of 
simple  elements  as  represent  definite  physical  properties.'" 
And  for  some  other  calculations  concerning  the  steam  engine, 
I  have  had  recourse  to  Mr  Tredgold's  general  treatise  on  the 
Steam  Engine.  I  have  introduced  a  brief  exposition  of  the 
mode  in  which  mechanical  principles  are  to  be  applied  to  Lo- 
comotive Engines;  having  been  in  some  degree  induced  to  do 
this  by  the  confusion  which  the  problem  appears  to  produce 
in  the  minds  of  many  persons. 

In  writing  of  the  history  of  the  modem  theory  of  Mechanics, 
it  was  impossible  not  to  profit  by  Mr  Drinkwater's  "  Life  of 
Galileo."     I  gladly  acknowledge  great  obligations  to  this  ex- 
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cdlent  specimen  of  scientific  biography.  On  one  point  however, 
I  have  ventured  to  express  my  dissent  from  the  author  of 
that  work.  I  am  not  able  to  find,  in  the  propositions  concerning 
the  equilibrium  of  weights  on  inclined  planes,  which  he  quotes 
from  Tartalea's' Edition  of  Jordanus,  any  good  ground  for  de- 
posing Stevin  from  the  dignity  of  having  been  the  first  to  give 
a  proof  of  the  statical  property  of  the  inclined  plane. 

Jordanus^s  proof  confessedly  assumes  that  it  requires  the 
same  force  to  raise  a  body  up  any  vertical  height  as  to  raise 
a  body  smaller  in  any  proportion  up  a  vertical  height  greater 
in  the  same  proportion,  the  bodies  being  stipported  on  inclined 
planes.  Such  a  proposition,  if  asserted  in  1300,  or  even  in 
1564,  must  have  been,  I  conceive,  a  mere  guess ;  since  it  was 
not  obviously  connected  with  any  self-evident  principle  or 
known  truth.  It  was  probably  one  of  many  conjectures,  and 
till  better  reason  was  shewn,  had  no  claim  to  attention,  above 
the  solution  of  the  problem  of  the  inclined  plane  recorded  by 
Pappus.  To  speak  of  the  ^^  principle  of  virtual  velocities''  as 
assumed  in  this  solution,  is  attributing  to  the  author  a  detection 
of  analogies  of  which  it  is  highly  unlikely  that  he  had  any  ap- 
prehension ;  and  a  generalisation  which  was  not  thought  of  till 
long  afterwards. 

Stevin's  proof,  on  the  other  hand,  does  really  refer  the  pro- 
position to  an  axiom  so  clear  as  to  compel  conviction,  though 
not  the  most  simple  which  may  be  used.  The  impossibility  of 
a  loop  of  chain  running  perpetually  over  an  inclined  plane  by 
its  own  weight,  may  be  referred  by  us,  if  we  chuse,  to  the 
**  principle  of  virtual  velocities ;"  but  it  was  undoubtedly  clear 
to  the  readers  of  Stevin  on  far  less  general  views.  The  dedu- 
cing the  doctrine  of  oblique  forces  from  this,  as  an  axiom,  was 
an  important  step  in  Mechanics.  It  adds  to  the  merit  of 
Stevin,  that  having  been  the  person. to  make  this  step,  he  was 
fully  aware  of  its  use  and  importance.     It  applies  in  a  very 
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great  variety  of  cases  of  the  properties  of  forces  which  he  thus 
established ;  and  in  some  of  his  works  the  inclined  plane  with 
the  chain  hanging  round  it,  is  employed  as  a  vignette;  accom- 
pani^  with  the  motto.  "  Wimder  en  is  gheen  wonder  J* 

;  I  may  add  that  Stevin'*8  discovery  of  this  proof  is  of  an 
earlier  date  than  I  have  stated  in  tibe  following  pages,  if  it  be 
contained  in  the  ^* Beghinmten  d^  Waaghconst'"  published  in 
1586,  which  I  believe  it  is,  though  never  having  seeii  the 
book,  I  cannot  speak  with  certainty. 

On  these  grounds  I  stilj  consider  Stevin  as  the  first  person 
who  rightly  solved  the  problem  of  forces  acting  obliquely,  and 
consequently  as  the:  founder  of  the  science  of  Statics.  And  I 
have  no  doubt  that  in  this  eh^i^ter  he  would  have  obtained  far 
more  celebrity  than  h^s  fallen  to  his  lot,  if  the  speculations  of 
Galileo  had  been  given  to  the  wbrid  half  a  century  later  than 
they  were;  and  if,  by  this  means,  the  science  of  Statics  had  beetx 
left  to  unfold  itself  upon  its  own  proper  principles,  as  in  the 
reasonings  of  Stevin  it  had  begun  to  do,  and  as  it  would  have 
done  if  it  had  not  become  mixed  with  the  mechanical  doctrines 
of  motion.  But  before  the  works  of  the  Flemish  engineer  could 
produce  much  efiFect  upon  the  mathematicians  of  Europe,  the 
minds  of  physical  philosophers  were  all  turned  towards  Italy, 
where  Galileo  and  his  disciples  were  putting  forth  their  doc- 
trines concerning  motion ;  a  subject  of  much  more  varied  and 
extendve  bearings  than  the  doctrine  of  equilibrium,  and  ren- 
dered peculiarly  interesting  by  its  connexion  with  the  great 
question,  then  agitated,  of  the  truth  or  falsehood  of  the  Coper* 
nicto  system.     And  the  principle  of  virtual  velocities,  though 

* 

in  reality  it  was  established  ais  a:  general  principle  by  being 
proved  in  each  particular  case,  tended  still  further  to  throw 
into:  the  shkde  these  statical  investigations,  by  making  *  the 
doctrine,  of  equilibrium  appear  to  depend  upon  the  doctrine 
of  motion. 
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Having  mentioned  this  subject,  I  will  say  a  word  on  the 
fallacy  thus  introduced.  It  might  have  been  considered  that 
the  principle  of  virtual  velocities  had  not  and  could  not  have 
anything  to  do  with  the  laws  of  motion.  Virtual  velocities, 
the  comparative  velocities  which  bodies  may  possibly  have,  in 
virtue  of  their  connexion  by  means  of  a  machine,  are  a  purely 
geometrical  conception ;  they  depend  on  the  properties  of  space 
alone,  and  are  only  a  mode  of  expressing,  by  means  of  an 
hypothesis,  the  conditions  to  which  the  construction  of  the 
machine  gives  rise ;  they  are  not  produced  by  forces,  nor  in- 
deed produced  at  all,  but  only  supposed.  It  is  therefore 
certain  that  such  merely  notional  and  hypothetical  ^^  virtual 
velocities''  have  no  connexion  with  physical  and  actual  ve- 
locities produced  by  forces.  To  invest  these  geometrical 
phantoms  with  any  of  the  attributes  arising  from  physical 
laws,  is  a  proceeding  altogether  arbitrary  and  illogical;  nor 
can  we,  by  such  a  supposition,  any  more  than  in  any  other 
way,  establish  a  priori  a  connexion  between  the  laws  of  rest 
and  of  motion.  Nevertheless  this  principle,  when  it  had  once 
become  familiar,  was  frequently  so  employed  that  the  laws  of 
equilibrium  and  of  motion  were  involved  in  common  assertions 
and  arguments,  instead  of  leaving  the  former  to  rest  on  strictly 
statical  reasonings;  and  in  various  other  ways  also  the  purity 
and  independence  of  Statics,  as  a  mathematical  science,  were 
disregarded,  by  the  mathematicians  who  were  zealously  fol- 
lowing the  rapid  advance  and  rising  fortunes^ of  Dynamics. 
And  though  in  other  countries  this  mistake  has  been  pretty 
well  rectified,  so  that  the  two  branches  of  Mechanics  are  now 
kept  separate  and  distinct  in  all  Treatises  on  the  subject; 
with  us  the  confusion  still  exists  in  some  degree,  and  may 
be  traced  in  several  of  the  reasonings  which  are  put  forth, 
both  in  popular  and  in  scientific  publications. 
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Pa^e  61  line  1%/or  inclined  plane  Art.  48,  read  lever,  Art.  29. 

■      line  17  qfter  before  insert  by  the  property  of  the  Wedge,  Art.  51, 
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CHAPTER  I. 


SPECULATIONS   WHICH   LED   TO   THE   ESTABLISHMENT   OF 
THE    FIRST   LAW   OF    MOTION. 


Section  I. 
Formation  of  the  notions  of  Motion,  Force,  and  Matter. 

1.  The  science  of  Mechanics  as  the  term  is  now  under- 
stood, includes  all  the  knowledge  wMch  we  possess  or  can 
acquire  concerning  the  motions  of  sensible  portions  of  matter, 
considered  in  reference  tp  the  causes  which  occasion  ai>.d  modify 
the  directions  and  velocities  of  those  motions.  The  MechanUsiU 
JPhilosophy  consists  of  the  speculative  inquiries  in  which  we 
explain  phenomena,  or  reason  from  them,  with  our  views  di* 
rected  to  their  dependence  upon  the  law3  of  motion  and  the 
properties  of  matter  which  bear  upon  those  laws. 

The  science  of  Mechanics,  like  most  other  science^,  has 
gradually  expanded  to  its  preseoit  extent,  having  been  at  first 
confined  within  much  narrower  limits.  Its  name  wa@  conferred 
upon  it  while  in  its  more  restricted  form ;  and  has  reference  tp 
the  subjects  of  which  it  then  principally  treated ;  namely,  to 
certain  Machines^  or  material  combinations  employed  for  pro- 
ducing or  preventing  motion ;  the  simplest  of  these  machines, 
being  those  into  which  it  was  conceived  that  others  might  be 
resolved,  were  called  the  Mechanical  Powers.  These  formed 
the  first  problems  relating  to  this  subject  which  were  success- 
fully treated  by  Mathematical  writers.  Archimedes  proved  the 
properties  of  one  of  these  mechanical  powers,  called  the  Lever, 
and  of  a  point  called  the  Centre  of  Gravity^  the  properties  of 
which  depend  upon  those  of  the  lever.  The  properties  of  other 
mechanical  powers,  the  Pull/y,  and  the  Wheel  and  Awle,  may 
easily  be  shewn  to  depend  on  those  of  the  lever.  The  proper- 
ties of  others  of  the  mechanical  powers,  the  Inclined  Plane, 
the  Wedge  and  the  Screw,  depend  upon  like  principles,  but 
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less  obviously :  and  were  not  successfully  investigated  tiD  the 
time  of  Galileo  and  Stevinus. 

After  that  time  the  principles  thus  obtained,  along  with 
others,  were  rapidly  extended  to  a  great  variety  of  problems, 
including  many  of  the  most  prominent  cases  of  the  production 
or  prevention  of  motion^  as  these  take  place  among  the  objects 
which  we  see  around  us. 

The  consideration  of  such  cases  indeed,  as  problems  at- 
tractive to  the  speculative  powers  of  men,  must  have  begun, 
as  we  know  in  fact  that  it  did  begin,  at  an  early  period  of  the 
exercise  of  man^s  intellect.  The  notice  of  body  with  its  power 
of  resistance,  of  motion  with  its  essential  conditions  of  space 
and  time,  o!  force  as  the  cause  producing  and  modifying  motion, 
was  inevitable  when  the  faculty  of  abstraction  was  developed. 

2<  The  conception  of  motion  is  suggested  on  all  sides 
and  at  all  times.  Even  in  the  earliest  period  of  man^s  theo- 
retical history,  if  we  conceive  the  chariot,  the  ship,  the  bow, 
the  sling,  the  potter^s  wheel,  the  axe  of  the  woodman,  the  le- 
ver bar  of  the  quarryman,  to  be  as  yet  unknown,  still  motion 
would  occur  to  the  mind  as  one  of  the  most  universal  affections 
ot  the  objects  which  are  perceived.  The  clouds  sail  slowly 
over  the  head  of  the  contemplative  observer ;  the  rivulet  glides 
swiftly  at  his  feet,  or  leaps  from  rock  to  rock ;  the  acorn  or  the 
apple  drop  from  their  native  bough ;  or  perhaps  he  bends  down 
the  struggling  branch  and  plucks  the  detected  fruit.  He  may 
see  a  stone  urged  slowly  upwards,  or  rushing  violently  down, 
like  that  of  Sisyphus. 

tIToi  o  fiev^  aKfjparToiievos  x^/>crfi/  re  woaiv  rcj 

Xaav  avo)  wdeaxe  wort  \6(J>ov'  aXK'  ore  yueXXoi 

aKpov  vwepfiaXeeiv,  tot   airocFTpe^aaKe,  Kparaw 

oi/Tis'  ew€iTa  iriSopSe  KuKlvSero  Xuav  avcuSm' 

Od.  XI.  595. 

With  hands  and  feet  struggling  he  shoved  the  stone 
Up  to  a  hill  top;  but  the  steep  well-nigh 
Vanquished,  by  some  great  force  repulsed,  the  mass 
Rushed  again,  obstinate,  down  to  the  plain. 

COWPER. 


At  a  later  period,  every  advance  of  the  artisan  supplies 
new  examples  of  varied  kinds  of  motion.  The  automaton,  the 
clock,  the'watch,  the  windmill,  the  watermill,  are  successively 
brought  into  use.  The  thousand  arms  of  labour,  the  myriad 
fingers  of  art  and  manufactures  multiply  the  illustrations  ,of  the 
modes  of  motion,  far  beyond  our  reckoning:  finally  the  steaia 
engine  adds  its  vast  contribution  to  such  instances;  and  th0 
self-moving  boat  and  the  self-moving  carriage  exhibit  their 
apparently  spontaneous  progression  as  :  the  result  of  many 
motions  which  take  place  among  the  parts  of  their  internal 
machinery. 

3.  Along  with  these  countless  forms  of  motion  there  is  -a 
frequent  suggestion  also  of  the  conception  of  foece.  Perhaps 
this  conception  arises  originally  with  our  own  consciousness  of 
the  exertions  by  which  we  put  objects  in  motion.  We  lift  a 
stone,  we  hurl  it  from  us;  in  all  this  we  are  conscious  both  of 
an  impulse  of  the  will  and  an  effort  of  the  limbs.  We  exect 
force,  we  pressy  we  thrust ,  we  urge,  we  impel  the  object. 


» / 


\aav  aeipa^ 
97#c    €7rioivri(Ta9f  enepeicre  0€  ci/   aireAeupov, 

II.  vu.  268. 

Then  Ajax  far  a  heavier  stone  upheaved^ 
He  whirled  it,  and  with  might  immeasurahle 
Dismissed  the  mass. 

COWPER. 

And  such  volition  aAd  such  exertion,  such  force,  pressure,  im- 
pulse, in  a  great  or  less  degree,  with  a  consciousness  more  or 
less  distinct,  we  are  perpetually  putting  forth,  when  we  move 
our  own  limbs,  or  change,  or  attempt  to  change  the  place,  or  to 
influence  the  movements  of  any  inanimate  object:  when  we 
stand  or  lean,  walk  or  leap,  strike  or  struggle,  take  up  or  lay 
down,  cast  or  stop.  This  notion,  of  force  exerted  by  ourselves, 
thus  becomes  one  of  the  most  familiar  and  frequent  of  those 
which  occur  to  our  minds,  and  is  inseparably  connected  with 
our  notions  of  any  change  which  we  can  produce  in  the  state 
of  the  bodies  about  us  as  regards  rest  or  motion. 


When  we  look  at  the  various  moving  objects  of  which  we 
have  spoken,  we  easily  perceive  that  their  motions,  when  not 
influenced  by  our  actions,  are  affected  by  various  oth^  causes 
and  circumstances  with  which  they  are  connected.  The  chariot 
is  drawn  by  the  exertions  of  its  steeds,  the  bow  propels  the 
arrow  by  its  springmess,  the  autumnal  leaves  are  carried  along 
by  the  current  of  the  brook  on  which  they  are  strewn,  the 
heavier  body  in  the  balance  descends  by  its  weight  and  draws 
up  the  lighter  to  kick  the  beam.  Though  the  cause  may  not  be 
visible  to  the  eye,  we  find  no  difficulty  in  admitting  its  opera^ 
tion ;  the  ship  is  urged  on  by  the  breeze  which  inflates  its  sails, 
and  even  the  distant  clouds  seem  to  obey  the  same  impulse; 
and  finally  almost  all  bodies  alike,  the  ponderous  fragment 
lorn  from  the  lofty  cliff,  and  the  feather  shaken  from  the  wing 
of  the  sparrow,  the  unfrequent  drop  in  the  secret  cave,  and  the 
innumerable  flakes  of  the  snow  shower,  appear  to  fall  towards 
the  earth  by  a  universal  and  perpetual  property  of  their  nature^ 
unrestricted  by  place,  time  or  circumstance,  unexhausted  by 
size,  number  or  repetition. 

In  considering  the  causes  by  which  motions  are  thus  pro- 
duced or  affected,  if  we  fix  our  attention  on  the  precise  part  of 
the  body  which  is  thus  operated  on  by  external  causes,  we  con- 
ceive the  action  which  takes  place  to  be  in  a  certain  manner 
analogous  to  what  takes  place  between  our  own  limbs  and  the 
bodies  on  which  we  exert  force  or  pressure  in  the  manner  which 
we  have  attempted  to  describe.  The  horses  which  draw  the 
car,  we  cannot  doubt,  exert  the  same  kind  of  action  upon  it, 
as  we  should  have  to  exert  in  order  to  move  it  bv  our  own 
strength.  The  bow,  while  we  draw  it,  has  resisted  our  pull  by 
a  force  manifestly  of  the  same  kind  as  that  which  we  apply  to 
the  string:  hence,  when  we  quit  our  hold,  we  may  conceive 
that  the  string  presses  on  the  arrow  by  a  force  still  of  the  same 
kind,  though  far  more  intense  and  urgent,  than  that  which  the 
hand  could  produce.  The  stream  exerts  a  pressure  which  it 
requires  an  effort  of  human  strength  to  resist,  as  he  who  fords 
a  rapid  river  well  knows :  hence  it  may  be  conceived  to  urge 
forwards  the  bark  in  the  same  manner  as  the  human  hand 
might  do.  And  even  the  invisible  current  of  the  blast  is  na- 
turally imagined  to  produce  its  effect  in  the  same  manner  ai^ 


the  visible  river.  In  this  way  all  the  influencing  causes  which 
afiFect  the  motions  of  bodies  are  assimilated  to  the  agency  which 
we  ourselves  exercise;  are  called  forces,  pressures;  are  said  to 
thrust,  urge,  impel,  draw,  pull,  the  bodies  on  which  they 
operate. 

4.  In  the  conception  of  the  force  which  we  thus  exert, 
is  invariably  involved  the  notion  of  a  rm^^tn^  power  residing 
in  the  matter  on  which  we  exert  it.  If  we  bend  down  the 
branch  of  a  tree,  the  twigs  which  we  take  in  the  fingers  pre- 
vent them  from  entirely  meeting,  while  the  elastic  bough  itself 
flies  back,  except  we  apply  a  sufiicient (Strength.  If  we  grasp 
a  stone  in  the  hand,  if  we  shove  it  along  the  ground,  our  action 
is  not  efiPective  in  the  first  case  till  the  closing  of  the  hand  is 
resisted  by  the  solid  texture  of  the  stone,  or,  in  the  second,  till 
we  can  surmount  the  opposition  which  the  stone  exerts,  when 
it  must  rub  against  its  resting  place.  Even  if  we  scoop  in  our 
hand  the  fluid  of  the  fountain,  it  resists  in  some  degree  the  force 
by  which  we  raise  it  to  our  lips;  for  if  in  its  progress,  the  fingers 
open  beneath  it,  the  intended  draught  glides  away  in  an  instant. 
The  whole  of  the  agency  which  we  immediately  exercise  upon 
lifeless  objects  is  thus  constantly  connected  with  a  feeling  of 
their  resistance  when  we  operate  upon  them.  In  the  poetical 
pictures  of  the  shadowy  regions  inhabited  by  disembodied  spirits, 
the  earthly  spectator  sees  what  appear  to  him  bodies  capable. of 
being  acted  on  like  those  with  which  we  are  usually  conversant; 

£t,  ni  docta  comes  tenues  sine  corpore  vitas 
Admoneat  voUtare  cavft  sub  imagine  forme, 
Imiat  ac  frustra  ferro  diverberet  umbras. 

But  when  he  makes  the  attempt,  he  finds  that  the  images  are 
impalpable  like  shadow  or  smoke ;  though  conspicuous  to  the 
eye,  they  ofler  no  resistance  to  the  touch.  And  along  with  this 
removal  of  resistance,  he  loses  also  all  power  of  influencing 
their  motions  by  his  bodily  powers ;  the  stone  lies  still  on  the 
ground  when  he  has  attempted  to  lift  it ;  the  beautiful  form 
glides  unfelt  from  the  passionate  grasp  of  the  lover, 

neque  ilium 

Prensantem  nequioquam  umbras  et  multa  volentem 
Dicere,  preterea  vidit. 


This  notion  of  resistance,  combined  with  extension,  ap* 
pears  to  constitute  our  conception  of  matteb.  And  this 
definite  resistance  exists  not  only  when  the  matter  is  solid  and 
unchangeable  in  its  form  by  any  force  which  we  can  immediately 
exert  upon  it,  but  where  by  its  nature  it  can  yield  to  the  touch. 
The  potter^s  clay  resists  the  slight  pressure  with  which  the 
artist  smooths  its  surface,  though  a  greater  force  might  change 
its  shape.  The  softest  couch,  when  it  has  yielded  for  a  certain 
way  to  the  incumbent  weight,  supports  it  in  the  place  it  has 
then  reached:  the  stream  opens  a  path  to  the  arms  of  the 
swimmer,  but  not  without  resistance,  and  may  even  be  so 
powerful  as  to  overcome  his  efforts ;  and  though  when  the  air 
is  tranquil  the  movements  of  our  limbs  are  made  without  our 
being  conscious  that  the  element  touches  us  on  every  side,  the 
gale  against  which  we  are  obliged  to  lean  with  all  our  might, 
makes  us  feel  that  even  this  thin  fluid  does  not  yield  except 
to  an  adequate  force.  All  matter,  hard  or  soft,  solid,  fluid  or 
aerial,  whether  or  no  it  resumes  its  form  when  the  constraint 
is  removed,  resists  the  constraint  which  external  objects  exercise, 
upon  it,  and  by  this  resistance  receives  and  exercises  that  action 
by  which  the  movements  of  bodies  are  influenced.  Motion  may 
be  exemplified  in  impressions  belonging  to  the  eye  only ;  but 
force  and  matter  appear  to  be  universally  coexistent  and  correla- 
tive; and  the  conception  of  them  includes  feelings  belonging  to 
the  touch,  or  rather,  it  would  seem,  to  the  animal  nistcsy  hy 
which  we  exert  our  muscles  and  move  our  limbs. 


Section  IL 
Introductory  attempts  to  obtain  Laws  of  Motion. 

5.  When  we  look  at  the  various  kinds  of  motion  which 
offer  themselves  to  our  notice,  and  some  of  which  we  have 
pointed  out,  we  observe  in  them  various  differences  of  quick 
and  slow,  of  regular  and  irregular,  of  permanent  and  transitory. 
The  intellect  is  soon  led  tQ  make  attempts  to  classify  such  phe- 


Bomena,  and  to  ascend  by  classification  and  separation,  to  their 
causes  and  laws.  Attempts  of  this  kind  were  very  early  made 
with  regard  to  the  facts  of  motion,  but  at  first  these  essays  of 
the  scientific  faculty  were  far  from  happy  or  successful. 

Among  the  different  kinds  of  motions,  a  difference  which 
at  first  seemed  likely  to  be  important  and  essential  was  their 
various  apparent  disposition  to  permanency.  Most  of  the  mo- 
tions which  external  agents  impress  upon  bodies  cease  after 
some  time,  and  the  body  stops.  We  throw  a  stone,  and  after 
a  short  flight  it  falls  to  the  ground  and  rests ;  a  ball  rolled 
along  the  floor  runs  but  for  a  limited  space;  the  ship  soon  lies, 
motionless  upon  the  waves  when  the  winds  cease  to  propel  it ; 
the  schoolboy^s  top  spins  rapidly  for  a  time,  but  finally  flags 
and  falls ;  the  swing  in  which  his  companion  tosses  him,  if  left 
to  itself,  oscillates  a  while,  but  at  last  hangs  at  rest.  These 
motions  seem  as  if  they  decayed  by  their  own  nature.  Other 
motions,  on  the  other  hand,  go  on  with  no  such  symptoms  of 
decay.  A  stone  is  always  ready  to  fall  to  the  ground,  and  if 
dropped  from  the  top  of  the  highest  cliff,  its  downward  motion 
goes  on  faster,  not  slower,  in  consequence  of  the  greater  space 
it  has  to  travel.  The  legend  of  Vulcan'*s  fall  from  the  skies, 
of  nine  days,  shews  how  naturally  we  admit  the  permanency  of 
this  kind  of  motion.  The  river  glides  on  steadily,  and  it  is 
only  a  strangely  rustic  mind  which  expects  its  flow  to  cease. 

at  iUe 


'Labitar  et  labetur  per  omne  volubilis  svum. 

^The  heavenly  bodies  offer  still  more  impressive  instances  of 
undecaying  and  unvarying  motions,  and  almost  irresistibly  sug- 
gest  to  the  mind  the  endlesis  and  immutable  course  of  eternity. 
^^  The  stars  that  rise  and  fall  ;^  the  planets  which  perpetually 
pursue  their  "  mystic  dance,''  so  complex  yet  so  regular ;  the 
sun  that  daily  ^^  comes  out  of  his  chamber  and  rejoices  to 
run  his  course ;''  ''  the  inconstant  moon''  so  constant  to  <^  the 
monthly  changes  of  her  circled  orb ;" — all  supply  instances  of 
motions  which  seem  not  to  share  in  the  tendency  to  retardation, 
and  semblance  of  weariness,  which  exist  in  similar  motions  when 
produced  on  earth. 
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An  attempt  was  made  to  advance  a  step  in  our  knowledge 
of  motions  by  classifying  them  into  natural  and  unnatural;  a 
classification  obvious  perhaps,  but  quite  untenable  and  unprofit- 
able. The  motion  of  a  body  by  which  it  falls  downwards  was 
said  to  be  according  to  nature;  and  this  was  asserted  to  be  the 
reason  why  it  continues  undiminished,  or  even  becomes  more 
active  as  it  proceeds.  The  motions  of  the  celestial  bodies  were 
in  like  manner  circular  and  permanent,  because  they  are  also 
according  to  nature.  But  the  motion  which  we  impress  upon 
a  body,  by  pushing  or  rolling  or  throwing  it,  is  contrary  to 
nature ;  for  if  we  had  left  the  bogdy  alone,  it  would  by  its  na- 
ture have  remained  at  rest.  Hence,  it  was  said,  motions  of  the 
latter  kind  are  not  permanent ;  they  speedily  diminish  and  ter- 
minate: they  have  these  characteristics  of  all  that  is  violent 
and  constrained.  Thus  it  is  that  the  projected  stone,  the  whir- 
ling wheel,  the  top,  the  swing,  gradually  lose  their  motion  when 
our  agency  ceases.  In  order  to  produce  permanent  motion  we 
must  exert  permanent  effort.  The  wheel  of  the  artisan  must 
be  kept  in  play  by  his  foot  ot  hand;  the  carriage  must  be 
constantly  pulled  or  it  stops;  the  cradle  is  only  to  be  kept  rock- 
ing by  continual  small  impulses.  All  matter  seems  perpetually 
ready  to  get  rid  of  these  unnatural  motions,  and  to  resume  its 
congenial  repose. 

Such  is  the  view  of  the  law  of  motion  entertained  by  Aris- 
totle. It  is  further  illustrated  by  his  followers,  who  remark 
that  motion — that  is,  such  unnatural  motions  as  we  have  been 
speaking  of — are  qualities  like  heat  or  cold ;  and  as  a  heated 
body  removed  from  the  fire  retains  its  heat  but  for  a  time,  so  it 
retains  its  motion  also  for  a  time  only. 

6.  It  is  important  for  us  to  see  that  this  doctrine  is  alto- 
gether erroneous.  The  motion  in  such  cases,  and  in  all  cases, 
diminishes  and  finally  ceases,  not  by  a  property  belonging  to 
the  nature  of  motion,  but  by  the  agency  of  external  bodies ;  by 
the  influence  of  retarding  forces. 

The  most  important  of  these  retarding  forces  are  friction 
and  the  resistance  of  the  surrounding  air,  or  other  fluid  in 
which  the  motion  takes  place.  ^ 


It  is  easy  to  perceive  that  the  tubbing  of  a  body  in  mdtion 
against  another  body,  has  the  effect  of  diminishing  the  motion, 
and  that  this  effect  is  greater  or  less  according  to  the  kind  of 
the  rubbing  surfaces.  If  we  drag  a  heavy  mass  along  a  floor 
of  rough  earth,  we  move  it  with  difficulty :  if  the  mass  is  placed 
on  a  smooth  marble  pavement,  the  same  task  becomes  easier :  if 
it  rest  on  a  sheet  of  ice  or  hard  snow,  a  much  smaller  effort  will 
urge  it  onwards.  In  the  latter  case  indeed  the  motion  is  easily 
made  to  continue  long  with  little  diminution ;  the  sledge  of  the 
Esquimaux  glides  rapidly  over  such  a  surface,  with  a. slight  ex- 
ertion of  the  dogs  which  draw  it.  In  like  manner  other  motions 
continue  longer  when  the  moving  surfaces  and  fixed  surfaces 
which  are  in  contact,  are  made  smoother.  The  upper  wheel  of 
an  overturned  carriage  may  be  made  to  spin  fredy  for  some 
time,  if  the  axle  be  smeared  with  a  proper  preparation ;  a  bowl 
resting  with  its  smooth  convex  surface  on  a  marble  table,  will 
rock  for  a  long  while.  By  thus  diminishing  the  roughness  or 
tenacity  of  the  surfaces  which  undergo  friction,  we  find  that 
the  motion  is  extinguished  much  more  slowly,  and  goes  on 
much  longer,  than  would  be  the  case  without  such  precautions. 

In  a  similar  manner  it  is  easy  to  perceive  that  the  air  or 
water  in  which  a  body  moves  offers  a  resistance  to  its  motion, 
and  tends  to  stop  it  altogether.  A  ship  of  which  the  prow  is 
very  blunt,  sails  sluggishly;  if  .the  extremity  of  the  vessel  be 
made  of  a  form  more  suited  for  cleaving  the  water,  her  rate  of 
sailing  is  increased.  A  cloak  hung  losely  on  a  peg  swings 
perhaps  for  a  short  time^  but  its  regular  oscillations  soon 
cease ;  if  it  be  twisted  into  a  slender  roll,  it  swings  regularly 
for  a  much  longer  period.  The  diminution  of  motion  in  air 
or  water  thus  becomes  more  rapid  in  consequence  of  an  obtuse 
form,  a  broad  surface ;  and  the  motion  is  more  slowly  destroyed 
when  we  acuminate  the  form  or  contract  the  surface.  . 

Hence  it  appears  evidently  that  the  diminution  and  ex- 
tinction of  motion  which  was  attributed  to  the  motion  itself, 
does  in  fact  depend,  at  least  in  part,  and  in  many  cases,  on 
external  obstacles  to  the  continuance  of  the  motion^  on  friction 
and  xesistanee.  This  follows  clearly^  from  the  increased,  con- 
tinuance of  the  motion  when  these  obstacles  are  diminished. 
The  slipperiness  of  the  floor,  the  smoothness  of^tl^  axle,  the 
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sharpness  of  the  prow,  cannot  add  anything  to  the  motion; 
they  can  only  allow  it  to  proceed  with  less  check  than  it  would 
otherwise  have.  However  far  we  carry  these  facilities,  we  only 
give 'the  motion  an  opportunity  of  shewing  how  it  would  pro- 
ceed if  it  were  entirely  unimpeded.  It  is  clear  therefore  that 
in  common  cases  much  of  the  retardation  is  owing  to  external 
causes ;  that  the  hody,  in  a  great  measure  at  least,  is  retarded, 
not  by  the  nature  of  motion,  but  by  the  action  of  force. 

The  question  then  arises  whether  all  the  retardation  arises 
from  the  action  of  external  forces  :  whether  motion,  altogether 
unimpeded,  would  be  uniform,  and  endless.  We  assert  that  it 
would  be  so,  and  this  proportion  is  the  basis  of  the  science  of 
Mechanics. 

The  following  is  the  form  in  which  the  proposition  is 
stated. 


Section  III. 

The  First  Law  of  Motion. 

7*  A  body  in  motion  will  go  on  moving  uniformly  in  a 
straight  line^  ewcept  so  far  as  its  motion  is  affected  by  the  forces 
which  act  tspon  it. 

To  prove  this  proposition  positively  and  rigorously  is  not 
easy;  for  we  cannot  adduce* any  motion  among  terrestrial  ob« 
jects,  which  does  of  itself  continue  uniform ;  or  which  has  gone 
on  for  a  time  exceeding  known  limits.  But  we  can  point  out 
cases  in  which,  the  retarding  forces  being  diminished,,  motions 
continue  for  a  very  long  time.  A  heavy  wheel  on  a  smooth 
axle. wilb spin  many  minutes:  the  friction  may  be  diminished 
by  friction  wheels^  and  the  motion  continues  longer  still.  For 
a  particular  purpose  (namely,  in  order  that  its  upper  surface 
may  be  used  as  an  artificial  horizon  for  astronomical  observations 
made  on  ship  board)  a  top  has  been  construcfed  so  a.  to  spin 
like. a  schoolboy^s  top;  and  by  making  its  weight  condderable, 
and  its  point  of  suppdrt  small,  smooth,  and  hard,  the  motion 
impressed  upon  it  will  continue  for  two  or  three  hours.  A 
heavy  pendulum  used  in  certain  experiments  has  been  knowii 
to  go  on -[sidhging  perceptibly  for  la  or  12  hours,  without 
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any.  new  impulse.  ^  .And  in  all  these  cases,  if  we  *  place  tlysso 
kinds;  of .  apparatus,  in  the  receiver  of  .an  air.  pump,  and  .by. 
extracting  the  air,  remove  its  resistance,  the  motion  will  con- 
tinue for  a  very  considerably  longer  period  than  in  the.  common 
atmosphere. 

Hence  if.  there  be  any  natural  tendency  to  retardation^ 
independent  of  external  circumstances,  it  must  be.  very  small; 
since  the^  retardation  in  these  cases  is  so.  But  moreover,  in 
these  cases,  the  external  impediments  to  motion,  though' much 
diminished,  are  not  entirely  removed.  .There,  is  still  some 
friction,  however  hard  and  smooth  be  the  surfaces  which  are 
in  contact..  We.  can  rarify  the  air,  but  cannot  produce  an 
absolute  vacuum;  there  is  therefore  evea  in  the . ^^ exhausted 
receiver ^^  some  resistance..  And  the  natural  retardation  of 
motion  must  therefore  be  considerably  smaller  than  the  smallest 
actual  retardation  which  accurs  in  our  experiments. 

In  this  way  the  natural  retardation  of  motion  is. shewn  to 
be  so  small,  that  if  it  exist,,  it  cannot  be  of  much  consequence 
in  any  common  calculation.  The  general  and  leading  fact  is, 
either  ,  exactly ;  or.  approximately,  that  motUm  is  naturaUy 
tmiform. 

.  8..  In  reality  however,  this  law  is  not  approximately  but 
exactly  true.  For  if  we  suppose  it  to  be  true,  and  on.this  sup^ 
position. deduce  the  rules  of  the  effects  of  forces,  and  by  these 
rules  calculate  the  amount  of .  the  small  retardation  arising 
from  unremoved  obstacles,  which  existed  in  our  most  perfect 
experiments,,  we  find  thi&  calculated,  amount  to  agree  exactly 
with  the  whole  observed  amount  of .  the  retardation .  of  the 
motion:  thus  leaving  nothing,  to  be  accounted,  for  by  the 
natural  tendency  of  motion  to  diminish  of.  itself. 

9.  Since  in  all  material  contrivances,  however  perfect, 
there.,  is  some  .  resistance  to  motion,  no  machine  can  go :  on 
working  for  an  indefinite  period  without  a  constant,  supply  of 
force.  Such  a  supply  is  accordingly  provided  in  all  machines 
which,  are  intended  to  go  for  a  long.  time.  la  a  clock  and 
a  watch  we  administer  this  supply  when  we  wind  them.  up. 
The  pressure,  then  exerted,  small  as  it  is,  is<by  the  machinery 
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spfetd  ovar  the  period,  a  day  or  a  vcek,  during  which  they 
go.  All  aatomatons  are  in  the  same  manner  provided  with 
force.  In  a  water  wheel  the  perpetual  descent  of  the  waiter 
ministers  this  force ;  and  this  supply  may  be  perpetual,  because 
the  various  powers  of  nature  (evaporation,  currents  of  air,  &c.) 
carry  the  fluid  back  to  the  higher  regions  from  which  it  de- 
scended. In  the  steam  engine  the  dasticity  of  the  vapour  is 
called  into  play  by  the  continued  agency  df  fire  and  the  con- 
tinued consumption  of  fuel.  In  electric  and  chemical  actions 
a  durable  movement  seems  capable  of  being  produced  only 
by  processes  which  in  some  degree  destroy  the  materials. 
And  as  the  smallest  perpetual  subtraction  constantly  repeated, 
would  exhaust  the  largest  quantity,  so  the  smallest  perpetual 
resistance,  uncompensated,  would  finally  destroy  any  original 
motion.  And  as  in  all  combinations  of  matter  there  is  some 
resistance,  the  doctrine  that  motion  if  undisturbed  is  endless, 
leads  immediately  to  the  conclusion  that  a  motion  actually 
perpeHuU  is  practically  impossible. 

10*  The  motions  of  bodies  on  the  earth  would  therefore,  if 
it  were  not  for  their  mutual  interference  and  contact,  go  on  for 
ever  as  the  motions  of  the  heavenly  bodies  do  go  on.  And  we 
may  now  ask  whether  the  motions  of  the  icelestial  .bodies  are 
really  different  in  their  nature  and  laws,  from  those  of  terres- 
trial objects ;  and  whether  they  be  not  in  fact  governed  by  the 
same  laws  of  motion;  the  difference  being,  that  the  natural 
tendency  of  motion  to  continue  unabated,  which  is  here  always 
checked  and  counteracted,  operates  there  effectively  and  pre-^ 
dominantly,  there  being,  in  the  spaces  in  which  the  heavenly 
bodies  move,  nothing  to  resist  or  impede  their  motions. 

We  shall  find  irresistible  reasons  to  believe  that  this  is  the 
case,  when  we  come  to  see  how  precisely  all  the  motions  of  the 
heavenly  bodies,  in  the  minutest  particulars,  are  accounted  for 
by  supposing  them  governed  by  the  same  laws  of  motion  which 
obtain  here  upon  earth. 

11.  As  no  motion  is  naturally  retarded,  so  neither  is  any 
motion  naturally,  and  without  external  agency,  accelerated, 
although  this  was  at  first  supposed  to  be  the  case  with  the 
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motion  of  falling  bodies*  A  stone,  as  it  falls  from  a  con- 
siderable height  towards  the  earth,  certainly  falls  quicker 
and  quicker:  but  this  acceleration  arises  from  the  perpetual 
action  of  a  force;  namely  its  gravity,  or  the  earth^s  attraction, 
which  is  the  same  thing.  It  is  obvious  that  the  perpetual 
action  of  pressure  or  force  of  any  kind  in  the  same  direction 
will  communicate  an  increasing  velocity.  Thus  a  man  who  turns 
a  heavy  wheel  or  grindstone  can  urge  it  to  its  greatest  3peed 
only  by  an  effort  continued  for  some  time.  And  it  will  easily 
be  seen  that  all  bodies,  whether  at  rest  or  in  motion,  are  always 
acted  upon  by  a  downward  force  which  gives  them  weight,  and 
makes  them  fall  if  not  supported.  When  a  man  descends  a 
ladder,  carrying  a  load,  the  load  continues  to  press  upon  him 
as  he  descends,  and  however  rapidly  he  descends,  if  he  descend 
at  a  steady  rate ;  thus  proving  that  the  same  force  which  urges 
a  body  at  rest  to  descend,  also  urges  a  descending  body  to 
descend  still  more  rapidly.  Hence  it  appears  that  the  same 
agency  which  is  the  cause  of  weight,  will  also  be  a  cause  why  a 
falling  body  must  fall  with  a  motion  increasing  as  it  continues. 
The  force  of  gravity  acts  upon  the  body  as  it  falls,  perpetually 
pressing  upon  and  urging  it  downwards  during  the  whole  of 
its  descent.  The  greater  is  the  height  from  which  a  body 
falls  and  the  greater  speed  will  it  have  acquired ;  a  stone 
dropt  from  a  high  cliff  rushes  past  a  spectator  at  the  foot 
of  the  cliff  almost  too  rapidly  to  be  seen.  And  we  now  see 
that  this  fact  is  consistent  with  the  doctrine  that  motion  is 
naturally  uniform;  and  the  deviation  from  uniformity,  here 
as  in  the  former  cases,  arises  from  external  forces ;  accelerating 
forces  here,  as  retarding  forces  there. 

Hence  we  are  led  to  the  conclusion  that  there  is  no  such 
distinction  of  motions  of  different  kinds,  as  we  have  spoken  of:, 
that  all  motion  is  naturally  uniform ;  and  that  the  different  de- 
grees  of  transitoriness  or  permanency,  of  increased  or  diminished 
velocity,  depend  entirely  on  the  agency  of  external  causes. 

12.  In  the  same  manner  in  which  it  was  imagined  that  a 
body  in  motion  had  of  itself  a  tendency  to  resume  a  state  of 
rest,  it  was  imagined  also  that  a  body  at  rest  had  of  itself  a 
cextaiti  definite  tendency  to  remain  iat  rest,  a,nd  would  not  be. 
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put  m  motion  except  this  tendency  were  ove]:come.  This  also, 
like  the  former  supposition,  is  erroneous :  the  only  tendency  to 
rest  which  exists  in  a  body,  arises  from  'the  external  forces 
which  it  is  necessary  to  overcome  in  order  to.  put  the  body  in 
motion.  If  it  were  not  for  these,  the  smallest  force  would  put 
the  largest  body  in  motion,  though  the  motion  would  be  slight 
according  to  the  smallness  of  the  force  and  the  largeness  of  the 
body.  Friction,  in  this  as  in  the  former  case,  makes  it  seem 
as  if  a  resistance  to  motion  existed  in  the  body  itself.  When 
a  heavy  body  rests  on  the  level  ground,  a  slight  push,  pro- 
duces no  motion  whatever  in  it:  and  it  is  only  when. we  exert 
a  certain  considerable  pressure  that  we  move  the  mass.  It 
was  supposed  at  first  that  the  force  .thus  requisite  to  move  a 
weight  on  level  ground  depended  upon  the  weight.  Pappus 
has  preserved  to  us  a  problem  current  among  the  mathematicians 
of  his  time,  in  which  this  is  taken  for  granted,  'i  Having  given 
the  force  which  can  move  a  given. weight  along  a  horizontal 
plane,  to  find  the  force  which  can  move  the.  same. weight  along 
a  given  inclined  plane.^  The  enunciation,  as  well  as  the  solu^ 
tion,  of  this  problem  is  entirely,  erroneous.  The  force  requisite 
to  move  a  body  along  a  honzontal  plane  depends  upon  the  state 
df  the  surfaces,  as  well  as  the  weight  of  the  body.  On  a  hard 
sledge  on  smooth  ice  the  requisite  force  would  be  less  than  on 
smooth  earth ;  on  smooth  earth  less  than,  on  rough.  It  might 
be  made  very  small  by  placing  the  body  on  wheels ;  and  if 
the  mass  were  suspended  by  a  cord,  it  would  be  found  that 
a  very  slight  force  would  impress  a  perceptible  horizontal,  mo- 
tion upon  it, ethe  friction  being  here  removed.  If,  in. the j last 
case,  the  slight  force  be  applied  repeatedly,  at.  such  intervals 
of  time<  as  the  oscillations  of  the  suspended  body  would  oc- 
cupy, the  motion  may  become  considerable,  with  a  >  very  small 
expenditure  of  force.  A  very;  heavy  pendulum,  may  in  this 
way  be  put  in  motion  by  the  breath. 

13.  Thus  body  has  no  natural  preference  either  for  a  state 
of  rest  or  a  state  of  motion.  It  is  entirely  passive.  If  it  be  at 
rest  it  remains  at  rest;  if  it  be  in  motion  it  goes  on  moving.  .  In 
the  former  case  the  slightest  force  which  solicits  it  to  move,  if 
not  opposed  by  an  equivsdent  force,  is  obeyed :  in  the  latter 
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case  the  slightest  obstade  which  retards  it,  takes  away  soine^ 
thing  from  its  velocity ;  and  if  such  action  continue,  will  finally 
extinguish  the  whole,  motion. 

The  law  that  body  is  thus  indifferent  to  rest  and  motion  is 
called  the  law  of  inertia.  This  law  is  exemplified  in  instances 
where,  in  things  composed  of  several  parts,  motion  is  suddenly 
produced  or  stopped  in  some  of  the  parts:  as  when  a  chariot 
is  overturned  and  the  charioteer  thrown  over  the  horses  heads; 
when  a  ship  strikes  against  a  rock  and  the  passengers  are 
dashed  violently  forwiards.  Here  we  have,  during  the  motion, 
referred  the  persons  to  the  carriage  or  vessel  in  which  they 
are :  but  when  the  vehicle  stops,  we  see  that  they  are  affected 
by  the  law  of  inertia,  as  independent  bodies ;  they  go  on  with 
the  motion  which  they  had,  though  the  machine  in  which 
they  were  carried  ceases  to  move.  If,  indeed,  the  chariot  or 
the  ship  go  moderately  quicker  or  slower  than  before,  the 
passengers  share  the  new  speed  without  any  violent  change ; 
for  the  friction  of  the  part  on  which  they  are  supported,  sup- 
plies  a  force  which  sufiiciently  augments  or  diminishes  the 
velocity  of  their  motion.  A  person  sitting  in  a  carriage  is 
thrown  back  when  the  horses  suddenly  increase  their  pace;  but 
having  recovered  this  movement,  he  is  thrown  forwards,  if  they 
as  suddenly  diminish  it.  If  we  begin  to  push  a  vessel  of  water 
along  a  table,  the  water  is  at  first  thrown  up  behind,  and  when 
the  motion  ceases,  it  perhaps  dashes  over  the  brim  in  front. 
If  we  turn  the  vessel  round  its  center  horizontally,  and  ob* 
serve  the  motion  of  the  water  by  means  of  any  mote  which 
may  rest  on  its  surface,  we  shall  see  that  the  water  at  first 
does  not  turn  with  the  vessel,  and  acquires  a  rotatory  motion 
gradually  only,  as  the  outer  parts  successively  drag  the  inner 
parts  along .  with  them ;  but  -  when  the  rotatory  motion  has 
been  acquired  by  the -fluid,  it  still  con tinueis,  though  we  stop 
that '  of .  the  vessel. 

14.  The  fii'st  law  of  motion  asserts  that  a  body  left  to 
)tself,  will  move  in  a  straight  line  as  weU  as  with  a  uniform  ve- 
locity. This  appears  in  all  the.  cases  already  mentioned,  for 
whenever  the  motion  is '  curvilinear,,  this,  circumstance >  is  the 
residt  of  some  constraint;     Other  exempHficatims  of  the  same 
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fact  may  be  seen  in  the  effects  which  are  sometimes  attributed* 
to  centrifugal  force. 

When  a  body  revolves  in  any  curve,  it  has  a  tendency  to 
the  outside  or  convex  side  of  the  curve,  which  is  sometimes  at- 
tributed to  a  centrifugal  force^  but  which  is  in  fact  merely  a 
consequence  of  the  first  law  of  motion:  the  body  tends  to^y 
from  the  center^  only,  because,  by  going  in  a  straight  line,  it 
necessarily  recedes  from  a  fixed  point.  It  flies  qff^  only  be- 
cause it  fliel^  in  a  tangent.  Hence  the  examples  of  centrifugal 
forces  are  illustrations  of  the  first  law  of  motion.  Thus,  the 
cord  of  a  sling  when  a  stone  is  whirled  round  in  it,  is  kept  tight 
by  the  effort  of  the  stone  to  obey  the  law  of  inertia,  this  effort 
thus  producing  a  tendency  to  recede  from  the  center.  A  wet 
brush,  twirled  on  its  handle,  throws  off  the  water,  each  particle, 
when  it  separates  from  the  brush,  following  the  course  which  it 
was  pursuing  at  the  last  moment  of  its  adhesion.  A  tumbler  of 
water,  placed  in  a  sling  or  hoop,  may  be  made  to  vibrate  or  to 
turn  so  that  sometimes  it  is  inverted  and  yet  the  water  does  not 
fall  out,  the  fluid  being  more  strongly  urged  upwards  by  the 
first  law  of  motion  than  it  is  urged  downwards  by  gravity. 

'*  Carriages  are  often  overturned  in  quickly  rounding  cor- 
ners. The  inertia  carries  the  body  of  the  vehicle  in  the  former 
direction,  while  the  wheels  are  suddenly  pulled  rotind  by  the 
horses  into  a  new  one.  A  loaded  stage-coach  running  south, 
and  turned  suddenly  to  the  east  or  west,  strews  its  passengers 
on  the  south  side  of  the  road."**^ 

^^  A  man  or  a  horse  turning  a  comer  at  speed,  leans  much 
inwards  or  towards  the  comer,  to  counteract  the  centrifugal 
force,  that  would  throw  him  away  from  it.'' 

^^  In  skaiting  with  great  velocity,  this  leaning  inwards  at 
the  turnings  becomes  very  remarkable,  and  gives  occasion  to 
the  fine  variety  of  attitudes  displayed  by  the  expert ;  and  if  a 
skaiter,  in  running,  finds  his  body  incline  to  one  side,  and  in 
danger  of  falling,  he  merely  makes  his  skait  describe  a  slight 
curve  towards  that  side,  and  the  body  by  the  law  of  inertia,  or 
centrifugal  force,  refusing  as  it  were  to  follow  in  the  curve, 
restores  the  perpendicularity." 

"It  is  owing  to  the  centrifugal  force  in  any  bending  part 
of  a  stream  of  water,  that  when  a  bend  has  once  commenced,  it 
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increases,  and  is  soon  followed  by  others,  until  that  complete 
serpentine  winding  is  produced,  whicb  characterizes  most  rivers 
in  thdr  course  across  extended  plains.  The  water  being  thrown 
by  any  cause  to  the  left  side,  for  instance^  wears  tbat  into  a 
curve  or  elbow,  and  acts  constantly  by  its  centrifugal  force  on 
the  outside  of  the  bend,  until  rock  or  higher  land  resist  the 
gradual  progress ;  from  this  limit  being  thrown  back  again,  it 
wears  a  similar  bend  to  the  right,  and  after  that  another  to  the 
left,  and  so  on.^ 

15.  Force  is  thus  requisite  to  produce  any  increase  or 
diminution  of  velocity,  and  it  will  produce  these  effects  by 
degrees.  The  transition  may  be  slow,  or  it  may  be  very 
quick,  but  it  will  always  be  gradual.  In  the  case  of  a  blow 
it  appears  to  be  ii^tantaneous ;  yet  the  pressure  is  of  the 
same  kind,  however  different  in  force  or  duration,  whether 
we  strike  or  push  suddenly,  or  press  steadily.  There  are 
gradations  of  intensity  and  duration  by  which  we  may  pass 
insensibly  from  one  of  these  cases  to  the  other.  All  force  is 
of  the  nature  of  pressure;  and  that  which  we  call  impact,  a 
blow,  a  stroke,  is  only  intense  and  brisk  pressure,  suddenly 
begun  and  terminated. 

If  we  place  on  th^  end  of  the  finger  a  coin  lying  flat  on  a 
piece  of  card,  a  fillip  given  to  the  edge  of  the  card  will  make  it 
fly  away,  while  the  superincumbent  coin  is  left  resting  on  the 
finger.  The  coin  rests,  by  the  law  of  inertia,  except  so  far  as 
it  is  moved  by  the  force  applied  to  it.  But  this  force  is  only 
the  friction  of  the  card  during  the  short  moment  which  the  im- 
pact occupies ;  and  such  a  force  is  insufficient  to  move  the  coin 
beyond  the  end  of  the  finger. 

16.  The  pressures  which  may  produce  motion' may  also 
produce  rest.  When  we  sustain  a  weight  in  the  hand;  when  we 
pause  with  the  bow  after  we  have  drawn  it ;  when  two  weights 
exactly  poise  in  a  balance ;  when  a  machine  holds  motionless  a 
mass  which  it  has  raised  from  the  ground; — we  have  pressures 
employed,  not  in  producing,  but  in  preventing  motion. 

The  relations  which  must  subsist  among  pressures,  in  order 
that  they  may  produce  this  effect,  may  be  calculated  from 
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simple  principles.  They  form  the  first  division  of  Mechanics. 
In  this  case,  the  forces  which  act  upon  the  body,  are  said  to 
balance f  or  to  destiroy  each  other,  or  to  be  in  equilibrium:  and 
the  branch  of  Mechanics,  which  treats  of  forces  so  circum- 
stanced, is  called  Statics.  The.  other  division,  which  is  termed 
Dynamics^  treats  of  the  laws  of  motion  as  distinguished  from 
those  of  rest,  and  requires  other  principles,  which  the  exami- 
nation of  those  of  Statics  will  prepare  us  to  apprehend. 
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CHAPTER  II. 


SPECULATIONS  CONCERNING   FORCES   WHICH   PRODUCE    EQUILIBRIUM 

ON   A   LEVER. 


Section  I. 
Introductory  attempts. 


17*  -d  LEVER  is  a  rigid  rod  moveable  about  a  point :  the 
point  is  called  the  fulcrum  or  center  of  motion :  the  portions  of 
the  rod,  on  the  two  sides  of  the  fulcrum,  are  called  the  arms. 

The  Lever  is  a  straight  lever ^  when  the  arms  are  in  the 
same  straight  line;  a  ben,t  lever ^  when  they  are  not. 

The  two  arms  of  the  lever  are  supposed  to  be  acted  on  by 
weights  or  forces,  which  tend  to  turn  the  lever  opposite  ways. 

The  beam  of  a  balance,  or  of  a  steelyard,  is  a  lever,  the 
fulcrum  being  the  pivot  of  the  machine.  Each  half  of  a  pair 
of  scissors,  or  of  a  pair  of  pincers,  or  of  a  pair  of  nutcrackers 
is  a  lever,  the  hinge  being  the  fulcrum.  A  poker  used  in  stir- 
ring a  fire,  a  crow  bar  employed  in  raising  a  heavy  weight,  is  a 
lever,  the  edge  on  which  each  of  these  instruments  rests  being 
the  fulcrum.  An  oar  used  in  propelling  a  boat  is  likewise  a 
lever. 

18.  The  notice  of  the  ancients  was  very  early  drawn  to 
the  circumstance  that  two  weights  of  difPerent  magnitudes  may 
balance  each  other  by  means  of  a  lever.  Aristotle  proposes  the 
question  in  his  "Mechanical  Problems.*"  (S)  **Why,  *<say8 
he,'^  do  small  powers  move  great  weights  by  means  of  the 
levet  ?  when  they  have,  besides,  the  weight  of  the  lever  itself 
to  move.  The  power  moves  the  weight  the  more  easily  in  pro- 
portion as  it  is  farther  from  the  fulcrum.  And  the  reason  is, 
that  the  end  which  is  farther  from  the  center,  describes  a 
greater  circle;  so  that  the  body  which  moves  the  other,  ivill, 
by  the  same  force,  be  transferred  through  a  larger  space."*' 
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And  again,  (j3)  in  treating  a  similar  question,  he  says,  <^  The 
shorter  end  is  moved  more  against  natv/re  than  the  longer.^ 
Here  the  reasoning  is  referred  to  the  distinction  of  actiomr 
according  to  nature  and  against  nature;  a  distinction  which 
could  never  have  led  to  any  true  or  useful  view  of  the  subject. 

But  in  taking  up  the  writings  of  Archimedes,  who  wrote 
a  little  later,  we  find  that  the  subject  has  already  assumed  a 
form  altogether  different,  and  is  established  upon  clear  and  sa- 
tisfactory principles ;  so  clear  and  satisfactory  indeed,  that  to 
this  day  scarcely  any  thing  has  been  added  to  the  evidence 
and  simplicity  of  the  proof  of  the  lever  which  we  find  in  this 
ancient  writer. 

19.  The  principles  on  which  the  proof  of  the  properties  of 
the  lever  rests,  as  given  by  Archimedes,  will  be  stated  hereafter. 
They  depend  entirely  on  the  relations  of  weights  in  equilibrium, 
and  at  rest.  But,  the  properties  of  this  and  of  other  mechanical 
powers  have  often,  by  other  writers,  been  referred  to  a  princi-> 
pie  which  supposes  the  weights  to  be  in  motion,  namely,  the 
equality  of  momenta. 

The  Momentttm  is  defined  to  be  ^^  the  weight  of  a  body 
multiplied  by  its  velocity  ;^^  and  it  is  a  proposition,  true,  and 
hereafter  to  be  proved,  that  when  two  weights  are  in  equili- 
brium on  a  lever,  their  momenta  would  be  equal  if  they  were 
put  in  motion. 

But  this  property  is  not.  sdf-^dent,  and  cannot  rightly  be 
made  the  foundation  of  our  reasonings  concerning  the  lever ; 
though  it  was  made  the  foundation  of  the  mathematical  doctrine 
of  this  and  other  machines  by  the  early  writers  on  Mechanics ; 
and  is  still  referred  to  by  some  writers,  even  of  the  present 
day,  as  an  ultimate  principle. 

It  is  sometimes  said  by  such  writers  that  the  smaller  weight 
must  be  placed. at  the  extremity  of  the  longer  arm,  in  order 
that  the  greater  velocity  of  its  motion  may  compensate  for 
the  greater  weight  at  the  other  arm. 

Or  the  momentum  of  a  body  is  con»dered  to  mean  its 
power  of  producing  motion ;  and  therefore  it  is  asserted  that 
bodies  will  balance  on  a  lever  when  their  momenta  are 
eqtuiL 
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Or  it  is  asserted  that  a  lever  merely  enables  us  to  make 
up,  by  working  longer,  for  the  deficiency  of  immediate  force : 
to  concentrate  or  accumidate  our  force  instead  of  dispersing 
and  diffusing  it. 

These  statements  are  altogether  erroneous  as  a  matter  of 
reckoning. 

We  treat  of  the  equilibrium  of  a  lever  which  is  absolutely 
at  reetj  and  will  continue  so  for  ever,  so  long  as  the  relation 
of  the  weights  continues  the  same.  Hence,  no  part  has  any 
velocity,  and  therefore  the  greater  velocity  of  one  part  cannot 
compensate  the  greater  force  of  another  part. 

It  is  not  shewn,  in  such  attempts,  that  velocity,  if  it  did 
exist,  could  compensate  for  weight ;  and  still  less  that  it  could 
do  so  in  the  asserted  proportion. 

It  is  not  shewn  that  bodies  will  balance  directly  when 
their  momenta  are  equal :  and  if  this  were  shewn,  it  would  not 
follow  that  they  will  balance  on  a  machine  when  their  mo- 
menta are  equsd. 

If  we  were  to  define  the  weight  of  a  body  multiplied  into 
the  sqiMre  of  its  vdocity,  to  be  its  impetua,  it  would  be  no 
more  self-evident  that  bodies  will  balance  when  their  momenta 
are  equal,  than  it  is  that  they  will  balance  when  their  impettis 
are  equal ;  whidi  latter  proposition  is  not  true. 

It  is  not  true  that  the  smaller  weight  works  longer  than 
the  larger,  and  therefore  it  cannot,  in  this  way,  make  tip  for 
its  defect  oi  magnitude. 

The  axioms  on  whidi  our  proof  of  the  properties  of  the 
lever  will  be  founded,  are  on  the  other  hand  self--evident  as 
statical  principles,  and  the  reasoning  is  independent  altogether 
of  the  consideration  of  motion. 

■ 

20.  Archimedes  being  in  possession  of  the  true  doctrine  of 
fhe  lever,  established  also  several  propositions  concerning  the 
center  of  gravity,  and  investigated  the  position  of  the  center  of 
gravity  in  bodies  of  different  figures.  The  center  of  gravity  of 
any  body  is  the  point  where  the  body  may  be  supposed  to  be 
wholly  collected,  so  far  as  the  effect  of  its  weight  is  concerned. 
The  body  itself  extends  through  a  certain  portion  of  space ; 
and  thus  includes  innumerable  mathematical  points ;  but  one  of 
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these  points  is  to  be  taken  as  the  place  of  the  body,  for  all  the 
purposes  of  mechanical  reasoning ;  being  the  point  in  which,  if 
all  the  matter  of  the  body  were  conceived  to  be  concentrated, 
it  would  produce  exactly  the  same  statical  effect  as  the  body  in 
its  actual  state  does  produce. 

It  was  assumed  that  such  a  point  existed  in  every  body; 
that  every  body  had  a  center  of  gravity.  This  assumption  was 
however  not  self-evident,  and  the  reasonings  of  Archimedes 
were  therefore  so  far  imperfect.  For  it  is  not  self-evident 
that  the  point  at  which  different  weights  must  be  collected  to 
produce  the  same  effect  as  they  did  when  dispersed,  is  the  same 
point  for  different  kinds  of  effects.  Thus,  in  fig.  5,  two  equal 
weights  P  and  Q  must  be  collected  at  FT,  the  middle  point  be- 
tween them,  in  order  that  they  may  produce  the  same  direct 
pressure  as  they  did  at  P  and  Q ;  namely,  a  pressure  equal  to 
their  sum.  But  is  it  manifest  that  when  they  are  collected  at 
the  middle  point  W  they  will  produce  the  same  effect  to  turn 
the  lever  about  the  fulcrum  A,  as  they  did  when  at  P  and  Q  ? 
This  seems  not  to  be  equally  clear;  for  we  do  not  know,  with- 
out some  reasoning,  how  the  effort  of  P,  to  turn  the  lever 
round  A^  will  be  modified  and  influenced  by  the  action  of  Q 
exerted  at  the  same  time.  Hence  it  is  not  self-evident  that, 
for  the  purpose  of  keeping  this  kind  of  effect  unaltered,  the 
weights  must  be  collected  at  the  middle  point,  between  them. 

The  proof  of  the  lever,  given  by  Archimedes,  makes  it 
a  postulate  that  equal  weights  acting  at  equal  distances  from 
a  point  in  a  lever  will  balance  on  that  point ;  and  it  tMstimes 
that  the  effect  which  weights  collected  at  this  point  exert,  to 
turn  the  lever  round  any  other  point,  is  not  altered  by  col- 
lecting them. 

The  postulate  may  properly  be  stated  as  an  axiom ;  but 
the  assumption  was  justly  considered  a  blemish  in  the  proof. 
Professor  Vince,  in  the  Philosophical  Transactions  for  1794, 
has  given  a  proof  of  this  assumption,  deduced  from  axioms 
sufficiently  self-evident.  We  shall  state  the  proof  of  the  pro- 
perty of  the  lever  in  the  form  thus  given  to  it. 

21.  For  the  purpose  of  presenting  this  proof  we  must  in 
the  first  place  explain  the  manner  in  which  forces  are  measured 
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whea  they  are  employed  in  producing  equilibrium,  that  is 
in  balancing  other  forces. 

Since  forces  must  be  measured  by  their  effects  we  might 
at  first  be  tempted  to  say  that  the  magnitude  of  the  force 
is  as  the  magnitude  of  the  effects.  But  this  rule  would  lead 
us  into  error,  as  will  thus  appear. 

Let  MA^  fig.  2,  be  a  straight  spring  fixed  horizontally 
into  a  wall  at  Jf ,  and  let  a  weight  P  hung  to  the  end  A  bend 
it  into  the  position  MB ;  it  would  be  erroneous  to  assert  that 
a  weight  will  be  twice  as  great  as  P  when  it  bends  the  spring 
into  a  position  twice  as  far  from  the  original  position. 

For  this  could  not  be  generally  true,  except  the  proportion 
of  the  deflexion  produced  by  the  same  weights  were  the  same 
for  springs  of  every  possible  size,  strength,  and  elasticity,  which 
is  not  obviously  true  at  least,  and  is  not  actually  true  by 
experiment. 

The  true  mode  of  obtaining  a  definition  and  a  measure  of 
the  magnitude  of  forces  is  the  following. 


Section  II. 

On  the  Measure  of  Statical  Forces, 

22.     We  shall  begin  with  the  measure  of  Weights. 

Any  weight  may  be  taken  as  the  unit  or  primary  standard 
of  weight ;  for  instance  a  conmion  one  pound  weight  of  lead, 
(which  is  about  2j  cubic  inches) » 

Any  other  weight  is  equal  to  one  pound,  if  it  produce  the 
same  mechanical  effect  as  the  assumed  unit. 

Thus  a  certain  mass  (nearly  s\  cubic  inches)  of  iron,  hung 
at  Bj  (fig.  2.)  will  bend  the  spring  MA  through. the  same  space 
as  th<e  assumed  one  pound  of  lead :  therefore  this  mass  of  iron 
is  also  one  pound. 

In  like  manner  we  might  obtain  any  number  of  masses,  of 
any  matmals  whatever,  each  equal  to  one  pound. 


34 

Two  of  theee  masses  together  are  a  wright  of  two  pounds^' 
three  are  a  weight  of  three  pounds,  and  so  on. 

If  C  be  now  the  point  to  which  two  of  these  masses,  ap- 
pended together,  will  draw  the  end  of  the  spring,  any  other 
wdlght  which,  similarly  appended,  draws  the  end  of  the  spring 
to  C,  will  thus  be  known  to  be  two  pounds. 

We  may  explain  similarly  the  meaning  of  three,  four,  five, 
and  any  number  of  pounds ;  and  these  weights  may  be  measured 
in  a  similar  manner. 

In  the  spring-balance  this  mode  of  measurement  is  actually 
employed.  The  places  to  which  the  spring  is  drawn  by  known 
weights  are  marked,  and  by  means  of  these  marks  the  magnitude 
of  unknown  weights  is  determined. 

Instead  of  the  bending  of  a  spring,  the  same  definitions 
might  be  established  by  the  consideration  of  any  other  mecha- 
nical effect;  for  instance,  all  those. weights  are  equal  which  will, 
when  applied  in  the  same  balance  and  m  the  same  manner, 
equipoise  a  given  weight ;  and  by  the  addition  of  such  weights, 
any  multiple  of  them  is  defined. ' 

33.  Any  other  forces  (that  is  to  say,  statical  forces,  which 
we  are  here  considering)  may  be  measured  in  the  same  way  as 
weights.  For  any  other  statical  forces  would  produce  exactly 
the  same  as  those  of  weights ;  they  would  for  instance,  acting 
at  the  Old  of  the  spring  MA,  %.  2,  bend  it  through  different 
angles  according  to  the  intensity  of  the  force. 

Any  statical  effect  produced  by  force  may  be  produced 
by  a  weight  sobstitated  for  the  force.  Thus  if  a  man  pull 
downwards  at  a  string,  as  at  £,  %.  8,  with  a  certain  force, 
whidi  18  exactly  oounteracted  by  some  resisting  force,  the  effect 
of  soch  polling  will  be  the  same  as  if  a  certain  weight  P  were 
soqpended  to  the  atiing;  and  this  weight  P  is  the  measure  or 
equivalent  of  the  foioe  at  R. 

Also  if  a  fbfce  act  obliquely,  as  in  the  direction  of  the 
string  QO9  £g.  4,  and  be  such  as  exacdy  to  counteract  the 
Ibtce  exerted  at  Q,  the  effect  of  the  force  in  QO  will  be  the 
same  as  if  the  atiing  pass  over  a  smooth  nail  or  peg  at  O,  and 
a  eertain  wei|^  P  he  mupeadei  to  its  extremity.  The  weight 
P  in  dda  case  is  equivalent  to  the  force  in  QO. 
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Statiical  forces  ttiay  always  be  measured,  as  to.magnitude^ 
by  the  forces  which  will  directly  keep  them  .in  equili|l>rium5 
thus  in  fig.  3  and  4,  the  forces  exerted  by  the  hands  pulling 
in  opposite  directions  at  Q  and  £,  are  necessarily  equal. 

The  properties  of  the  lever  may  be  deduced  from  the 
following  axioms. 

24.  Axiom  I.  Equal  forces  acting  perpendicularly  at  the 
ewtremitiea  of  equal  arms  of  a  lever  to  turn  it  opposite  ways, 
will  keep  each  other  in  equilibrium* 

For  the  forces  act  in  a  manner  perfectly  similar,  and  hence 
there  can  be  no  reason  why  one  of  them  should  prevail  rather 
than  the  other. 

We  find  that  if  one  of  the  forces  be  greater,  the  arms  re- 
maining equal ;  or  if  one  of  them  act  at  a  longer  arm,  the  forces 
being  equal;  the  greater  force  or  the  longer  arm  preponderates, 
and  the  equilibrium  is  destroyed. 

Cob.  1.  .Hence,  the  converse  propositions  are  true;  namely, 

If  two  equal  and  opposite  forces,  acting  perpendicularly  at 
the  extremities  of  a  lever,  keep  it  at  rest,  the  arms  are  equal. 
.For  if  they  were  not,  the  longer  would  preponderate. 

If  two  forces,  acting  oppositely  and  perpendicularly,  at  the 
e:^tremities  of  equal  arms  of  a  lever,  keep  it  at  rest,  the  forces 
ate  lequal.  For  if  they  were  not,  the  greater  would  prepon- 
derate. 

CoE.  2.  If  a  weight,  as  fT,  fig.  5,  be  supported  on  a  rod 
AB,  on  two  fulcrums  A  and  B^  at  equal  distances  from  the 
weight,  the  pressures  on  the  two  fulcrums  are  equal. 

Cob.  S.  If  two  equal  weights,  P,  Q,  fig.  5,  be  supported 
on  a  rod  PQ  on  two  fulcrums  A  and  ^0,  situated  so  that  PA, 
QB,  are  equal,  the  pressures  on  A  and  B  are  equal. 

25«  Axiom  II.  If  two  equal  weights  balance  each  other 
upon  a  straight  lever j  the  pressure  tipon  the  fulcrum  is  equftl 
to  the  smn  of  the  weights j  whatever  be  the  length  of  the  lever. 

The  whole  weight  is  supported  at  the  fulcrum  of  the  lever, 
and  hence  it  appears  manifest,  that  the  pressure  which  is^there 
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supported  must  be  equal  to  the  whole  weight,  that  is,  to  the 
sum  of  the  two  weights. 

26.  Axiom  III.  If  a  weight  be  atipported  v/pon  a  lever 
^hich  rests  an  two  fulcrums,  the  whole  pressure  tipan  the 
fulcrwms  is  equal  to  the  weight. 

For  here,  as  in  the  preceding  Axiom,  the  whole  weight  is 
supported  by  the  pressures  which  it  exerts  on  these  fulcrums, 
and  therefore  the  sum  of  these  pressures  must  be  equal  to  the 
weight. 

Thus  if  JfAT,  fig.  7j  be  a  lever  moveable  about  C,  on  which 
two  weights  P,  Q  of  5  pounds  and  2  pounds,  balance  each  other, 
the  fulcrum  C  supports  a  pressure  of  7  pounds. 

And  if  P,  Q,  fig.  5,  be  weights  of  3  and  7  pounds  respec- 
tively, the  pressures  on  the  two  fulcrums  A  and  B  are  together 
10  pounds. 

27.  Fbop.  If  two  equal  weights  act  perpendicularly  on  a 
straight  lever^  they  may  be  kept  in  equilibrium  round  any 
fulcrum  by  the  same  force  as  if  they  were  collected  at  the 
middle  point  between  them. 

Let  P,  Q,  fig.  5,  or  6,  be  the  two  weights,  A  the  fulcrum, 
and  W  the  middle  point.  Take  WB  =  WA^  and  suppose  a 
fulcrum  placed  at  B. 

When  weights  P  and  Q  are  supported  on  the  lever,  the 
pressvire  on  each  of  the  fulcrums  is  half  the  whole  pressure,  by 
Cor.  3  to  Axiom  1 ;  and  the  whole  pressure  is  P+Q  by  Axiom  3; 
therefore  the  pressure  on  each  fulcrum  is  half  P-^Q,. 

When  a  weight  fT,  equal  to  P  +  Q,  is  placed  at  the  middle 
point,  the  pressure  on  each  of  the  fulcrums  is,  by  Cor.  2  to 
Axiom  1,  equal  to  half  the  whole  pressure;  but  the  whole  is 
P  ^  0,9  by  Axiom  3 ;  therefore  the  pressure  on  each  fulcrum  is 
half  P+Q. 

Hence,  the  pressure  on  the  fulcrum  ^  is  in  each  case  equal 
to  half  P  +  Q :  and  therefore  the  lever  will  in  both  cases  be 
kept  in  equilibrium  by  the  same  force  applied  at  B. 

Cob.  Hence,  a  horizontal  prism  or  cylinder  of  uniform 
thickness  and  material,  will  produce  the  same  ^ect  as  if  it  were 
collected  at  its  middle  point 
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Thus,  a  cylinder  ADy  fig.  7,  will  produce  the  same  effect 
on  a  lever  CA  as  if  it  were  collected  at  its  middle  point  E :  for 
this  cylinder  may  be  considered  as  composed  of  pairs  of  equal 
small  weights  (as  2  and  5)  at  equal  distances  from  JB,  and  each; 
such  pair  will  produce  the  same  effect  as  if  collected  at  JB,  and 
hence,  the  whole  cylinder  will  produce  the  same  effect  as  if 
it  be  collected  there. 

28.  Prop.  Two  tveighta  acting  perpendicularly  upon  a 
straight  lever,  on  opposite  sides  of  the  fulcrum,  will  balance 
each  other  when  they  are  reciprocally  proportional  to  their 
distances  from  the  fulcrum. 

Let  the  weights  be  any  number  of  ounces,  as  for  instances 
3  and  5.  Let  them  be  divided  into  half  ounces ;  there  will  be 
6  of  these  in  one  weight,  and  10  in  the  other ;  in  all  l6.  Let 
these  16  half  ounces  be  placed  at  equal  distances  along  a  straight 
lever  AB,  fig.  7,  at  the  points  1,  2,  3,  4,  5,  6,  7,  8,  9,  10,  11,  12, 
13,  14,  15,  1 6.  Then  it  is  evident,  by  Ax.  1,  that  the  whole  of 
the  16  weights  will  balance  on  the  point  C,  mid-way  between  8 
and  9;  for  8  and  9  will  balance  on  this  point,  being  equal 
weights  and  at  equal  distances ;  7  and  10  wiU  balance  on  C,  for 
the  same  reason;  as  also  6  and  11,  5  and  12,  4  and  13,  3  and  14, 
2  and  15,  1  and  l6.     Therefore  the  whole  will  balance  on  C 

But  the  weights  1,  2,  3,  4,  5,  6,  will  produce  the  same 
effect  on  the  lever  AB  as  if  they  were  collected  at  E,  the  point 
mid-way  between  3  and  4 ;  for  3  and  4  may,  by  Article  27,  .be 
collected  at  E  without  altering  the  effect;  as  may  2  and  5, 

I  and  6 ;  and  these  6  weights  are  3  ounces.  And  in  the  same 
manner  the  weights  7>  8,  9,  10,  11,  12,  13,  14,  15,  16  produce 
the  same  effect  as  if  they  were  collected  at  F,  mid- way  between 

II  and  12;  for  11  and  12  may  be  collected  at  £  (Art.  27,)  as 
may  10  and  13,  9  and  14,  8  and  15,  7  and  16 ;  and  these  10 
weights  make  up  5  ounces. 

Hence  if  we  have  3  ounces  at  E  and  5  ounces  at  F  the 
effect  will  be  the  same  as  before;  that  is,  the  weights  will 
balance  on  C 

Now  CF  is  evidently  3  of  the  equal  divisions  of  AB, 
namely  the  two  divisions  from  9  to  10  and  from  10  to  11,  and 


two  halves  of  such  dmdons :  and  in  like  manner  CE  is  5  such 
divisions^  bamely  4  entire  ones  from  4  to  8,  and  two  halves. 

Therefore  the  weights  S  and  5  balance  at  distances  which 
are  reciprocally  as  5  and  3. 

And  if,  instead  of  the  numbers  S  and  5,  any  others  bad 
been  taken,  the  reasoning  would  have  been  the  same  and  the 
result  equally  true : 

Also  if  instead  of  an  ounce  we  had  taken  any  other  unit  of 
weight ;  and  if  the  length  of  the  lever  AB  had  been  different, 
the  pressure  upon  the  fulcrum  C  is  still  5  +  S  or  8 ;  and  is 
always  the  sum  of  the  forces  at  E  and  F. 

If  instead  of  weights  we  take  forces  of  any  other  kinds,  the 
reasonings  and  the  results  will  be  the  same. 

29-  Pbop,  Two  forces  acting  perpendicularly  ttpon  a 
straight  lever,  on  the  same  side  of  the  fulcrum,  and  tending 
to  turn  it  opposite  ways,  will  balance  each  other  when  they 
are  reciprocally  proportional  to  their  distances  from  the  ful- 
crum. 

Let  CM,  fig-  8  or  9,  be  a  lever  as  in  the  last  proposition, 
whose  fulcrum  is  JV;  thus  let  MNhe  5  and  CNhe  s,  and  let 
the  force  at  JIf  be  3,  and  that  at  C,  5 ;  then  by  the  last  propo- 
sition the  two  forces  will  balance,  and  the  pressure  on  the 
fulcrum  N  will  be  5  +  8  or  8.  Now  let  a  Force  S  be  applied 
at  JV  in  a  direction  opposite  to  that  in  which  the  forces  3£  and 
ri  »..» .  ikJ^  r^-....  ™ji]  supply  the  place  of  the  fulcrum,  and 
it;  and  the  lever  is  now  kept  at  rest  by 
It  Jf,  N,  C. 

considered  as  a  lever  MC,  moveable  about 
>y  forces  acting  at  M,  N,  as  in  the  enun- 
reMC  =  MN+NC=5  +  S  =  8,  NC-3, 
:  force  at  JV  :  force  at  M;  and  the  same 
m  to  be  true  in  any  other  case. 

two  weigMs  or  two  forces,  acting  perpen- 
^  of  a  straight  lever,  balance  each  other, 

their  distances  from  the  center  of  motion. 

shewn  that  when  the  weights  are  in  this 
balance;  and  if  the  proportion  be  altered 
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by  increasing  or  diminishing  one  of  the  weights,  the  effort  to 
turn  the  lever  round  will  be  altered,  or  the  equilibrium  will 
be  destroyed. 

The  Bent  Lever. 

31.  Fbop,  If  two  forces^  acting  perpendicularly  on  the 
arms  of  a  bent  lever ,  are  inversely  as  the  arms^  they  will  balance 
each  other. 

Let  forces  P,  Q,  fig.  12,  act  perpendicularly  at  Jf,  JV,  on 
the  arms  of  a  lever  MCN;  and  let  them  be  such  that 

P  :  Q  ::  CN  :  CM; 

they  will  balance  each  other. 

Produce  NC  to  D,  so  that  CD  =  CM;  and  let  the  force  P 
act  at  the  arm  CD  instead  of  CM.  The  force  will  manifestly 
have  the  same  tendency  as  before  to  turn  the  lever  round  C ; 
for  the  only  effect  of  the  arm  is  to  enable  the  force  to  turn  the 
whole  lever,  and  thus  to  counteract  the  force  Q.  But  since 
P  :  Q  ::  CN  :  CDy  the  forces  P,  Q  will  balance  each  other 
on  the  straight  lever  DN.  Therefore  they  will  also  balance  on 
the  bent  lever  MCN. 

Cob.  1.  Conversely,  if  the  forces  act  perpendicularly  and 
balance  each  other,  they  are  inversely  as  the  arms. 

Cob.  2.  If  the  arm  CM  or  CN  were  bent  so  as  to  have 
any  other  form  CFMy  its  extremity  being  the  same,  the  same 
proportions  would  be  true. 

For  CFM  being  perfectly  rigid,  if  we  join  CM,  the  effect 
produced  will  be  the  same,  if  instead  of  the  arm  CFM  we 
suppose  the  rigid  surface  CFMC  to  be  substituted.  And  in 
this  surface  if  we  remove  any.  portion  of  the  part  towards  F 
by  a  line  parallel  to  CM,  the  effect  will  manifestly  be  the 
same  as  before.  Hence,  whether  we  have  the  rigid  rod  CFM, 
or  CM,  the  effect  will  be  the  same. 

32.  Fbop.  If  two  forces  acting  at  way  angles  on  the 
arms  of  any  lever  are  inversely  as  the  perpendiculars  from  the 
fulcrum  upon  their  directions,  they  will  balance  each  other. 
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Let  ACB,  fig.  13,  be  the  lever  moveable  about  C\  P,  Qf 
two  forces  acting  in  the  lines  APy  BQ,  and  CMy  CN  perpen- 
diculars on  those  lines.  And  let  P  :  Q  ::  CN  :  CM;  the 
forces  will  balance  each  other. 

Let  AM  and  CM  be  considered  as  rigid  rods;  then  by 
Cor.  2,  to  last  Art.,  the  same  effect  will  be  produced  whether 
we  suppose  the  force  P  to  act  by  means  of  the  crooked  arm 
CAMf  or  the  straight  one  CM.  In  the  same  manner  the  force 
Q»  acting  at  By  will  produce  the  same  effect  as  if  it  acted  at  N. 
But  the  forces  P  and  Q,  acting  at  M  and  Ny  would  produce 
equilibrium,  by  last  Article,  because  P  :  Q  ::  CN  :  CM. 
Hence,  acting  at  A  and  By  they  will  produce  equilibrium. 

CoE.  1.     P  X  CM=  Q  X  CN. 

Coa.  2.  Conversely,  if  this  proportion  is  true,  or  if  these 
products  are  equal,  the  forces  will  balance. 

When  two  forces  balance  each  other  on  a  lever  or  other 
machine,  the  one  is  considered  as  a  force  exerted,  the  other  as 
a  resistance  to  be  overcome,  or  a  weight  to  be  supported :  hence 
the  two  are  distinguished  as  the  Power  and  the  Weight. 

The  equality  of  the  momenta  of  the  Power  and  Weight. 

33.  Prop.  If  twoforcesy  ctcting  perpendicularly  on  the 
arms  of  any  lever y  balance  each  other y  and  if  a  small  motion 
he  given  to  the  lever  about  its  fulcrumy  the  velocities  of  the 
two  points  where  the  forces  are  appliedy  are  inversely  as  the 
forces. 

Let  the  lever  ACBy  fig.  10,  come  into  a  new  position  aCb ; 
then  angle  aCb^ACBy  whence  ACa^BCby  the  sectors  AC  a 
and  BCb  are  similar  figures,  and  the  arcs  A  ay  Bby  described 
by  the  points  A  and  By  are  therefore  as  CA  and  CB;  that 
is,  by  Art.  SI,  reciprocally  as  P  and  Q.  But  the  arcs  A  a 
and  Bb  are  as  the  velocities  of  A  and  B  when  the  arcs  are 
small.     Hence  the  proposition  is  manifest. 

Coa.  Since  A'*s  velocity  :  5^s  velocity  ::  Q  :  P,  we  have 
P  X  A!*s  velocity  =  Q  x  B's  velocity. 

It  has  already  been  stated  that  the  momentum  of  any  body 
is  the  weight  of  the  body  multiplied  into  its  velocity  (both 
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being  of  course  expressed  in  numbers).  Hence  it  appears, 
that  when  P  and  Q  balance  on  a  lerer,  their  momenta  are 
equal. 

Examples  of  Levers. 

34.  If  we  know  the  force  which,  applied  on  any  machine, 
will  support  a  weight,  or  neutralise  a  resistance,  any  greater 
force  will  raise  the  weight  or  overcome  the  resistance.  Hence, 
problems  concerning  weights  to  be  raised  or  resistances  to  be 
overcome,  belong  to  statics,  so  long  as  we  have  not  to  consider 
the  time  of  producing  the  efPect :  and  machines,  the  object  of 
which  is  to  produce  motion,  may  be  adduced  as  examples  of 
levers. 

Levers  are  sometimes  divided  into  three  kinds. 

1st  kind  of  Lever:    the  power  and  weight  on  opposite  sides  of 

the  fulcrum. 

2d  kind  of  Lever :    the  power  on  the  same  side  as  the  weight 

and  further  from  the  fulcrum. 

3d  kind  of  Lever :    the  power  on  the  same  side  as  the  weight 

but  nearer  to  the  fulcrukn. 

The  two  first  kinds  give  a  mechanical  advantage  to  the 
power,  or  enable  a  smaller  force  to  balance  a  greater ;  the  third 
kind  is  a  losing  lever^  or  requires  a  greater  force  to  balance  a 
smaller. 

The  losing  lever  is  employed,  not  for  gain  of  force,  but  for 
convenience  of  application. 

The  following  are  examples  of  Levers  of  the  first  kind : 

The  handspike^  (a  bar  of  wood  of  which  one  end  is  sharp 
and  the  other  fitted  for  the  hand  to  take  hold  of,)  when  the  end 
is  pressed  down  in  order  to  raise  a  weight.  A  similar  instru- 
ment made  of  iron,  and  having  its  extremity  formed  into  claws, 
is  called  a  crow-bar,  and  is  a  bent  lever.  The  common  claw- 
hammer  for  drawing  ni^ils  is  another  example,  the  part  of  the 
hammer  resting  on  the  plank  being  the  fulcrum. 

Pincers  or  forceps  are  double  levers  of  the  first  kind,  the 
hinge  being  the  common  fulcrum.     Common  scissors  are  also 
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double  levers  of  this  kind ;  as  are  those  stronger  sheave^  with 
which  bars  and  plates  of  iron  are  cut  by  the  power  of  A  steam 
engine,  as  easily  as  paper  by  the  strength  of  the  fingers. 

The  common  ^re  poker  is  a  lever,  the  bar  on  which  it  rests 
when  used  being  the  fulcrum,  and  the  mass  of  coal  raised  the 
weight. 

The  common  scale  bea/m  is  a  lever  with  equal  arms;  the 
steelyard  is  a  lever  with  unequal  arms ;  but,  in  order  fully  to 
understand  this  example,  we  must  take  into  account  the 
weight  of  the  beam  itself,  which  makes  it  necessary  to  refer 
this  instrument  to  the  case  when  more  than  two  forces  act 
upon  a  lever. 

When  a  ship  or  boat  rolls  by  the  force  of  the  wind,  the 
masts  move  in  the  direction  of  the  wind,  but  the  keel  moves 
the  opposite  way,  and  hence  there  is  some  point  which  for 
an  instant  moves  neither  one  way  nor  the  other,  and  may  be 
considered  as  a  fixed  fulcrum  for  the  time.  With  reference 
,  to  this  fulcrum,  the  mast,  acted  upon  by  the  wind,  may  be 
considered  as  a  long  lever,  lifting  the  lading  and  materials  of 
the  ship  as  weights. 

A  pair  of  pincers,  used  for  drawing  a  nail  out  of  a  board 
by  pressing  on  the  board,  is  an  instance  of  a  bent  lever,  the 
part  of  the  head  of  the  pincers  which  rests  on  the  board  being 
the  fulcrum,  and  the  resistance  of  the  nail  being  the  weight. 
If  the  head  of  the  pincers  be  convex  all  the  way  to  the  edge 
which  holds  the  nail,  and  if  the  edges  take  hold  of  the  nail 
close  to  the  board,  the  fulcrum  is,  at  the  first  instant  of  the 
action,  close  to  the  resistance,  and  therefore  the  perpendicular 
on  the  direction  of  the  resistance  is  very  small,  and  the  resis- 
tance itself  may  be  very  great,  and  may  yet  be  overcome. 

The  following  are  examples  of  the  second  kind  of  Lever. 

A  handspike^  when  the  end  is  lifted  up  iin  order  to  raise  a 
weight :  a  common  wheelbarrow^  the  axis  being  the  fulcrum :  a 
jpofe,  on  which  two  parties  carry  a  load,  is  a  lever  of  this  kind, 
each  of  them  being  the  fulcrum  with  regard  to  the  other ; '  and 
in  like  manner,  a  bar  (called  in  some  places  a  Whipple  tree),  by 
which  two  horses  draw  a  plough.  A  stock-knife  is  a  single  lever, 
and  a  pair  of  common  nutcrackers^  a  double  lever  of  this  kind. 
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When  an  oar  is  used,  the  handle  in  pulling  goes  forward, 
and  the  extreme  point  of  the  blade  goes  backtrard;  hence,  there 
is  some  intermediate  point,  which,  for  a  moment,  goes  neither 
forward  nor  backward,  and  may  be  considered  as  a  fixed  ful- 
crum for  the  time*  With  reference  to  this  fulcrum  the  oar  is 
a  lever  of  the  second  kind.  But  to  estimate  the  effect  upon 
the  progress  of  the  boat,  we  must  take  into  account  the  re^ 
action,  which  we  shall  hereafter  treat  of. 

If  two  persons  carry  a  weight  on  a  stick,  as  JIfJV,  fig.  11, 
each  end  may  be  considered  as  a  fulcrum  with  respect  to  the 
other.  Hence,  each  person  will  support  a  portion  of  the  weight, 
which  portion  is  greater,  in  proportion  as  the  distance  of  the 
weight  from  the  supporting  point  is  less.  Thus,  if  CN  be  4 
times  CM  J  \  of  the  weight  will  be  supported  at  N  and  \  at  M. 

The  following  are  examples  of  the  third  kind  of  Lever : — 

The  hand  of  a  man  pushing  at  a  gate  near  the  hinge,  in 
order  to  open  or  shut  it :  the  common  fire  tongs ^  the  force  of 
the  fingers  being  applied  near  the  hinge  in  order  to  grasp  a 
coal  with  the  ends  of  the  instrument. 

The  limbs  of  animals  are  such  levers  for  the  most  part. 
Thus,  let  EABy  fig.  14,  represent  the  bones  of  the  human  arm, 
EA  being  the  humerus,  and  AB  the  fore  arm  in  a  horizontal 
position ;  the  latter  is  turned  round  the  elbow  A  by  the  force 
of  the  muscular  cordage  2)/,  (which  consists  of  two  muscles, 
called  the  bleeps  and  the  brachieus)»  The  mathematical  point 
about  which  the  fore  arm  turns,  is  the  center  of  the  convexity 
of  the  tubercle  A ;  and  from  this  point  perpendiculars  must 
be  let  fall  on  the  forces  which  act,  namely,  the  perpendicular 
OB  on  the  vertical  line  in  which  the  weight  B  acts,  and  01 
on  the  direction  DI  in  which  the  muscles  act;  and  the  force 
of  the  muscle  will  be  as  much  greater  than  the  weight  sup- 
ported, as  OB  is  greater  than  OL 

According  to  Borelli,  {De  Motu  Animalium,  Prop.  22  &  23), 
when  the  humerus  is  horizontal  the  weight  which  a  man  can 
support  in  this  way  does  not  exceed  28  pounds;  and  in  this  case 
the  perpendiculars  just  spoken  of  are  as  20  to  1,  the  muscles 
acting  close  to  the  projection  of  the  tubercle  of  the  fore  arm. 
Hence,  the  force  of  the  muscles  is  28  x  20  or  560  pounds. 

E 
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When  the  humerus  is  upright,  the  weight  which  a  man 
can  support  in  this  way  is  35  pounds;  and  is  greater  than  in 
the  former  case,  because  the  muscle  is  now  so  situated  that 
the  perpendicular  upon  the  direction  of  its  action  is  greater 
than  before.  The  muscle  no  longer  lies  close  to  the  bone, 
but  is  retained  near  the  hollow  of  the  arm  by  certain  mem- 
branous bands  and  by  the  external  skin. 

35.  It  has  been  seen  that  when  two  forces  are  in  equili- 
brium on  a  lever  we  may  compare  them  either  by  comparing 
their  distances  from  the  fulcrum,  (Art.  28)  or  by  comparing 
their  velocities  (Art.  32).  The  inverse  proportion  of  these 
distances  or  of  these  velocities  is  the  proportion  of  the  power 
and  weight. 

If  we  take  the  former  mode  of  estimation  we  refer  to  it 
by  speaking  of  the  leverage  at  which  the  power  acts. 

If  we  estimate  the  proportion  of  the  forces  by  means  of 
the  velocities,  the  proposition  is  often  stated  thus,  "what  is 
gained  in  force  is  lost  in  velocity.'' 

Thus,  a  boy  who  cannot  exert  a  direct  force  of  fifty  pounds, 
may,  by  means  of  a  claw  hammer,  draw  a  nail  to  which  half 
a  ton  might  have  been  suspended;  because  his  hand  move^ 
through,  perhaps  eight  inches,  to  make  the  nail  rise  one 
quarter  of  an  inch.  Hence,  the  velocity  produced  in  the  nail 
is  less  than  the  velocity  of  the  hand  in  the  ratio  ^  :  8,  and  thus 
his  force  is  increased  in  the  ratio  ;J  :  8,  or  1  :  32,  or  50  :  l600. 

Archimedes  asserted  that  if  he  could  find  a  fulcrum,  he 
could,  by  his  own  strength,  move  the  earth  by  means  of  a 
lever.  But  in  producing  this  effect,  his  velocity  must  have 
been  as  much  greater  than  that  of  the  earth,  as  the  weight 
he  could  exert  would  be  less  than  the  weight  of  the  earth. 
Hence  it  may  be  calculated  that  he  would  have  been  required 
to  travel  with  the  velocity  of  a  cannon  ball,  for  hundreds  of 
years,  in  order  to  alter  the  position  of  the  earth  by  a  small 
part  of  an  inch. 
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The  Equilibrium  of  several  Forces  on  a  Lever. 

36.  When  more  than  two  forces  act  upon  a  lever,  the 
equilibrium  requires  a  proportion  among  them  which  is  easily 
collected  from  the  preceding  propositions.  In  the  case  of  two 
forces,  the  forces  and  their  distances  being  expressed  by  num* 
bers,  the  products  of  each  force  into  its  perpendicular  from 
the  center  of  motion,  are  equal;  in  the  case  of  more  than 
two  forces,  the  products  of  the  forces  into  their  respective 
perpendiculars  being  taken,  the  sums  of  those  in  which  the 
force  tends  to  turn  the  lever  one  way  and  the  other,  must 
be  equal. 

Thus,  let  four  forces  P,  Q,  P',  Q'  act  on  a  lever  Mlf, 
fig.  15,  which  is  moveable  about  C;  and  suppose 

CJf-8,  CN^5,  CM'^S,  cir^6 

p=2,    Q-1,   p'^i,   a^s 

there  will  be  an  equilibrium ;  for 

8x2  +  5x1  =  3x1  +  3x6; 

but,  if  any  one  of  the  weights  or  distances  be  different  from 
those  expressed  by  these  numbers,  the  other  remaining  as  we 
have  supposed  them,  there  will  not  be  an  equilibrium. 

In  the  preceding  Articles  we  have  left  out  of  consideration 
the  weight  of  the  lever  itself:  we  may  consider  the  weight  of 
the  lever  as  collected  in  a  single  point,  and  apply  the  rule 
just  given. 

The  steelyard  is  an  example  of  a  lever  in  which  the  weight 
of  the  beam  requires  to  be  considered. 


The  Steelyard. 

37.  The  steelyard  is  a  bar  BK,  fig.  16,  suspended  on  a 
fulcrum  C,  and  furnished  with  a  weight  P  moveable  along 
the  longer  arm  CK.  Bodies,  of  which  the  weights  are  to  be 
determined,  as  Q,  are  suspended  at  the  shorter  arm  at  B,  and 
their  weight  is  known  by  the  place  to  which  P^must  be  moved 
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in  order  to  balance  Q;  the  arm  CK  being  graduatedy  that  is, 
divided,  and  the  divisions  numbered  according  to  the  weight 
which  we  have  to  determine. 

If  the  beam  itself  had  no  weight,  the  weight  which  P 
would  balance  would  be  proportional  to  its  distance  CM  from 
C:  and  we  should  have  Q  x  CB  =  P  x  CM.  Hence,  if  E  were 
the  point  where  P  must  be  hung  to  balance  one  pound  at  Q, 
F  the  point  where  it  would  balance  two  pounds,  and  so  on, 
CE9  EFy  &c.  would  all  be  equal. 

But  the  longer  arm  CK  being  the  heavier,  this  mode  of  di- 
viding (or  graduating)  the  arm  would  not  be  correct. 

Let  D  be  the  point  where  P  must  be  hung  so  as  exactly 
to  balance  the  longer  arm,  Q  being  removed.  Therefore,  the 
longer  arm  balances  a  weight  P  at  a  distance  at  CD;  and 
therefore,  if  we  take  CO  equal  to  CD,  the  weight  of  the 
longer  arm  produces  the  same  effect  as  the  weight  P  acting 
at  the  distance  CO  would  produce. 

Therefore,  when  Q  at  jB  balances  P  at  M  upon  the  steel- 
yard, Q  balances  a  weight  equal  to  P  at  the  distance  CO^  be- 
sides the  weight  P  at  the  distance  CM;  therefore,  by  what  has 
been  said  in  the  last  article, 

QxCB=^PxCO  -^Px  CM; 

or,  since  CD,=  CO,  Qx  CB  =  P  x  CD -^  P  x  CM; 

=  Px{CD  +  CM); 

therefore  QxCB^Px  DM, 

Hence,  when 
DM=^CB,  DM^2CB,  DM^sCB,  &c. 
we  have  Q  =     P,       Q  =  2P,  Q  =  3P,  &c.  respectively. 

Therefore,  the  graduation  of  the  arm  must  begin  from  the 
point  D,  and  the  divisions  corresponding  to  each  additional 
weight  P,  must  be  equal  to  CB, 

These  divisions  may  be  subdivided  in  any  proportion,  and 
the  points  of  subdivision  will  correspond  to  fractions  of  P  in 
the  same  proportion. 
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The  Wheel  and  Awle. 

38.  The  Wheel  and  Axle  is  a  machine  consisting  of  a 
cylinder  or  axle  AB^  fig.  18,  and  a  concentric  circle  or  wheel 
EF^  joined  together,  so  that  the  whole  is  moveable  about  the 
axis  of  the  cylinder :  the  weight  W  is  attached  to  a  cord  NW, 
and  will  manifestly  be  raised  or  lowered  as  the  wheel  and 
axle  are  turned  one  way  or  the  other.  This  weight  is  sup- 
ported by  a  force  applied  at  the  circumference  of  the  wheel 
EF%  that  is,  either  by  another  weight  P  acting  by  means  of 
a  string  wrapped  the  contrary  way  to  that  at  N^  or  by  some 
other  force  as  P',  acting  at  a  point  M*  in  the  circumference 
of  the  wheel. 

Feop.  In  the  Wheel  and  Aasle  the  power  is  to  the  weight 
€t8  the  radius  of  the  aosle  is  to  the  radius  of  the  wheel. 

Let  fig.  19  represent  the  machine  seen  endways  with  re- 
spect to  the  axle.  The  forces  which  tend  to  turn  the  machine 
opposite  ways  will  still  produce  the  same  effect  as  before,  if 
the  axle  be  supposed  to  slide  through  the  wheel  till  both  the 
forces  are  opposite  the  same  point  C  of  the  axis.  But,  in  this 
case,  the  machine  becomes  a  lever  MCNj  and  the  equilibrium 
will  subsist,  (by  the  property  of  the  lever)  if  P  x  CM^  Q  x  CN, 

It  is  obvious,  that  in  the  state  of  equilibrium  this  is  the 
same  machine  with  the  lever.  When  they  are  put  in  motion, 
the  two  machines  differ.  In  the  wheel  and  axle,  the  weight  W 
ascends  or  descends  in  a  vertical  line :  in  the  lever  it  describes 
a  circular  arc. 

Cob.  1.  The  power  may  act  by  means  of  a  bar  CJf ,  and 
the  wheel  may  be  removed ;  this  is  the  case  in  the  capstan  and 
the  windlass. 

Coa.  2.  If  the  direction  of  the  power  be  not  perpendicu- 
lar to  CMy  we  must  draw  a  perpendicular  upon  it  from  C,  and 
the  proportion  will  be 

P  :  W  ::  rad.  of  axle  :  perp.  on  dir".  of  power.    » 
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Pulliee. 

39*  A  small  wheel  moveable  about  an  axis,  and  con* 
Btructed  so  that  a  cord  passes  along  a  part  of  its  circumference, 
is  a  Pully.  The  two  parts  of  the  cord  on  the  two  sides  of  the 
pully  being  in  different  directions,  the  pully  serves  to  alter  the 
direction  in  which  the  cord  exerts  its  force. 

A  Jwed  Pully  is  one  of  which  the  axis  is  fixed ;  and  such  a 
pully  serves  only  to  change  the  direction  of  a  force  acting  by 
means  of  a  cord  as  O,  fig.  4.  It  neither  increases  nor  diminishes 
the  amount  of  the  force,  the  tension  of  the  cord  being  the  same 
throughout. 

A  single  moveable  PuUy^  as  BA^  fig.  20,  in  which  the 
strings  SC,  AP  are  parallel,  doubles  the  force  P  which  acts 
at  the  string.  For  the  tension  of  the  string  PABC  is  the  same 
throughout,  and  is  equal  to  the  force  P;  and  hence  the  two  parts 
AP9  AC  exert  pressures  each  equal  to  P;  and  these  together 
produce  a  pressure  2P  on  the  axis  of  the  pully  at  O.  And 
therefore  2P  is  the  weight  which  may  thus  be  supported. 

40.  In  the  same  mi^nner  the  effect  of  any  combination  of 
pullies,  with  parallel  strings,  may  be  determined. 

Thus,  in  fig.  21,  the  fixed  pully  B  merely  alters  the  di- 
rection of  the  string,  therefore  the  tension  of  the  string  BA^  is 
P,  and  the  pressure  upwards  on  the  center  of  the  pully  A^  is 
2  P.  Hence,  the  tension  of  the  string  A^  A^  is  2P,  and  the 
pressure  upwards  on  the  pully  A^  is  4P;  and  the  tension  of 
the  string  A2  Ai  is  hence  4P,  and  the  pressure  upwards  on 
the  pully  Ai  is  8P,  which  is  the  weight  supported. 

In  fig.  22  or  23,  the  same  string  goes  round  all  the  pullies, 
and  its  tension  is  therefore  everywhere  equal  to  P;  and  since 
there  are  four  strings  acting  upwards  at  the  lower  block,  the 
weight  supported  will  be  4  P. 

In  fig.  24,  the  weight  P  produces  a  pressure  upwards  at 
Ci  equal  to  P,  and  a  pressure  downwards  on  Ai  equal  to  2P; 
this  latter  pressure  produces  a  pressure  upwards  at  C2  equal  to 
2P,  and  a  pressure  downwards  at  A^  equal  to  4P;  this  latter 
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pressure,  acting  over  the  fixed  pully  J3,  produces  a  pressure 
upwards  at  d  equal  to  4P. 

The  whole  weight  supported  will  be  the  sum  of  the  weights 
supported  at  Cj,  Cg,  Q;  that  is,  it  will  be  P+2P  +  4P,  or  7P. 


The  Center  of  Gravity. 

41.  It  has  already  been  said  that  Archimedes  assumed 
the  existence  of  a  center  of  gravity  in  a  body,  of  whatever 
figure  it  might  be ;  that  is,  he  assumed  that  there  was  a  cer- 
taJii  point  in  which  the  whole  matter  of  the  body  being  col- 
lected, would  always  produce  the  same  effect  as  the  body 
itself  produces. 

«  Though  it  is,  as  we  have  already  said,  not  satisfactory  to 
start  from  this  assertion  as  a  postulate,  the  proposition  is  true, 
and  may  be  proved  by  means  of  the  doctrine  of  the  lever. 

The  proof  consists  of  two  steps ;  in  the  first  we  define  the 
center  of  gravity  to  be  "  the  point  about  which  the  body  or 
collection  of  bodies  would  balance  itself  in  all  directions;'*''  and 
we  shew  how,  from  this  definition,  the  center  of  gravity  of  any 
body  or  collection  of  bodies  may  be  found;  and  in  the  second 
place  we  prove  that  if  all  the  matter  in  the  body  or  bodies  be 
collected  in  this  point  it  will  produce  the  same  effect  as  before; 
thus  establishing  what  was  improperly  assumed. 

We  shall  not  here  go  through  these  propositions  generally : 
we  will  only  prove  them  in  the  case  of  bodies  which  lie  in  a 
straight  line. 

Peop.  To  Jind  the  center  of  gravity  of  any  number  of 
bodies  P,  Q,  R,  S  in  the  same  straight  line  (fig.  17)« 

Let  the  line  PS  be  horizontal,  and  let  the  distances  of  Q, 
Ry  S  from  P  be  g,  r,  s  respectively.  Let  G  be  the  center  of 
gravity,  and  let  PG  be  w.  Then  GP^ai,  GQ^w-^qj  GR-r^-Wj 
GS  =^s-w.     And  by  article  S6y 

P  X  PG  +  Q  X  QG  ^  R  X  RG  -^^  S  X  SG; 
or  P.of  -^  Q  :(af  -  q)  -  R.(r  -  w)  +  S  .(s  -w}y 
or  Pof  +  Qx  -.  Qq^  Rr  -  Rw  -f  aS*  -  See. 


^ 
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Transposing,  P«+  Q«  +  Sw  +  Sx  ^^  Qq  +  Rr  +  Sa 

(P  +  Q  +  «  +  S)«  '^  Qq  +  Rr  +  Ss 

whence  the  place  of  G  is  known. 

For  example ;  let  PQ,  QjR,  RS  be  equal,  and  let  P,  Q, 
iZ,  .y,  be  3,  5,  7,  9.     Then  r  =  2g,  *«3g, 

5xg  +  7x2g  +  9xSg      46  „ 

3  +  5  +  7  +  9  24^        ^      ^' 

the  point  6  is  at  j|  of  the  distance  from  Q  to  R. 

It  may  be  shewn  that  if  P,  Q,  iJ,  /S  balance  upon  G  when 
the  line  PS  is  horizontal,  they  will  balance  upon  G  when  the 
system  is  in  any  other  position;  hence  G  is  the  center  of  gravity 
by  the  definition  just  given. 

42.  Peop.  If  any  nvmber  of  bodies  acting  on  a  hori- 
zontal straight  lever  be  collected  at  their  center  of  gravity, 
their  effect  to  turn  the  lever  about  any  fulcrum  situated  in 
that  line  will  be  the  same  as  before. 

Let  P,  Q,  R,  S,  fig.  17,  tend  to  turn  the  lever  about  the 
point  A*  Then  they  will  produce  such  an  effect  that  the  pro- 
duct of  the  force  which  acts  to  turn  the  lever  the  other  way, 
multiplied  into  the  perpendicular  let  fall  from  A  upon  the 
direction  of  the  force,  is  equal  to  the  sum  of  the  products 

PxAP+QxAQ^RxAR-^SxAS. 

Let  AP  be  called  a ;  and  let  now  the  weights  P,  Q,  R,  S 
be  attached  to  the  lever  at  G;  then  the  product  of  the  force 
multiplied  into  the  distance  is 

(P+Q  +  i?  +  ^)JG  =  (P+Q  +  i?  +  .S)(JP  +  PG)     . 
^(P^Q^R^S)AP^(P+Q  +  R-\^S)PG; 
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or,  putting  a  for  AP,  and  for  PG  or  of  the  value  found  in  the 
last  Article,  the  product  is 

=  Po  +  Q(a  +  g)  +  JR  (a  +  r)  +  S(a  +  *) 

=PxAP+QxJQ+RxAR+SxAS 

which  is  equal  to  the  former  product,  and  therefore  the  propo- 
sition is  true. 

In  the  same  manner  it  is  true  in  any  other  case,  that  the 
effect  of  any  body  or  bodies,  to  produce  equilibrium  on  any 
machine,  is  the  same  when  they  are  collected  at  their  center 
of  gravity,  as  it  was  before  they  were  collected. 
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CHAPTER  III. 


SPECULATIONS    CONCERNING    FORCES   ACTING   OBLIQUELY 

AT   A   POINT. 


Section  I. 
Introductory  Attempts. 

43.  Though  the  Lever  had  been  so  early  and  so  success- 
fully treated,  the  next  problem  of  Statics,  the  Inclined  Plane, 
for  a  long  course  of  centuries  resisted  the  attempts  of  Mathe- 
maticians to  solve  it.  In  fact  the  confusion  which  prevailed 
in  men^s  minds  in  consequence  of  the  first  law  of  motion  not 
being  yet  clearly  established,  prevented  them  from  stating  the 
problem  of  the  inclined  plane  to  themselves  in  a  proper  form. 
Thus,  as  we  have  already  said.  Pappus  enunciates  the  question 
thus ;  "  Given  a  weight,  and  the  power  which  will  draw  it 
along  a  horizontal  plane,  to  find  the  power  which  will  draw 
it  on  a  given  inclined  plane.*" 

But,  independently  of  this  confusion  in  the  enunciation  of 
the  problem,  the  principles  by  means  of  which  Pappus  attempts 
the  solution  are  altogether  fallacious.  He  supposes  the  weight 
to  be  formed  into  a  sphere  and  placed  on  the  inclined  plane,  and 
he  considers  the  weight  of  this  sphere  as  supported  by  a  lever, 
the  fulcrum  being  the  point  of  contact  of  the  sphere  with  the 
plane,  and  the  power  being  applied  at  the  extremity  of  the 
horizontal  radius.  No  reasonable  ground  is  or  can  be  assigned 
for  identifying  the  effects  of  such  a  lever  with  those  of  the  in- 
clined plane  for  which  it  is  thus  substituted. 

At  a  considerably  later  period  Cardan  seems  to  have  con- 
ceived the  problem  more  distinctly,  though  his  endeavour  to 
solve  it  is  a  mere  conjecture.     He  saw  that  a  body  resting 


43 

on  a  plane  requires  no  force  to  support  it  when  the  plane  is 
horizontal,  and  requires  a  force  equal  to  the  whole  weight  of 
the  body  when  the  plane  is  vertical.  He  assumed  that  the 
force  increased  uniformly  from  one  of  these  magnitudes  to  the 
other,  and  therefore  that  it  is,  for  every  inclination,  as  the  angle 
of  inclination. 

Another  mechanical  writer  who  wrote  a  little  later,  Guidu- 
baldi  e  Marchionibus  Montis,  (M archmont)  also  attempted  the 
problem  of  the  oblique  action  of  forces,  with  imperfect  success. 
He  considers  the  effect  of  the  wedge,  and  comparing  the  direc- 
tion in  which  it  tends  to  produce  motion  with  the  direction  in 
which  the  body  thus  acted  on  really  moves,  he  observes  that 
there  is  between  these  directions  "  a  cei^tain  repugnance^  which 
is  greater  as  the  angle  of  the  wedge  is  more  obtuse.  He  hence 
infers  that  the  wedge  will  produce  its  effect  the  more  easily  the 
more  acute  it  is,  but  without  obtaining  the  exact  proportion  of 
the  force.  He  also  observes,  rightly,  that  the  screw  may  be 
considered  as  a  wedge  wrapped  round  a  cylinder  (Mechantconim 
Liber.    Fisauri,  1577.) 

The  person  who  first  solved  the  problem  of  oblique  forces, 
on  principles  which  subsequent  reasonings  have  confirmed,  ap- 
pears to  have  been  Simon  Stevin  of  Bruges,  whose  works  were 
published  soon  after  16OO.  This  mathematician  not  only  de- 
duced correctly  the  proportion  of  the  power  to  the  weight  on 
the  inclined  plane,  but,  by  means  of  the  propositions  which  he 
thus  established,  resolved  forces  so  as  to  obtain  their  effect  in 
different  directions,  and  solved  a  great  number  of  the  most 
important  problems  relating  to  the  oblique  action  of  forces. 
We  shall  explain  briefly  his  mode  of  treating  the  subject. 

It  has  been  recently  stated  {Drinkwater's  Life  of  Galileo^ 
p.  82.)  that  the  problem  of  the  inclined  plane  had  been  solved 
at  an  earlier  period  by  Jordanus  in  the  13th  century,  and  that 
the  work  in  which  this  solution  was  given,  was  published  by 
Tartalea  in  1565.  As  however  this  solution,  even  if  it  be 
interpreted  so  as  to  be  right  in  the  result,  was  mixed  up  with 
many  of  the  usual  Aristotelian  errors  on  such  subjects,  and 
was  not  connected,  so  far  as  we  know,  either  by  the  author, 
the  editor,  or  the  readers  of  the  work,  with  any  consistent 
and  tenable  train  of  mechanical  reasoning,    we  may  still,  it 
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would  seem,  consider  Stevin  to  be  the  father  of  Modern  Statics, 
as  we  shall  find  Galileo  to  be  the  father  of  Dynamics. 

After  the  Inclined  Plane  had  been  rightly  reasoned  upon 
by  Stevin,  various  other  authors  also  gave  the  solution  of  the 
same  problem;  and  in  a  short  time  all  questions  connected 
with  it  were  finally  reduced  to  the  general  proposition  of  the 
resolution  of  forces. 

We  proceed  to  explain  the  reasonings  of  Stevin. 


StevMs  Proof  of  the  Force  on  the  Inclined  Plane. 

44.  Prop.  A  weight  resting  on  a  perfectly  smooth  in- 
dined  plane,  and  su/pported  by  a  string  parallel  to  the  plane, 
will  he  in  equilibritim  when  the  power  is  to  the  weight  as  the 
height  of  the  plane  is  to  its  length. 

Fig.  26.  An  inclined  plane  is  a  plane  inclined  to  the 
horizon,  as  AC ;  and  its  height  CB  is  limited  by  a  horizontal 
line  AB. 

Let  there  be  a  uniform  chain  or  cord  returning  into  itself, 
as  ACBD,  and  let  this  pass  round  the  plane  ACB,  and  hang 
down  below  in  the  festoon  ADB.  This  chain  wiU  remain  at 
rest  by  its  own  weight.  In  the  position  of  rest,  the  two  sides 
of  the  festoon  ADB,  (the  ends  being  in  the  same  horizontal 
line)  will  be  exactly  similar,  and  will  exert  equal  tensions  at  A 
and  B.  Hence  if  the  part  ADB  be  removed,  the  remaining 
part  ACB  will  still  continue  at  rest.  But  thje  weights  of  the 
portions  of  the  chain  AC  and  BC  are  as  AC  and  BC.  Hence 
the  weight  which  rests  on  the  inclined  plane  is  to  the  weight 
which  supports  it  as  -4  C  to  BC. 

Thus  if  the  angle  CAB  be  one  third  of  a  right  angle  (30^) 
BC  is  the  half  of  AC,  and  a  force  acting  parallel  to  such  a 
plane  will  sustain  a  weight  double  of  itself  resting  on  the  plane. 

In  the  same  manner  if  we  have  two  inclined  planes  of  which 
the  height  is  common  to  the  two  as  CA,  CA',  fig.  27>  it  may  be 
shewn  that  the  weights  which  rest  upon  them,  and  balance 
each  other  by  means  of  strings  parallel  to  the  planes,  are  as 
the  lengths  of  the  planes. 
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Though  the  above  reasoning  proceeds  on  principles  which 
are  true,  and  which  would  probably  be  allowed  to  be  sufficiently 
self-evident  by  most  persons  who  have  thought  steadily  on  the 
subject,  it  will  perhaps  not  be  considered  as  the  simplest  axiom 
possible,  that  a  loop  of  chain  or  cord,  hung  round  an  inclined 
plane,  will  remain  at  rest.  Hence  it  is  desirable  to  reduce 
the  problem  of  the  Inclined  Plane,  and  similar  ones,  to  still 
simpler  principles ;  and  it  appears  that  they  may  all  be  made 
to  depend  on  the  Resolution  of  Forces,  and  that  the  Reso- 
lution of  Forces  may  be  deduced  from  the  property  of  the 
Lever. 

This  is  done  in  the  following  section. 


Section  II. 

The  Composition  and  Resolution  of  Forces. 

45.  Peo^.  a  force  represented  in  magnitude  and  direction 
by  the  diagonal  of  a  parallelogram  is  equivalent  to  two  forces 
represented  in  magnitude  and  direction  by  the  two  sides,  and 
acting  at  the  sams  point. 

Fig.  28.  Let  a  weight  W  be  supported  by  two  strings 
WR,  WP.  Let  WS,  a  vertical  line,  represent  the  weight,  and 
complete  the  parallelogram  WRSP-  Draw  perpendiculars  RE, 
RF  on   WS,   WP. 

In  the  condition  of  equilibrium  we  may  consider  the  string 
RW  as  a,  lever,  on  which  the  weight  W  is  supported  by  a  force 
acting  in  the  line  WP.     Hence,  by  the  property  of  the  lever, 

force  in  WP  :  force  in  WS  ::  RE  :  RF. 

But  the  triangles  RSW,  RPW  are  equal,  being  on  the 
same  base  RW and  between  the  same  parallels  RW,  PS:  and 
therefore  their  doubles  are  equal,  that  is  the  rectangles  of  WS, 
RE  and  of  WP,  RF  are  equal.     Therefore 

RE  :  RF  ::   WP  :    WS;  hence 

force  in  WP  :  weight  in  SW  ::   WP  :   WS. 
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In  like  manner  we  should  find 

force  in  WR  :  weight  in  SW  ::   WR  ;  SW. 

Hence  it  appears  that  the  two  forces  in  WP,  WR^  which  sup- 
port the  weight  SWy  are  as  the  sides  of  the  parallelogram  WPy 
WR.  And  a  force  WS  would  support  the  weight  SW\  there- 
fore the  forces  which  are  as  WP^  WR  are  equivalent  to  the 
force  represented  by  the  diagonal   WS* 

This  proposition  is  called  the  parallelogram  of  forces, 

CoE.  1.  Since  RS  is  equal  and  parallel  to  WP^  RS  may 
represent  the  same  force  which  WP  represents.  Therefore  the 
forces  represented  by  WR^  RS  are  equivalent  to  the  force 
represented  by   WS- 

CoE.  2.  Any  three  forces  represented  in  magnitude  and 
direction  by  the  three  sides  of  a  triangle,  taken  in  order,  as 
WR^  RS,  SW,  will  keep  a  point  at  rest. 

Let  a  boat  B,  fig.  1,  be  kept  at  rest,  being  drawn  by  three 
persons  in  the  directions  BP,  BQ,  BR.  In  PB  take  any  point 
S,  and  draw  SR  parallel  to  QB ;  the  three  forces  which  act  in 
the  directions  BP,  BQ,  BR,  will  be  proportional  to  the  three 
lines  SB,  BR,  RS. 

46.  This  proposition  is  of  very  frequent  use  in  mechanical 
reasonings.  When  a  force  acts  so  that  it  cannot  produce  its 
effect  directly,  it  may  often  be  resolved  into  two  component 
forces,  of  which  one  is  somehow  counteracted  or  destroyed, 
>vhile  the  other  produces  its  effect. 

Thus  the  wind  blows  against  a  kite,  which  is  in  a  position 
inclined  to  the  horizon ;  the  motion  of  the  air  is  horizontal,  but 
the  horizontal  force  being  resolved  into  two,  one  along  the  sur- 
face of  the  kite  and  the  other  perpendicular  to  this  surface,  the 
former  force  produces  no  effect,  the  latter  produces  pressure 
against  the  surface.  This  pressure  or  force  is  again  to  be  re- 
solved into  two  component  forces,  one  in  the  direction  of  the 
string  of  the  kite,  which  merely  stretches  the  string  and  is 
thus  counteracted,  the  other  force  acting  upwards  and  tending 
to  raise  the  kite,  which  accordingly  rises  if  the  force  of  the 
wind,  thus  resolved,  be  sufficient  to  overcome  the  weight  of  the 
kite. 
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In  like  manner  the  action  of  a  rudder,  of  the  sails  of  a 
windmill,  of  a  boat  swinging  across  a  river  when  moored  ob- 
obliquely  by  a  single  rope,   offer  instances  of  effects  of  the. 
resolution  of  force. 


Section  III. 
The  Inclined  Plane. 


47*  The  effect  which  the  Inclined  Plane  ACy  fig.  28,  exerts 
to  support  a  body  W  resting  upon  it,  is  the  same  as  would  be 
exerted  by  a  string  WR  perpendicular  to  the  plane,  and  fastened 
to  a  fixed  point  12 ;  or  by  a  rod  WR  perpendicular  to  the  plane 
and  moveable  about  a  center  R, 

The  effect  of  the  plane  is  to  prevent  the  body  W  from 
moving  in  any  direction  except  that  of  the  plane  CA,  The 
effect  of  the  string,  or  the  rod,  would  be  to  constrain  the 
weight  W  to  move  in  a  circle  of  which  R  is  the  center,  and 
to  which  CA  is  a  tangent  at  W\  and  this  circle  and  the 
plane  have  the  same  direction  at  W.  Thus  the  effect  of  the 
plane,  in  preventing  the  motion  of  fT,  is  the  same  as  the  effect 
of  the  string  or  rod  WR. 

48.  Pjaop.  To  determine  the  relation  of  the  power  and. 
weight  on  the  Inclined  Plane. 

Let  the  power  P  act  in  the  direction  fFP,  fig.  28,  and  by 
last  Article  let  the  body  be  supported  by  a  string  WR  perpen- 
dicular  to  the  plane,  instead  of  by  the  plane  itself.  Then  the 
weight  W  is  kept  at  rest  by  two  forces  in  the  directions  WP, 
WR,  and  the  proportion  of  these  forces  will  be  found,  as  in 
last  Section,  by  drawing  RS  parallel  to  WP,  meeting  the  ver- 
tical line  WS  in  S:  we  shall  then  have  (Art.  45,  Cor.  l) 

P  :   W  ::  RS  :  SW. 

Let  KN  be  drawn  vertical,  meeting  WP  in  K  and  RWirx 
N;  then  by  similar  triangles  WRS,  NWK,  we  have 

P  :   W  ::   WK  :  KN. 
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Cob.  1.     If  the  force  act  parallel  to  the  plane,  we  have 

P  :   W  ::   WC  :  CN; 
and  by  similar  triangles  WC  :  CN ::  BC  :  AC;  therefore 

P  :   W  ::  BC  :  AC; 
or  power  .  weight  ::  height  of  plane  :  length  of  plane 

as  was  proved  in  Art.  44. 

CoK.  2.  If  the  force  act  horizontally,  draw  WD  parallel 
to  AB;  and 

P  :   W  ::   WD  :  DN  ::  BC  :  AB, 

by  similar  triangles ; 

or,  power  :  weight  ::  height  of  plane  :  base  of  plane. 

Equality  of  Momenta  of  the  Power  and  Weight. 

49.  Pbof.  In  the  inclined  plane,  when  the  weight  is  sup^ 
ported  by  a  force  parallel  to  the  plane,  if  a  small  motion  be 
given  to  the  weight,  the  force  is  to  the  weight  as  the  weighfs 
velocity,  in  the  direction  of  gravity,  is  to  the  power"* s  velocity. 

Fig.  49.  Let  W  ascend  through  Ww,  then  P  descends 
through  an  equal  space  Pp.  And  Wm  being  horizontal,  wm 
is  the  space  ascended  through  by  W  in  the  direction  of  gravity. 
Hence,  W^s  velocity  in  the  direction  of  gravity  :  JPs  velocity 
wm  :  Pp  ::  wm  :   Ww  ::  BC  :  AC  ::  P  :   W. 


a  • 
a  • 


CoE.  1.  Hence  Px.P's  velocity  =  Wx  W^s  velocity  in  the 
direction  of  gravity.  Therefore  the  momenta  of  the  power  and 
weight  in  the  direction  of  gravity  are  equal. 

Cob.  2.  tn  like  manner,  if  the  power  act  parallel  to  the 
base  of  the  plane,  and  if  a  small  motion  be  given  to  the  weight, 
we  shall  find  that  the  momenta  of  the  power  in  its  own  direction 
and  of  the  weight  in  the  direction  of  gravity  are  equal. 

Hence  it  appears  that  when  a  weight  is  raised  along  the  in- 
dined  plane,  by  forces  acting  in  the  manner  just  supposed^  the 
velocity  of  vertical  ascent  becomes  less  in  the  same  proportion 
in  which  the  weight  which  can  be  supported  becomes  greater. 
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Hence,  if  the  weight  is  to  be  raised  through  a  given  height 
by  such  forces,  what  is  gained  in  power,  by  using  the  inclined 
plane,  is  lost  in  time. 

It  may  be  observed  here,  as  was  observ^  in  speaking  of 
the  lever,  that  if  we  find  the  force  which  will  support  a  weight, 
any  greater  force  will  rai^e  it. 

Ewamples  of  the  Inclined  Plane, 

50.  Large  stones  and  other  large  masses  are  raised  through 
small  heights  by  means  of  inclined  planes.  On  rail  roads,  in- 
clined planes  are  used  in  order  that  carriages  may  ascend  and 
descend  from  one  level  to  another ;  the  requisite  power  being 
supplied  by  a  stationary  steam  engine,  or  other  engine.  In- 
clined planes  of  wood,  smeared  with  soft  unctuous  substances, 
are  used  in  the  launching  of  ships,  the  vessel  sliding  down 
these  planes  into  the  water  so  as  to  avoid  the  violence  of  a  ver- 
tical descent.  All  the  improvements  in  roads  tend  to  diminish 
the  angles  of  the  inclined  planes  which  they  ofiPer,  and  thus  to 
diminish  the  force  requisite  to  draw  weights  up  them.  In  as- 
cending a  steep  hill  the  waggoner  winds  from  side  to  side  of  the 
rqad,  by  which  he  in  effect  diminishes  the  inclination  of  the 
plane. 


Section  IV. 
The  Wedge, 

51.  TiiE  Wedge  is  an  inclined  plane,  moveable  in  the  di- 
rection of  its  base :  or  two  inclined  planes  with  a  common  base, 
and  moveable  in  the  direction  of  this  ba$e.  It  is  employed  to 
raise  or  sejmrate  obstacles,  which  can  move  only  in  a  given 
direction. 

In  fig.  31,  CAc  represents  a  wedge,  composed  of  two  in^ 
dined  planes  ACD,  AcD;  when  thi$  wedge  is  thrust  forward? 
in  the  direction  DA,  the  points  W,  w  are  made  to  move  in  the 
directions  WU,  wu, 

G 
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As  the  simplest  case,  supjposethat  the  obstacle  can  move 
only  in  the  direction  of  the  line  WUy  perpendicular  to  the  line 
DA  in  which  the  force  acts.  Then  the  force  which  urges  the 
wedge  being  in  the  direction  DAy  the  effect  will  be  the  same 
whether  the  wedge  is  pushed  forwards,  or  the  obstacle  drawn 
back  by  a  force  parallel  to  AD^  the  base  of  the  inclined  plane 
ACD.     Hence,  by  Cor.  2,  Art.  48, 

P  :   W  ::  DC  :  AD, 

Cob.     In  this  case,  as  in  the  inclined  plane,  Art.  49, 
P  :   W  ::   W^s  velocity  :  P*s  velocity; 

the  velocities  being  estimated  in  the  directions  in  which  the 
forces  P  and  W  act. 


Section  V. 
The  Screw. 

52.  The  Screw  is  a  solid  cylinder,  on  the  surface  of  which 
a  spiral  thread  is  cut,  and  which  turns  in  a  hollow  cylinder,  on 
the  surface  of  which  is  cut  a  spiral  thread  fitting  the  other  spiral 
thread.  Hence,  if  one  of  these  cylinders  be  fixed  ,and  the  other 
turn  round,  the  moveable  one  will,  by  turning,  advance  in  the 
direction  of  its  length. 

The  force  employed  to  t%CTn  the  screw  is  the  power ;  the 
force  or  resistance  which  it  can  exert  in  the  direction  of  the 
length,  is  the  weight. 

In  fig.  30,  FGH  represents  the  spiral  thread;  and  the 
screw  is  suppoied  to  be  turned  by  a  force  acting  in  the  di- 
rection MP  and  turning  the  cylinder  by  a  lever  CM,  C  being 
a  poipt  in  the  axis  of  the  cylinder.  The  effect  produced  is 
supposed  to  be  that  of  supporting  the  weight   W. 

The  spiral  thread  of  the  screw  FGH  may  be  considered  as 
an  inclined  plane /» A  wrapped  round  the  cylinder,  the  base  of 
the  plane  ff  being  the  circumference  of  the  cylinder,  and  the 
height  of  the  plane^  hf^  being  HF  the  distance  of  two  threads 
of  the  spiral.     By  the  revolution  of  the  screw  this  inclined 
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plane  will  move  in  the  direction  of  the  base,  and  will  act  in  the 
same  manner  as  the  wedge. 

Let  P,  fig.  SO,  be  the  force  which  turns  the  screw ;  and 
let  it  act  par^lel  to  the  base  of  the  cylinder  by  means  of  a 
lever  CM  of  which  the  length  measured  from  the  axis  of  the 
cylinder  is  /,  and  let  r  be  the  radius  of  the  base  of  the  cylinder. 
Then  the  force  P  produces  at  the  thread  a  force  also  parallel 
to  the  base  of  the  cylinder,  or  of  the  inclined  plane,  which 
force  we  will  call  Q;  and  this  force  Q  acting  parallel  to  the 
base  of  the  inclined  plane  produces  a  force  in  the  direction  of 
the  height  of  the  plane,  or  of  the  length  of  the  cylinder,  which 
force  we  will  call  W.  We  then  have  by  the  properties  of  the 
inclined  plane.  Art  48, 

P  \   Q  ::  T  :  I, 

that  is  ::  circumference  to  rad.  r  :  circumference  to  rad.  /, 

or  P  :  Q  ::  circumference  of  cylinder  :  circle  described  by  P. 

Also,  as  before,  Q  :  W  v.  height  of  plane  :  base  of  plane 
or  circumference  of  cylinder. 

Hence,  compounding  these  proportions,  P  :  W  w  height 
of  plane  or  interval  of  threads  :  circle  described  by  P. 

Cor.  In  one  revolution  of  the  power  P,  the  screw  ad- 
vances longitudinally  by  a  space  equal  to  the  interval  of  the 
threads.     Hence, 

P  :  W  i:   W^s  velocity  :  P's  velocity; 
and  the  momenta  of  the  power  and  weight  are  equal  as  before. 


CHAPTER  IV. 


ON  THE  WORK  DONE  BY  MACHINES. 


Section  I. 
Measure  of  ^fflciena/. 

53.  The  Mechanical  agents  which  man  employs,  as 
animal  strength,  weights,  water,  steam,  produce  motion  by 
exerting  pressure.  The  pressure  thus  exerted  is  made  to 
produce  the  desired  effect  by  means  of  various  mechanical 
contrivances,  among  which  are  the  mechanical  powers  already 
described.  By  means  of  these  mechanical  powers  the  amount 
of  pressure  may,  as  has  been  seen,  be  altered  in  any  degree. 
But  the  work  done  does  Dot  depend  on  the  pressure  alone. 
Thus  if  materials  are  to  be  raised  from  the  ground  to  the  top 
of  a  building,  not  only  the  weight  raised,  but  the  space  through 
which  it  is  raised  requires  to  be  taken  into  the  account.  When 
a  large  stone  has  been  raised  through  a  height  of  10  feet  and 
deposited  on  a  scaffold  at  that  height  by  the  operation  of  A 
certain  force,  it  will  again  require  the  same  force  to  raise  it 
through  10  feet  more  and  place  it  on  a  scaffold  20  feet  from 
the  ground. 

If  we  have  a  force  which,  by  means  of  the  pressure  it 
exerts,  will  support  any  weight,  or  balance  any  machine,  any 
additional  force  will  produce  motion,  and  will  work  the  ma- 
chine, provided  the  force  be  of  such  a  nature  that  it  continues 
to  exert  the  same  pressure  while  it  is  in  motion  as  it  did  in  the 
case  of  equilibrium. 

The  mechanical  agents  commonly  employed  are  such  that 
when  in  motion  they  continue  to  exert  pressure  ;  and  the  work 
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which  they  can  do  depends  upon  the  pressure  which  they  can 
thus  exert  while  they  are  in  inotion.  When  a  man  turns  A 
heavy  wheel  he  exerts  a  certain  pressure  on  the  wheel  when 
it  is  already  in  motion,  and  in  order  to  keep  up  this  pressure 
he  has  to  follow  its  motion  with  his  hand.  His  effective  pres- 
sure is  only  the  pressure  he  can  exert  while  his  hand  is  thus 
moving.  In  the  case  of  a  steam  engine,  steam  can  be  generated 
so  rapidly  that  the  pressure  is  not  sensibly  diminished  by  the 
receding  of  the  piston  pressed.  In  motions  produced  by  Weights, 
the  effect  of  the  weight  is  not  at  all  diminished  by  the  motion  of 
the  machine,  when  the  motion  is  uniform. 

The  work  done  by  a  machine  may  be  represented  as  certain 
pressures  el^erted  through  certain  spaces ;  and  when  the  machine 
works  uniformly,  the  Work  done  will  be  doubled  when  the  space 
through  which  the  pressure  operates  is  doubled.  Thus  the  re- 
sistance which  takes  place  during  the  turning  of  a  millstone 
being  supported  to  be  constant,  the  work  done  in  producing 
two  turns  of  the  stone  must  be  supposed  to  be  double  of  the 
work  done  in  producing  one  turn.  Also  the  work  done  by  a 
force  which  produces  a  given  number  of  turns  of  the  stone 
must  be  greater,  exactly  in  proportion  as  the  resistance  made 
in  each  turn  is  greater.  Hence  the  work  done  must  be  mea- 
sured by  the  resistance  made  in  each  turn,  and  by  the  space 
through  which  the  stone  has  turned  jointly.  And  in  like  man- 
ner in  any  other  case,  the  work  done  must  be  measured  by  the 
pressure  exerted  at  the  work  and  by  the  space  through  which 
this  pressure  is  exerted. 

Let  any  machine  be  taken  in  which  the  irate  of  working  is 
uniform ;  and  let  the  pressure  exerted  by  the  moving  force  be 
supposed  to  be  independent  of  the  rate  of  working.  We  shall 
then  find  that  the  work  done  is  also  independent  of  the  rate  of 
working.  It  depends  only  upon  the  pressure  exerted  and  upon 
the  space  through  which  it  is  exerted,  and  cannot  be  either 
increased  or  diminished  by  any  alteration  in  the  nature  of  the 
machine  by  which  the  work  is  done,  or  in  the  velocity  with 
which  the  machine  is  made  to  work. 

The  proof  of  this  assertion  is  contained  in  the  following 
Proposition. 
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54.  Prop.  If  f  he  the  pressure  directly  exerted  by  any 
moving  force  employed  in  doing  work^  s  the  space  throttgh 
which  this  pressure  acts,  F  the  pressure  ewerted  where  the 
work  is  done^  S  the  space  through  which  this  pressure  ads ; 
then  f,  s,  F,  S  being  measured  in  numhersj  we  shall  have 

f  X  s  =  F  X  S. 

If  F,  f  represent  pressures  which  balance  each  other  on 
any  machine ;  S^  s^  the  spaces  through  which  the  points,'  at 
which  these  pressures  are  exerted,  move  by  any  motion  of  the 
machine;  it  has  been,  shewn  in  the  cases  of  the  lever,  the  in- 
clined plane,  and  the  screw,  that  the  momenta  of  the  power 
and  weight  are  equal,  (Articles  32,  49,  52)  and  hence  in  these 
cases  the  equation  fxs:=FxS  is  true.  The  same  equation 
is  true  of  all  other  machines  and  combinations  of  machines, 
as  may  be  proved  nearly  in  the  same  manner. 

Now  if  /  represent  the  pressure  exerted  by  a  moving  force 
doing  work^  the  equation  fxs=FxS  will  still  be  true  for 
the  value  off  which  would  balance  F;  and  any  addition  made 
to  /  will  overcome  the  resistance  of  F^  and  will  work  the 
machine. 

Also,  all  work  done  by  a  machine  may  be  represented  as 
certain  pressures,  exerted  at  certain  points,  through  certain 
spaces;  therefore  the  work  done  in  any  machine  may  be  ex- 
pressed by  means  of  F  and  S ;  and  we  may  neglect  the  small 
addition  which  must  be  made  to  /  in  order  to  work  the  ma- 
chine. Therefore,  for  any  machine,  doing  work,  we  have  the 
equation  fxs^FxS. 

CoE.  The  product  FxS  may  be  taken  as  the  measure  of 
the  work  done^  according  to  what  has  been  already  said.  And 
it  appears  that  if  by  altering  the  machine,  we  change  the  value 
of  F,  S  undergoes  a  corresponding  change,  so  that  the  product 
FxS  continues  the  same  as  before.  The  amount  of  work 
done,  thus  measured,  is  not  affected  by  such  a  change.  In  all 
cases  the  work  done  is  equal  to  the  product  fxs. 

It  has  been  proposed  by  Mr  Davies  Gilbert  (Phil.  Trans. 
1827)  p.  25)  to  call  the  product  fxs  the  Efficiency  of  the  force 
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/.  If  we  adopt  this  term,  the  above  proposition  may  be  thus 
expressed : 

The  work  done  by  any  machine  is  always  equal  to  the  Effi- 
ciency of  the  moving  force ;  it  is  not  increased  or  diminished  by 
any  intermediate  machinery,  nor  by  any  rate  of  working  which 
does  not  diminish  the  pressure  exerted  by  the  moving  force. 

But  machinery  may  very  much  increase  the  convenience  of 
application  of  the  force,  and  may  modify  the  time  in  which  it 
produces  its  effect;  and  entirely  determines  the  kind  of  the 
work  done. 

55.  If  we  express  the  Efficiency  of  any  mechanical  agent 
in  numbers,  according  to  the  measure  explained  in  the  last 
Article,  we  have  the  measure  of  the  work  which  this  agent,  in 
the  given  circumstances,  may  be  made  to  perform. 

Let  it  be  supposed  that  we  have  weights  amounting  to  100 
pounds  at  the  top  of  a  building  100  feet  high.  These  weights, 
if  deprived  of  support,  have  the  power  of  descending  100  feet, 
either  in  one  mass  or  separately.  If  they  are  attached  to  a  ma- 
chine, as  powers,  they  may  in  their  descent  put  the  machine  in 
motion  and  move  it  till  they  reach  the  ground,  and  may  during 
this  period,  raise  weights  or  produce  pressures  of  suitable  mag- 
nitude. 

If  weights  be  expressed  in  pounds  and  spaces  in  feet,  the 
whole  amount  of  work  thus  done  cannot  exceed  100  x  100  or 
10000. 

Thus  the  weights  in  their  original  position  may  be  made, 
by  means  of  proper  machinery,  to  raise  10000  pounds  1  foot 
high,  or  1  pound  10000  feet  high. 

And  the  efficiency  is  the  same  whether  the  whole  weight 
descend  at  once,  or  in  parts;  and  whether  it  descend  the  whole 
height  at  once,  or  descend  a  small  height  at  a  time. 

When  any  portion  of  it  has  descended  the  whole  or  part  of 
the  height,  the  efficiency  is  so  much  diminished.  Thus,  if  one 
quarter  of  the  100  pounds  have  descended  to  the  ground,  and 
one  quarter  to  the  height  of  40  feet,  one  quarter  remaining  at 
the  height  of  80  feet,  and  one  quarter  at  the  top ;  the  remain- 
ing, efficiency  is 

25  X  40  +  25  X  80  +  25  X  100  =  5500. 
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The  same  is  true  of  a  fluid.  Any  number  of  pounds  of 
water  at  a  certain  height  above  the  point  to  which  it  can  fall, 
has  an  efficiency  which  may  be  estimated  in  the  same  manner 
which  we  have  employed  in  the  other  case.  And  this  efficiency 
may  be  brought  into  action  by  causing  it  to  turn  a  water 
wheel,  or  in  other  ways. 

A  cubic  foot  of  water  is  62  pounds,  nearly.  Hence  we 
know  the  efficiency  of  a  given  supply  of  water. 

A  mill  dam  is  100  feet  square,  and  the  mean  fall  is  10  feet ; 
what  depth  of  water  in  the  dam  is  requisite  to  produce  an  ef- 
ficiency of  200000  ? 

One  foot  depth  in  the  dam  gives  10000  cubic  feet,  which 

is  620000  pounds.     Hence  the  depth  for  an  efficiency  of  200000 

.      200000  20  10    .    ^  .     ^  , 

IS  or  ---  or  —  feet,   or   4  inches  nearly,   supposing 

620000  62         31         '  /'       ri~     6 

no  force  lost. 

In  like  manner,  when  workmen  moui^t  a  ladder,  their  ef- 
ficiency may  be  estimated  by  the  weight  which  they  raise,  (in- 
cluding that  of  their  own  bodies,)  multiplied  into  the  height 
through  which  they  ascend.  And  this  efficiency  might  be 
brought  into  action  by  causing  the  men  to  act  by  their  weight 
in  descending. 

56.  In  like  manner  the  efficiency  of  ^y  other  agent,  as 
steam,  may  be  measured.  Let  a  given  quantity  of  steam  be 
sufficient  to  fill  the  cylinder  of  a  steam  engine,  and  to  drive 
before  it  the  piston,  producing  a  certain  pressure  upon  each 
square  foot  of  the  surface  of  the  piston.  The  pressure  on  the 
whole  surface  of  the  piston  is  thus  known ;  and  this  pressure 
multiplied  into  the  length  of  the  stppke,  is  the  efficacy  pf  the 
given  quantity  of  steam. 

It  appears  that  the  quantity  of  steam  of  a  given  tension 
produced  by  a  certain  quantity  of  coals,  is  nearly  the  same, 
n/bether  the  steam  be  produced  more  or  less  rapidly,  if  the 
heat  be  carefully  economized.  Hence  the  efficiency  may  be 
attributed  to  the  coals,  and  we  may  consider  the  mechanical 
efficiency  of  a  bushel  of  coals  as  constant,  under  all  judicious 
modes  of  application. 


57 


Section   II. 
Moving  Powers. 

57.  We  shall  here  enumerate  the  principal  sources  of 
moving  power  with  which  we  are  acquainted.  In  all  cases 
their  Efficiency  may  be  estimated  in  the  manner  above  men- 
tioned. 

1.     Animal  Force. 

The  force  of  men  is  used  to  produce  motion  in  a  vast  va- 
riety of  instances :  it  is  exemplified  by  all  who  lift  weights  or 
apply  tools  by  their  unassisted  strength,  or  by  levers,  puUies, 
or  other  machines.  Their  own  muscular  force  is  the  moving 
power  employed  by  the  sailor,  the  blacksmith,  the  woodsman, 
the  workman  at  the  printing  press,  and  innumerable  others. 
The  grindstone,  the  pump,  the  lathe,  the  oar,  are  so  moved. 
The  processes  of  dragging  a  weight,  of  overturning  a  body,  of 
slinging,  throwing,  hammering,  are  also  exemplifications  of  the 
same  original  agency.  Indeed,  all  our  common  muscular 
actions  may  be  considered  as  exertions,  for  our  own  purposes, 
of  a  certain  portion  of  the  animal  force  which  we  possess ;  the 
boy  who  spins  his  top,  the  man  who  winds  up  a  watch  or  a 
clock,  exert  a  temporary  force  which,  by  certain  contrivances, 
produces  a  more  durable  motion.  The  force  of  our  muscles 
used  in  walking,  running,  leaping,  produces  its  effect  directly. 
We  exert  our  muscular  force  for  other  useful  purposes  almost 
without  being  conscious  of  it,  as  in  eating,  speaking,  breathing : 
and  in  other  cases  this  force  still  works  for  our  use  or  preserva- 
tion, without  our  being  accessary  to  the  operation;  as  when 
the  muscular  force  of  the  heart  produces  the  circulation  of 
the  blood. 

The  muscular  force  of  animals  is  often  used ;  as  in  the  case 
of  horses  drawing  carriages  or  boats,  or  turning  mills  and  wheels 
of  various  kinds.  Dogs  too,  as  in  the  case  of  the  turnspit,  are 
used  to  supply  moving  power;  and  in  various  countries,  various 
animals  take  the  office  of  beasts  of  burthen. 

H 
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2.     Elasticity  of  Springs. 

The  elasticity  of  springs  is  in  many  cases  used  to  produce 
continued  motion ;  as  in  the  watch,  the  musical  snuff  box,  the 
spring  jack,  and  various  automata:  sometimes  to  produce  a 
more  sudden  and  intense  effect,  as  in  the  case  of  the  bow,  and 
the  trap.  But  the  efficiency  of  this  source  of  motion,  the 
amount  of  work  done  by  it,  is  comparatively  small. 

3.     Elasticity  or  pressure  of  aerial  Fluids. 

Steam,  the  most  prominent  example  of  this  kind,  is  impor- 
tant from  the  extent  of  its  employment.  It  is  employed  either 
to  r^se  a  piston  which  the  pressure  of  the  air  afterwards  pushes 
down,  and  thus  does  the  work ;  or  the  piston  is  pushed  both 
ways  by  the  elasticity  of  the  steam,  the  elastic  fluid  being 
drawn  alternately  out  of  each  end.  Air  guns  act  by  the  sudden 
expansion,  fire  arms  by  the  sudden  generation  of  air.  The 
disturbance  of  the  equilibrium  of  air,  by  the  change  of  tem- 
perature or  other  causes,  produces  currents  which  are  used  as 
sources  of  motion,  as  in  the  smoke  jack ;  and  on  a  larger  scale 
in  the  case  of  the  winds,  which  exert  their  forces  on  the  wind- 
mill, and  on  the  innumerable  sails  of  ships  with  which  the 
surface  of  the  ocean  is  everywhere  speckled. 

4.     Weight  a/nd  Gravity. 

This  is  a  very  extensive  source  of  motion,  as  in  the  clock, 
in  which  it  moves  both  the  pendulmn  and  the  weight :  in  the 
heavy  hammer,  in  which  gravity  is  often  combined  with  other 
forces;  in  the  pile-driver,  where  gravity  alone  produces  the 
impact. 

But  the  most  durable  motions  produced  by  gravity  are 
those  in  which  it  acts  on  water,  as  in  the  river,  which  derives 
its  velocity  from  its  descent  whether  the  slope  be  perceptible 
or  not,  the  waterfall,  the  mill  race.  The  undershot  wheel  is 
moved  by  the  pressure  of  the  stream,  the  overshot  wheel  by  the 
weight  of  the  water  poured  into  the  floats  on  one  side.  The 
motion  of  the  flying  bridge,  which  moves  from  one  side  of  the 
river  to  the  other,  by  the  force  of  the  stream,  is  referable  to 
such  agency. 
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5.     Attraction. 

This  force  includes  the  preceding  one,  weight,  as  a  par- 
ticular case,  but  it  exerts  little  influence  on  earth,  except  as  it 
appears  in  that  case.  Motions  are  produced  by  magnetic,  elec- 
tric, and  thermo-electric  action,  but  they  are  few,  slight,  and 
transient. 

But  among  the  celestial  bodies  attraction  is  a  constant  and 
inexhaustible  source  of  motion.  The  perpetual  revolutions  of 
the  planets,  moon,  and  the  earth,  are  all  owing  to  this  univer- 
sal and  uninterrupted  agency. 

The  surface  of  the  ocean  is  twice  every  day  raised  through 

several  feet  by  the  attraction  of  the  sun  and  moon.     The  ef- 

JHciency  thus  produced  is  immense,  and  it  might  be  employed 

to  do  work  for  man.     Tide-mills  on  this  principle  have,  in 

some  cases,  been  constructed. 

These  are  all  the  sources  of  moving  power  which  we  know 
of.  Without  the  operation  of  one  or  other  of  them,  not  the 
slightest  particle  of  matter  can  be  put  in  motion.  And  the 
work  done  is  always  exactly  equivalent  to  the  force  exerted. 

We  shall  consider  the  measure  of  such  work  more  particu- 
larly in  the  case  of  the  steam  engine. 


Section  III. 
The  Steam  Engine. 


58.  Prop.  Tojind  the  theoretical  Efficiency^  or  theoretical 
Duty  of  an  atmospheric  Steam  Engine. 

The  cylinder  of  the  steam  engine  being  filled  with  steam^ 
and  this  steam  being  suddenly  condensed,  the  piston  is  driven 
by  the  force  of  the  atmosphere  on  the  outside,  and  this  force 
is  the  moving  power  of  the  engine. 

The  theoretical  Efficiency  of  this  moving  power  will  be 
estimated,  according  to  the  preceding  principles,  by  the  pres- 
sure multiplied  into  the  space  through  which  it  acts. 
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If  the  pressure  be  estimated  in  pounds,  and  the  space 
through  which  it  is  exerted  in  feet,  the  efSciency  habitually 
exerted  by  the  machine  for  available  purposes,  corresponding 
to  the  consumption  of  one  bushel  of  coals  as  fuel,  is  called  the 
Duty  of  the  machine. 

The  density  of  the  air  being  such  that  the  barometer 
stands  at  30  inches,  it  appears,  by  repeated  experiments,  that 
one  bushel  of  coals  will  convert  14  cubic  feet  of  water  into 
steam  of  the  same  elasticity  as  the  atmosphere.  Such  steam 
occupies  1330  times  more  space  than  the  water  from  which  it 
was  produced;  that  is,  14  x  1330  or  18620  cubic  feet.  Hence 
it  would  fill  a  space  of  18620  feet  in  area  by  one  foot  high,  so 
as  to  balance  the  pressure  of  the  atmosphere.  Aod  when  this 
volume  of  steam  is  condensed,  so  as  to  leave  this  space  empty, 
the  pressiu*e  which  was  balanced  will  produce  motion  through 
the  one  foot  of  height  thus  left  unoccupied.  Therefore  the 
efficiency  of  the  power  produced  will  be  that  of  the  atmospheric 
pressure  on  18620  cubic  feet,  acting  through  a  space  of  one 
foot. 

Now,  the  presstu'e  of  the  atmosphere  is  equal  to  that  of 
a  column  of  30  inches  of  mercury,  which  at  the  specific  gra- 
vity of  13,568,  is  equal  in  pressure  to  a  column  of  water  33,92 
feet  in  length.  Therefore,  the  atmospheric  pressure  on  18620 
cubic  feet  is  the  weight  of  33,92  x  18620  feet  of  water ;  and  the 
efficiency  of  one  bushel  of  coals  is  the  weight  of  33,92  x  18620 
feet  of  water,  acting  through  a  space  of  1  foot. 

The  weight  of  a  cubic  foot  of  water  is  6l,78  pounds. 
Hence  the  efficiency  of  one  bushel  of  coals,  used  in  the  steam 
engine,  is 

33,92  X  18620  X  61,78  =  39361000  pounds. 

This  is  the  theoretical  efficiency :  but  considerable  deduc- 
tions must  be  made  to  obtain  the  practical  duty  for  available 
purposes. 

A  portion  of  the  heat  is  wasted. 

The  vacuum  is  not  complete,  and  there  is  a  resistance 
arising  from  the  uncondensed  steam. 

An  airpump  is  used  to  draw  out  the  uncondensed  steam, 
and  this  is  of  such  a  size  as  to  absorb  about  one  eighth  of  the 
efficiency. 
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The  friction  is  very  considerable,  and  diminishes  the  ef- 
ficiency. 

To  estimate  the  available  efficiency,  we  must  deduct  the 
part  employed  in  moving  the  machinery  itself. 

Machines  which  are  wrought  by  the  expansive  force  of 
steam  instead  of  the  pressure  of  the  atmosphere,  require  a 
separate  and  different  calculation. 

59.  Peop.  To  find  the  actual  Duty  of  a  Lifting  Engine 
from  the  work  done. 

When  an  engine  is  employed  in  lifting  water  by  means  of 
pumps,  the  available  efficiency  of  one  bushel  of  coals  will  be 
found  by  taking  the  product  of  the  number  of  pounds  raised, 
and  of  the  number  of  feet  through  which  they  are  raised,  and 
dividing  by  the  number  of  bushels  of  coal  consumed  in  the 
same  time. 

The  quantity  of  water  raised  at  each  stroke  is  the  whole 
column  in  the  pumps,  and  the  weight  of  this,  multiplied  by  the 
length  of  the  stroke,  and  by  the  number  of  strokes  in  a  given 
time,  gives  the  efficiency  for  that  time. 

Let  the  column  of  water  be  cylindrical:  and  let  D  be  its 
diameter  in  inches:  C  the  height  of  the  column  in  fathoms. 
Then  the  weight  of  the  column  is  as  2)*  C;  and  when  D  and  C 
are  each  1,  this  weight  becomes  the  weight  of  a  cylinder  of 
water  of  1  inch  diameter  and  6  feet  long,  which  is  2  pounds 
nearly.    Hence  2  x  D^C  is  the  weight  of  the  column  in  pounds. 

Also,  if  L  be  the  length  of  the  stroke  and  N  the  number  of 
strokes  in  a  given  time,  2  x  L^CLN  is  the  efficiency  in  that 
time. 

And,  if  S  be  the  number  of  bushels  of  coals  used  in  the 

2iy^CLN 

same  time, is  the  Duty  of  the  engine. 

Ex.  An  engine  works  pumps  of  the  depth  of  58  fathoms, 
17  inches  in  diameter,  at  the  rate  of  6  strokes,  of  5^  feet  long 
each,  in  a  minute.  It  consumes  14080  bushels  of  coals  in  61 
days:  to  find  the  duty. 

L=:^6  feet :  and  in  61  days  N  =  5^  x  60  x  24  x  61 . 
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-^  ,  2  X  17'  X  58  X  6  X  5i  X  60  X  24  X  61 

Hence,  duty  = 

•^  14080 

=  6901753. 

60.  This  is  a  calculation  made  for  a  standard  engine  in  1778. 
In  the  year  1793,  after  Boulton  and  Watt'*s  improvements  in 
the  steam  engine,  it  appeared  that  the  average  duty  of  17  en- 
gines of  their  construction  was  195690OO.  The  agreement  on 
which  Messrs.  Boulton  and  Watt  constructed  their  engines  was, 
that  they  should  receive  one  third  of  the  saying  in  fuel,  estima- 
ted by  a  comparison  with  the  above  standard  engine.  In  the 
above  case,  the  work  done  was  increased  in  the  ratio  of  28  to 
10.  So  that  work  requiring,  by  the  old  engines,  28  bushels  of 
coal,  would  be  performed  by  Mr.  Watt'^s  steam  engine,  by  10 
bushels,  and  consequently  18  would  be  saved.  One  third  part 
of  these  must  have  been  paid  to  Mesers.  Boulton  and  Watt  as 
patentees,  leaving  a  clear  gain  to  the  persons  using  the  engine 
of  12  bushels,  being  more  than  the  quantity  consumed. 

In  more  recent  times  additional  improvements  have  been 
introduced,  and  the  duty  of  steam  engines  has  been  much  aug- 
mented. The  principles,  indeed,  and  even  the  mechanism  of 
Mr.  Watt'^s  engines,  have  remained  unaltered  since  their  first 
introduction,  unless  a  change  in  the  precise  times  of  opening 
and  shutting  the  valves  could  be  considered  as  a  variation. 
But  to  such  an  extent  has  the  economy  of  fuel  been  carried — ^by 
the  use  of  steam  at  a  high  degree  of  temperature  and  conse- 
quently of  pressure,  usually  from  fifty  to  sixty  inches  of  mer- 
cury above  the  atmosphere — ^by  making  smiedl  fire  places  with 
sharper  drafts,  in  iron  tubes  surrounded  by  the  water  of  the 
boiler, — ^by  more  eflfectually  preventing  the  escape  of  heat, — ^by 
enlarging  the  engines  themselves, — and  perhaps  by  executing 
the  work  with  superior  accuracy,  that  in  the  monthly  return  of 
duty  performed  in  Cornwall  by  the  steam  engines  in  December 
1829,  the  best  engine,  with  a  cylinder  of  80  inches,  performed 
75628000,  exceeding  the  duty  performed  in  1795  as  3,86  to  1, 
and  exceeding  the  atmospheric  engines  of  1778  as  11  to  1. 
The  duty  is,  however,  still  subject  to  a  great  variation  between 
different  engines,  apparently  similar  in  all  respects,  the  average 
being  about  forty  one  millions  and  a  half. 
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61.  Taking  the  above  estimates,  we  shall  have  no  difficulty 
in  verifying  the  subjoined  statements  of  Sir  J.  Herschel. 

^^  It  is  well  known  to  modern  engineers,  that  there  is  virtue, 
in  a  bushel  of  coals  properly  consumed,  to  raise  seventy  millions 
of  pounds  weight  a  foot  high.  This  is  actually  the  average  ef- 
fect of  an  engine  at  this  moment  working  in  Cornwall*.  Let 
us  pause  a  moment,  and  consider  what  this  is  equivalent  to  in 
matters  of  practice. 

The  ascent  of  Mont  Blanc  from  the  valley  of  Chamouni  is 
considered,  and  with  justice,  as  the  most  toilsome  feat  that  a 
strong  man  can  execute  in  two  days.  The  combustion  of  two 
pounds  of  coal  would  place  him  on  the  summit -f-. 

The  Menai  Bridge,  one  of  the  most  stupendous  works  of 
art  that  has  been  raised  by  man  in  modem  ages,  consists  of  a 
mass  of  iron,  not  less  than  four  millions  of  pounds  in  weight, 
suspended  at  a  medium  height  of  about  120  feet  above  the  sea. 
The  consumption  of  seven  bushels  of  coal  would  suffice  to  raise 
it  to  the  place  where  it  hangs. 

The  great  pyramid  of  Egypt  is  composed  of  granite.  It 
is  700  feet  in  the  side  of  its  base,  and  500  in  perpendicular 
height,  and  stands  on  eleven  acres  of  ground.  Its  weight,  is 
therefore,  12760  millions  of  pounds,  at  a  medium  height  of 
125  feet ;  consequently  it  would  be  raised  by  the  effort  of  about 
630  chaldrons  of  coal,  a  quantity  consumed  in  some  founderies 
in  a  week. 

The  annual  consumption  of  coal  in  London  is  estimated  at 
1500000  chaldrons.  The  effort  of  this  quantity  would  suffice 
to  raise  a  cubical  block  of  marble,  2200  feet  in  the  side,  through 
a  space  equal  to  its  own  height,  or  to  pile  one  such  mountain 
upon  another.  The  Monte  Nuovo,  near  Pozzuoli,  (which  was 
erupted  in  a  single  night  by  volcanic  fire,)  might  have  been 
raised  by  such  an  effort,  from  a  depth  of  40000  feet,  or  about 
eight  miles. 

*  The  Engine  at  Uuel  Towan.  See  Mr.  Uenwood's  Statement  '^  of  the  perform, 
ance  of  steam-^engines  m  Cornwall  for  April,  May,  and  June,  1829. *'  Brewster*s 
Journal,  Oct.  1829. — The  highest  monthly  average  of  this  engine  extends  to  79  millions 
of  pounds. 

•f*  However,  this  is  not  quite  a  fair  statement ;  a  man^s  daily  labour  is  about  4  lbs. 
of  coals.  '  The  extreme  toil  of  this  ascent  arises  from  other  obvious  causes  than  the 
mere  height. 
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« 

It  will  be  observed,  that,  in  tbie  above  statement,  the  inher- 
ent power  of  fuel  is,  of  necessity,  greatly  under-rated.  It  is  not 
pretended  by  engineers  that  the  economy  of  fuel  is  yet  pushed 
to  its  utmost  limit,  or  that  the  whole  effective  power  is  obtained 
in  any  application  of  fire  yet  devised ;  so  that  were  we  to  say 
100  millions  instead  of  70,  we  should  probably  be  nearer  the 
truth."^ 

Estimate  of  Living  Forces. 

62.  In  the  preceding  calculations  we  have  taken  no  account 
of  the  time  employed.  If  the  rate  of  working  continue  the  same 
the  work  done  increases  as  the  time,  and  the  fuel  consumed  in- 
creases in  the  same  proportion;  so  that  the  estimate  of  the  Duty 
remains  unaltered. 

But  in  comparing  the  work  of  a  machine  with  that  of  a 
living  agent  (a  horse  or  a  man)  it  is  necessary  to  take  into 
account  the  time  employed:  for  the  work  done  by  the  living 
agent  depends  on  the  time. 

A  horse  can  raise  33000  pounds  one  foot  high  in  one  minute. 

Peop.  Tojind  the  theoretical  Efficiency  of  a  Steam  Engine 
working  for  one  minute. 

The  pressure  on  the  piston  multiplied  into  the  space  de- 
cribed  in  one  ihinute,  will  by  the  preceding  principles,  be  the 
Efficiencv  in  one  minute. 

The  pressure  on  the  piston  will  be  as  the  square  of  the 
piston,  in  inches,  and  as  the  pressure  on  one  circular  inch.  If 
the  force  employed  be  that  of  the  atmosphere,  the  available  part 
of  this  pressure  is  .5,9  pounds.  Hence  the  pressure  on  any 
piston  may  be  found. 

The  space  described  by  the  piston  in  one  minute,  by  the 
action  of  the  force  of  the  atmosphere,  will  be  the  length  of  the 
stroke,  multiplied  into  the  number  of  double  strokes  made  per 
minute. 

Ex.  The  diameter  of  the  cylinder  of  a  steam  engine  was 
72  inches,  and  the  length  of  the  stroke  9  feet,  9  strokes  being 
made  per  minute. 
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In  this  caae  the  pressure  on  the  piston  s  72*  x  5,9  pounds, 
and  the  space  described  in  a  minute  s  9  x  9.  Hence  the 
efficiency  per  minute  is  7^  x  5,9  x  81  ^  2477433,6. 

Dividing  by  33000  we  have  75  for  the  number  of  horses* 
power  to  which  the  efficiency  of  the  machine  is  equivalent. 


Section  IV. 
Action  and  Recustian, 


63.  Prop.  In  all  cases  of  equilibrium  the  Action  at 
each  point  is  accompanied  by  a  Direct  Reaction  equal  and 
opposite  to  the  action. 

By  Action  and  Reaction  are  here  meant  pressures,  or 
forces  which  can  counteract  each  other^s  effects,  so  that  equi- 
librium may  be  produced.  That  each  such  force  acting  on 
any  point  of  a  machine,  must  be  accompanied  and  counteracted 
by  an  equal  and  opposite  force,  follows  from  the  nature  of 
equilibrium.  For  one  of  the  forces  acting  alone  would  pro- 
duce motion  in  the  point  on  which  it  acts ;  it  must  be  balanced 
by  the  other  force;  and  from  the  circumstance  of  the  two 
directly  balancing  each  other,  each  is  measured  by  and  is 
equal  to  the  other. 

Such  Reaction  may  be  conceived  to  exist  at  the  same  point 
at  which  the  action  takes  place,  in  a  direction  exactly  opposite; 
or  the  two  forces  may  act  at  two  points  of  a  line  which  co- 
incides with  the  direction  of  both;  as  wheii  tWo  equal  and 
opposite  forces  pull  at  the  two  ends  of  a  rope,  or  push  at  the 
two  ends  of  a  stiff  rod. 

Cob.  The  effect  of  the  Direct  Reaction  may,  by  the 
nature  of  the  machine  be  transferred  to  some  other  point  of 
the  machine,  where  it  may  act  at  a  mechanical  advantage,  as 
will  be  seen  in  the  examples  of  a  boat  impelled  by  oars,  or 
of  a  Locomotive  Engine. 

If,  either  in  consequence  of  this  circumstance,  or  in  any 
other  way,  there  exist  an  action  not  counteracted  by  an  equal 
and  opposite  Reaction,  motion  will  be  produced. 

I 
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64.  This  proposition  will  be  illustrated  by  the  following- 
Eoiamples. 

A  man  standing  on  the  ground  produces  on  the  ground  a 
pressure  or  action  equal  to  the  weight  of  his  body ;  and  is 
supported  by  reaction  of  equal  magnitude. 

If  he  take  an  additional  weight  into  his  hand,  the  action 
on  the  ground,  and  consequently  the  reaction,  are  immediately 
increased. 

If  a  weight  hang  by  a  rope  from  the  ceiling,  the  force 
which  stretches  the  rope,  or  the  tension  of  the  rope,  is  equal 
to  the  weight  of  the  body. 

If  the  rope,  having  one  end  fastened  to  a  fixed  point,  pass 
horizontally,  (or  in  any  other  direction)  over  a  fixed  puUy,  the 
other  end  hanging  down  with  a  weight  appended  to  it,  the 
tension  at  every  point  of  the  rope  is  still  equal  to  the  appended 
weight. 

If  the  rope,  having  two  equal  weights  appended,  one  at 
each  end,  pass  horizontally  over  two  pullies,  the  tension  is 
equal  only  to  one  of  the  weights. 

If  a  person  hang  by  his  arms  from  a  rope  fixed  to  the 
ceiling,  the  muscles  of  his  arms  must  exert  a  force  equal  to  the 
weight  of  his  body,  in  order  that  he  may  support  himself;  and 
he  must  pull  with  a  force  somewhat  greater  in  order  to  raise 
himself. 

But  if  the  rope  be  fastened  to  his  waist,  and,  passing  over 
a  fixed  pulley  in  the  ceiling,  return  to  his  hand,  he  need  only 
exert  a  force  of  half  his  weight  to  support  himself,  and  any 
greater  efibrt  will  cause  him  to  rise.  For  he  is  supported,  half 
by  the  rope  at  his  waist,  and  half  by  the  reaction  of  the  rope 
in  his  hand,  the  tension  of  the  rope  being  the  same  throughout. 
If  a  man  in  the  bow  of  a  boat  pull  a  rope  fastened  to  the 
stem  he  will  not  at  all  affect  the  boat^s  progress.  The  action 
exerted  by  the  rope  at  the  stern  will  be  exactly  counteracted  by 
the  reaction  at  the  point  where  the  man  rests  upon  the  boat. 

But  if  a  man  pull  at  an  Oar  of  which  the  blade  rests  against 
a  fixed  obstacle  outside  the  boat  and  independent  of  it,  the  reaction 
in  a  direction  opposite  to  the  pull  (or  towards  the  stem)  will 
be  equal  to  the  acticm  exerted  in  pulling.  But  this  action,  wheii 
it  acts  upon  the  boat  at  its  side,  (at  the  rowlock)  is  increased 
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by  the  property  of  the  lever ;  for  the  fixed  point  outside  the 
boat,  may  be  considered  as  a  fulcrum ;  and  the  action  will  thus 
be  greater  than  the  reaction  in  the  proportion  of  the  dbtance 
of  the  rower  from  the  fulcrum  to  the  distance  of  the  rowlock 
from  the  same  fulcrum.  Hence  the  boat  will  be  urged  forwards 
by  the  excess, of  the  action  above  the  reaction. 

If  the  Oar,  instead  of  resting  against  an  immoveable  ob- 
stacle, be  in  the  water,  the  extreme  point  of  the  blade  will  move 
backwards,  and  the  resistance  of  the  fluid  thus  called  into  action 
will  produce  the  effect  of  an  immoveable  fulcrum ;  the  reason- 
ing just  stated  will  still  apply,  and  the  boat  will  be  impelled 
forwards. 

65.  The  motion  of  Locomotwe  Engines  on  a  road  depends 
upon  principles  nearly  the  same  as  those  of  the  progress  of 
a  rowboat.  Let  fig.  32  represent  the  hind  and  fore  wheels  of 
a  Locomotive  Carriage,  resting  on  an  inclined  plane;  AB 
being  the  inclined  plane,  C,  D  the  centers  of  the  wheels.  Let 
a  force  act  by  means  of  the  rod  £j^  upon  the  crank  CF  which 
turns  with  the  wheel  CA.  The  force  acts  from  the  point  E^ 
which  is  a  fixed  point  in  the  machine,  and  pushes  the  point  F. 
It  will  be  seen  that  by  such  a  force  the  wheel  CA  is  urged  to 
roll  up  the  inclined  plane ;  and  therefore  if  the  force  be  of  a 
proper  magnitude  the  tendency  of  the  carriage  to  descend 
down  the  inclined  plane  may  be  balanced. 

The  radii  CA^  DB  are  those  on  which  the  carriage  is 
supported.  Let  EF  meet  CA  in  H\  draw  HK  parallel  to 
CEy  meeting  DB  in  JT. 

The  force  which  acts  in  EF  produces  equal  and  opposite 
pressures  at  E  and  at  F.  The  latter  may  be  supposed  to  act 
at  H.  Let  EH  represent  this  pressure ;  then  this  force  acting 
at  H  is  equivalent  (Art.  45.)  to  CH^  KH\  of  which  KH  only 
is  effective,  CH  being  counteracted  by  the  reaction  of  the  plane. 
Also  the  reaction  HE  at  £,  is  equivident  to  C£,  KE\  of  which 
KE  diminishes  the  pressure  at  E^  and  CE  urges  forward  the 
machine  in  CE.  Hence  the  two  forces  which  act  on  the  machine 
to  move  it  are  CJS,  KH.  Hence  the  effect  of  a  pressure  exerted 
in  EF  and  reacting  at  E  is  to  produce  two  equal  forces  acting 
on  the  lever  CA  at  unequal  distances  from  the  point  A^  about 
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which  it  turns.  Hence  there  will  be  an  excess  of  force  in  the 
direction  of  the  force  CE ;  and  this  excess  may  be  such  as  to 
counteract  the  tendency  which  the  machine  has,  by  its  gravity, 
to  descend  down  the  inclined  plane.  Also  the  force  in  EF  may 
be  such  as  not  only  to  balance  but  to  overcome  this  resistance; 
and  to  cause  the  machine  to  move  up  the  plane,  if  sliding  be 
prevented. 

When  the  crank  is  in  the  position  C/,  JS/ being  above  EC9 
let  the  force  in  Efhe  a  pulling  force.  And  let  Ef  meet  AC  in 
hy  and  let  A  A;  be  parallel  to  CE.  It  may  be  shewn  in  the  same 
manner  as  before,  that  the  force  in  /£,  and  the  reaction  at  £, 
are  equivalent  to  two  forces  AAp,  EC,  acting  on  the  lever  ACh 
to  turn  it  round  A.  Therefore  in  this  case  also  there  is  an  ex- 
cess of  force  tending  to  make  the  machine  advance. 

Hence  if  the  force  in  EF  be  greater  than  is  requisite  for 
equilibrium,  and  be  at  proper  intervals  a  pulling  and  pushing 
force  alternately,  such  as  may  be  produced  by  the  motion  of  the 
piston  of  a  steam  engine,  the  carriage  may  travel  up  the  plane 
with  a  continued  motion. 

The  same  mode  of  ^tion  of  a  force  which  would  thus 
counteract  the  tendency  to  descend  on  an  inclined  plane,  might 
also  counteract  the  effects  of  friction  on  a  horizontal  plane;  and 
if  the  force  were  of  proper  magnitude,  might  give  the  machine 
a  progressive  motion. 


CHAPTER  V. 


SPBCULATIONS  WHICH   LED   TO   THE  NOTION   OF  ACCBLEBATINO 

FOBCB. 


Section  I. 
Introductory  Attempts. 


66.  When  men  began  to  speculate  concerning  the  mo^ 
tions  of  bodies  which  fall  from  a  considerable  height,  they 
soon  observed  these  two  facts;  firsts  that  a  body  went  on 
moving  quicker  and  quicker  the  further  it  fell:  8&xmd^  that 
heavy  bodies  fell  nu^re  quickly  than  very  light  ones. 

The  first  rude  guesses  which  were  made  to  explain  these 
facts  and  to  assign  their  laws,  were,  as  might  have  been 
expected,  erroneous.  It  was  held  by  Aristotle  that  heavy 
bodies  are  accelerated  by  the  air  which  rushes  in  behind  them 
to  fill  up  the  void  their  progress  leaves ;  and  that  large  bodies 
fall  faster  than  small  ones  in  proportion  to  their  weight. 

The  lightest  attempts  to  verify  these  laws  by  experiment 
and  by  tracing  them  to  their  consequences,  would  have  shewn 
them  to  be  false.  But  unfortunately  in  the  times  succeeding 
those  in  which  these  doctrines  were  promulgated  the  exact 
sciences  were  studied  only  as  sciences  of  deduction.  It  was 
supposed  that  the  first  axioms  of  natural  philosophy  were  to 
be  discovered  by  their  own  internal  evidence ;  experiment  was 
not  appealed  to  suggest  or  to  verify  them;  principles  once 
asserted  by  eminent  men  were  thencefdrth  accepted  without 
dispute ;  and  the  business  of  other  speculators  was  to  deduce 
the  consequences  of  such  principles  aconrding  to  the  rules  of 
logic. 
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This  continued  to  be  the  case  for  nearly  two  thousand 
years.  Galileo  was  the  first  person  who  drew  the  attention  of 
the  world  to  the  necessity  of  examining,  by  comparison  with 
facts,  the  truth  of  the  asserted  laws  of  motion. 

It  was  easily  shewn  by  experiment  that  the  second  of  the 
above  laws  was  false.  Balls  of  100 lbs.  and  lib.  were  let  fall 
from  the  famous  leaning  tower  of  Pisa ;  and  instead  of  falling 
in  the  same  time  through  spaces  which  were  as  100  to  1,  it 
appeared  that  the  larger  anticipated  the  smaller  in  its  descent 
to  the  ground  by  two  inches  only.  This  small  difference  may 
justly  be  attributed  to  the  resistance  of  the  air,  which  produces 
a  somewhat  greater  effect  on  the  lighter  body.  And  by  similar 
experiments  it  was  shewn  that  bodies  of  all  magnitudes  fall  to- 
wards the  earth  with  equal  velocities,  except  so  far  as  they  are 
affected  by  such  causes  of  slight  irregularity. 

67.  With  regard  to  the  increase  of  velocity  of  falling 
bodies,  Galileo  endeavoured,  in  the  first  place,  to  determine 
the  Law  of  the  acceleration.  He  conceived  that  this  law  must 
be  of  a  simple  kind,  and  he  first  conjectured  it  to  be  this, 
that  the  velocity  of  the  motion  increases  in  proportion  to  the 
distance  of  the  body  from  the  point  where  it  begins  to  move. 
But  he  afterwards  convinced  himself,  as  the  fact  really  is, 
that  such  a  law  is  not  only  false,  but  impossible  and  incon^ 
sistent  with  itself.  The  manner  in  which  he  proves  this  is 
by  sajdng  that  if  the  velocity  acquired  were  proportional  to 
the  space  described  by  the  falling  body,  all  spaces,  large  and 
small,  would  be  described  in  equal  times.  This  assertion  is 
true,  but  its  truth  is  not  obvious  in  the  sense  in  which  the 
argument  requires  it.  It  is  obvious  .if  we  suppose  the  spaces 
to  be  described  with  uniform  velocities,  but. this  is  not  the  case 
in  question.  It  it  true  also  when  the  spaces  are  described  by 
velocities  uniformly  accelerated ;  but  it  would  require  several 
steps  to  establish  this  proposition  in  a  satisfactory  manner. 

Having  convinced  himself  that  his  first  conjecture  was  er* 
roneous,  Galileo  then  assumed  another  simple  law,  that  the 
velocity  of  the  falling  body  increases  in  propoirtion  to  the  time 
from  the  beginning  of  the  motion.  From  this  law  it  follows 
(as  will  be  seen  shortly)  that  the  spaces  described  from  the 
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beginhing  of  the  motion  are  as  the  squares  of  the  times.  And 
this  consequence  of  the  law  was  verified  by  experiment. 

His  method  of  making  these  experiments  is  detailed  in 
the  Dialogues  on  Motion: — ^*  In  a  rule,  or  rather  plank  of 
wood,  about  twelve  yards  long,  half  a  yard  broad  one  way, 
and  three  inches  the  other,  we  made  upon  the  narrow  side  or 
edge  a  groove  of  little  more  than  an  inch  wide :  we  cut  it  very 
straight,  and,  to  make  it  very  smooth  and  sleek,  we  glued  upon 
it  a  piece  of  vellum,  polished  and  smoothed  as  exactly  as  pos- 
sible ;  and  in  that  we  let  fall  a  very  hard,  round,  and  smooth 
brass  ball,  raising  one  of  the  ends  of  the  plank  a  yard  or  two 
at  pleasure  above  the  horizontal  plane.  We  observed,  in  the 
manner  that  I  shall  tell  you  presently,  the  time  which  it  spent 
in  running  down,  and  repeated  the  same  observation  again  and 
again  to  assure  ourselves  of  the  time,  in  which  we  never  found 
any  difference,  no,  not  so  much  as  the  tenth  part  of  one  beat  of 
the  pulse.  Having  made  and  settled  this  experiment,  we  let 
the  same  ball  descend  through  a  fourth  part  only  of  the  length 
of  the  groove,  and  found  the  measured  time  to  be  exactly  half 
the  former.  Continuing  our  experiments  with  other  portions 
of  the  length,  comparing  the  fall  through  the  whole  with  the 
fall  through  half,  two  thirds,  three  fourths,  in  short,  with  the 
fall  through  any  part,  we  found  by  many  hundred  experiments 
that  the  spaces  passed  over  were  as  the  squares  of  the  times, 
and  that  this  was  the  case  in  all  inclinations  of  the  plank ; 
during  which,  we  also  remarked  that  the  times  of  descent,  on 
difierent  inclinations,  observe  accurately  the  proportion  assign- 
ed to  them  farther  on,  a^d  demonstrated  by  our  author .''^ 

This  agreement  of  the  law  of  the  spaces  deduced  from  the 
assumed  law  of  acceleration,  with  that  given  by  experin^ent^ 
confirms  the  truth  of  the  assumption,  that  in  motion  accele- 
rated by  gravity,  the  velocity  is  as  the  time  from  the  beginning 
of  the  motion. 

68.  This  law  being  thus  established,  we  are  naturally  led 
to  the  conviction  thlat  the  Cause  of  the  acceleration  of  the  motion 
of  falling  bodies  is  the  continued  action  bf  the  force  of  gravity. 
Such  a  notion  of  the  cause  of  acceleration  -  is-  not,  however, 
a  necessary  part  of  the  above  explanation  of  the  circudostanc^ 
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of  falling  bodies*  ^^  The  cause  of  the  acceleration  of  the  mo- 
tions of  falling  bodies  is  not^^  Galileo  observes  in  treating 
of  the  properties  of  such  motions,  ^^a  necessary  part  of  the 
investigation;  opinions  are  different.  Some  refer  it  to  the 
approach  to  the  center;  others  say  that  there  is  a  certain 
extension  of  the  centrical  medium  which  closing  behind  the 
body,  pushes  it  forwards.  For  the  present  it  is  enough  for 
us  to  demonstrate  certain  properties  of  accelerated  motion,  the 
acceleration  being  according  to  the  very  simple  law,  that  the 
velocity  is  proportional  to  the  time.  And  if  we  find  that  the 
properties  of  such  motion  are  verified  by  the  motions  of  bodies 
descending  freely,  we  may  suppose  that  the  assumption  agrees 
with  the  laws  of  bodies  falling  freely  by  the  action  of  gravity.*" 
In  order  to  explain  the  acceleration  of  falling  bodies  by 
the  action  of  the  force  of  gravity,  this  force  is  to  be  conceived 
to  be  of  such  a  kind  that  it  produces  equal  additions  of  ve- 
locity in  equal  times,  while  the  body  falls  vertically.  The 
velocity  added  in  one  second  to  that  which  the  falling  body 
before  had,  is  exactly  of  the  same  amount  as  the  velocity  com- 
municated in  one  second  to  the  body  when  it  begins  to  fall 
from  rest.  The  downward  motion  of  the  body  does  not  in 
any  degree  withdraw  it  from  the  downward  action  of  gravity. 
A  body  falling  from  rest  acquires  a  velocity,  in  one  second, 
of  82  feet :  and  if  a  cannon  ball  were  shot  downwards  with  a 
velocity  of  1000  feet  a  second,  it  would  equally,  at  the  end 
of  one  second,  receive  an  accession  of  32  feet  to  its  velocity, 
provided  the  resistance  of  the  air  were  removed.  The  con- 
ception of  velocity  as  perpetually  increased  by  the  constant 
action  of  accelerating  force  will  become  clear  by  a  little  at- 
tention. 

69-  The  mode  just  explained  of  conceiving  the  manner  in 
which  gravity  produces  the  velocity  of  a  falling  body,  implies 
that  in  acquiring  its  motion,  a  body  passes  through  every  in- 
termediate degree  of  velocity  from  the  smallest  to  that  which 
it  last  acquires.  When  a  body  falls  from  rest,  it  begins  to 
fedl  with  no  velocity;  the  velocity  increases  with  the  time, 
and  in  1^  of  a  second  the  body  has  only  acquired  ^  of  the 
velocity  which  it  has  at  the  end  of  one  second. 
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This  is  not  only  certain,  but  manifest  upon  consideration : 
y€t  there  was  at  first  considerable  difficulty  with  regard  to  this 
assertion :  and  disputes  took  place  concerning  the  velocity  with 
which  a  body  begins  to  fall.  And  we  may  judge  of  the  ori- 
ginal difficulty  of  obtaining  clear  notions  on  such  subjects,  by 
the  confusion  under  which  Descartes  appears  to  have  laboured 
on  this  point.  He  writes  in  the  following  manner  to  a  cor- 
respondent : 

^^I  have  been  revising  my  notes  on  Galileo,  in  which  I 
have  not  said  expressly,  that  falling  bodies  do  not  pass  through 
every  degree  of  slowness,  but  I  said  that  this  cannot  be  de- 
termined without  knowing  what  weight  is ;  which  comes  to  the 
same  thing.  As  to  your  example,  I  grant  that  it  proves  that 
every  degree  of  velocity  is  infinitely  divisible,  but  not  that  a 
falling  body  actually  passes  through  all  these  divisions — It 
is  certain  that  a  stone  is  not  equally  disposed  to  receive  a  new 
motion  or  increase  of  velocity,  when  it  is  already  moving  very 
quickly,  and  when  it  is  moving  slowly.'"' 

It  will  be  seen  from  the  last  sentence,  that  the  notion  of 
gravity,  as  a  force  that  adds  equal  velocities  to  the  body  what- 
ever be  its  previous  velocity,  was  far  from  obvious. 

The  laws  of  the  motions  of  falling  bodies,  and  their  depen- 
dence on  the  constant  force  of  gravity,  ftre  stated  by  means  of 
the  following  definitions  and  axioms. 


Section  II. 
Definitions  and  Measures, 

1.     Definition  and  Measure  of  Velocity,' 

70.     Velocity   is   the  degree  in   which   a  body   moves 
quickly  or  slowly. 

If  a  body  always  pass  over  equal  spaces  in  equal  times,  it 
is  said  to  move  uniformly, 

K 
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In  this  case  the  velocity  is  measured  by  the  space  described 
or  passed  over  in  a  certain  time,  as  for  instance  by  the  number 
of  feet  passed  over  in  one  second. 

Thus  if  a  man   travel   4  miles  an  hour,    his  velocity  is 

4  X  5280  ^ 

-—  leet.  or  5,8o  leet  a  second. 

60  X  60 

The  Earth,  whose  diameter  is  7970  miles  nearly,  revolves  on 

her  axis  in  23  hours  56  minutes  =  86l64  seconds.     Now  the 

circumference  of  a  circle  is  to  its  diameter  as  22  to  7  nearly. 

Hence  the  path  described  by  a  point  at  the  equator  in  one 

,  .      .     ^         22  X  3985  X  5280        ^  -  , 

second  is,  in  feet,  — -r =  7o7,47  feet  per  second. 

7  X  86164  ^ 

The  Student  may  in  a  similar  manner  answer  the  following 
questions : 

The  Earth  moves  round  the  Sun  in  an  orbit  of  which  the 
radius  is  95000000  miles  in  SQ5  days  6  hours.  Find  her  velocity 
in  her  orbit. 

A  powder  is  2  days  in  subsiding  to  the  bottom  of  a  cup 
3  inches  deep.     Required  the  velocity  of  descent  of  the  particles. 

It  follows  from  what  has  been  said  that  in  uniform  motion 
the  space  described  in  any  time  is  the  product  of  the  num- 
bers which  measure  the  velocity  and  the  time. 

71.  In  cases  of  variable  velocity,  the  following  Axiom 
is  evident. 

Axiom.  In  motion  perpetually  accelerated  the  space 
described  in  any  portion  of  time  is  greater  than  the  space 
which  would  have  been  described  in  the  same  portion  of  time 
if  the  velocity  had  continued  uniform  from  the  beginning  of 
that  portion: 

And  is  less  than  the  space  which  would  have  been  described 
in  the  same  portion  of  time  if  the  velocity  had  been^  during  the 
whole  of  that  portion  of  tim£^  uniformly  the  same  as  it  was  at 
the  end  of  the  portion. 

In  motion  perpetually  retarded,  the  contrary  is  true,  as  is 
equally  evident. 
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2.     Definition  and  Measure  of  Accelerating  Force, 

72.  The  force  of  gravity  accelerates  the  motion  of  a  falling 
body,  adding  equal  velocities  in  equal  times.  This  or  any 
other  force,  whidi  thus  adds  equal  velocities  in  all  equal  times 
is  called  a  uniform  accelerating  force. 

A  uniform  accelerating  force  is  measured  by  the  velocity 
communicated  or  added  in  a  certain  time.  Thus  the  force  of 
gravity,  which  communicates  a  velocity  of  32  feet  in  one  second, 
is  represented  by  32  ;  and  the  force  of  the  Earth  on  the  Moon, 
which  would  communicate  a  velocity  of  ^  of  an  inch  in  the  same 
time,  is  represented  by  ^  of  a  foot;  the  proportion  is  SSiiO  to  1, 
which  is  the  inverse  proportion  of  the  squares  of  the  distances 
of  the  Earth's  surface,  and  of  the  Moon,  from  the  Earth's 
center. 

Accelerating  forces,  which  are  not  uniform,  are  treated  by 
reasoning  as  if  they  were  uniform  for  a  very  small  time :  and 
thus  they  are  measured  in  the  same  way  as  uniform  forces. 

The  resistance  of  the  air,  or  of  any  other  fluid,  to  bodies 
falling  through  it,  is  a  retarding  force,  which  is  of  the  same 
nature  as  an  accelerating  force. 


Section  III. 

The  Laws  of  Falling  Bodies. 

73.  Prop.  The  velocity  of  a  falling  body  will  be  pro- 
portional to  the  time  of  its  fall  from  rest. 

We  have  already  (Art.  67.)  said  that  this  was  originally 
ascertained  by  experimentally  shewing  the  relation  between 
the  space  and  the  time  to  be  such  as  would  follow  from  this 
law  of  the  velocity.  And  in  this  manner  it  is  collected  that 
gravity  is  a  uniform  accelerating  force;  its  efiect  in  com- 
municating velocity  to  a  falling  body  being  independent  of  the 
magnitude  of  the  body,  and  of  the  velocity  which  the  body 
already  has. 
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If  we  begin  by  assuming  gravity  to  be  such  a  uniform  ac- 
celerating force,  the  proposition  follows  from  the  definition  of 
accelerating  force  already  given. 

74.  Prop.  The  spaces  described  by  a  body  falling  from 
rest  are  as  the  squares  of  the  times  from  the  beginning  of  the 
fall, 

*  Let  32  feet  be  the  velocity  acquired  at  the  end  of  one 
second;  then  64  feet  wiD  be  the  velocity  at  the  end  of  two 
seconds;  96  feet  at  the  end  of  three  seconds,  and  so  on. 

Also,  if  we  subdivide  these. seconds  into  smaller  parts,  the 
velocities  will  stiU  be  proportional  to  the  times.  Thus,  if  we 
take  eighths  of  seconds  as  the  portions  of  time,  the  velocities  at 
the  ends  of  the 

1st  2d  Sd     8th  9th  10th     l6th  17th  18th  portions 

will  be  4     8    12      32    36    40        64      68      72  feet  respectively. 

Hence,  by  the  Axiom  in  Art.  71,  the  spaces  described  in 
in  each  of  these  portions  of  time  respectively,  are  less  than 


1  1  1 

4x-,     8x-,     12  X  -&c. ; 

8  8  8 


that  is,  than 


12       3  8       9       10  16       17       18 

2'    2'    2 2'    2'    "i" T'   T'    "i" 


And  the  whole  space  described  in  the  first  8  portions,  or  in  one 

1    I   2   I   Q         4-8 

second,  is  less  than  '-^— — ;  which,  by  the  summation 

9X8 

of  an  arithmetical  series,  is  = or  18  feet. 

4 

In  like  manner,  the  whole  space  described  in  the  first  16 
portions,  or  in  two  seconds,  is  less  than 

1+2  +  3... +  16       17x16       ^     ^ 

= =  68  feet. 

2  4 
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And  in  24  portions,  or  three  seconds,  the  space  is  less  than 

1+2 +  3... +  24      25x24 


2 


=  150  feet. 


But  the  velocities  at  the  beginnings  of  the 

1st  2d  3d  8th  9th  10th  l6th  17th  18th  portions  of  time, 
are    0,    4    8        28    32     36  60     64      68     feet  respectively. 

Hence,   by  Art.  71 9   the  spaces   described   in  each  of  these' 
portions  are  greater  respectively  than 

1  1  1  0      12 

Ox-,     4x-,     8x-  &c.    or  - ,    - ,    -  8ec.  : 
8  8  8  2       2       2 

and  the  space  described  in  the  first  8  portions,  is  greater  than 

2  4 

In  like  manner,  in  16  and  in  24  portions,  the  spaces  are  greater 
than 

0  +  1 +2.., +  15      15x16        ^    , 
= =    60  feet, 

2  4 

,   0+  1  +2... +  33       23  x24 
and  = «  138  feet. 

2  4 

Hence  the  spaces  desribed  by  a  falling  body  in  1,  2,  3  &c. 
seconds  are  respectively 

less  than  18,   68,    150,    &c.   feet 

greater  than  14,   60,    138,   &c.   feet. 

Therefore  16,  64,  144,  &c.  feet  are  either  exactly  or 
nearly  the  spaces  really  described. 

If  instead  of  taking  eighths  of  seconds,  we  had  divided 
each  second  into  32  parts,  we  should  have  found  that  the 
spaces  described  are 

less  than  16^,  Q5,  l^^g?  &^- 
greater  than  15^,  6S,  ^^^g?  ^^• 

And  if  we  were  to  take  the  portions  of  time  still  smaller,  we 
should  approach  more  nearly  still  on  each  side,  to 

16,    64,    144,    &c. 


78 

and  it  would  thus  appear,  that  the  spaces  really  described  in  I> 
2,  3  &c.  seconds,  can  be  no  other  than  these  numbers  of  feet. 

But  these  numbers  are 

16  X  l^  16  X  2S   16  X  3%  &c. 

Hence  the  spaces  described  in  1,  2,  3  seconds  are  as  1^,  2*,  3^; 
which  was  to  be  proved. 

CoR.  1.  The  space  described  by  a  falling  body,  in  any  time 
from  rest,  is  half  the  space  which  would  be  described  by  the 
last  acquired  velocity,  continued  uniform. 

Thus,  in  one  second,  the  last  acquired  velocity  is  32,  and 
the  space  described  in  one  second  with  this  velocity,  would 
be  32. 

In  two  seconds,  the  last  acquired  velocity  is  64,  and  the 
space  described  in  two  seconds  with  this  velocity,  would  be 
128. 

In  three  seconds,  the  last  acquired  velocity  is  96,  and  the 
space  described  in  three  seconds  with  this  velocity,  would  be 
228;  and  so  on. 

And  these  numbers  32,  128,  288,  are  the  doubles  respectively 

of  16,     64,  144,   the   spaces  described   by   a 
body  falling  from  rest  in  the  corresponding  times. 

Cob.  2.  Since  the  spaces  from  rest  in  1,  2,  3,  4  &c.  seconds 
are  as  1,  4,  9,  16  Sec,  the  spaces  in  the  1st,  2d,  3d,  4th  &c. 
seconds  are  as  1,  3,  5,  7  &c. ;  that  is,  as  the  succession  of 
odd  numbers. 

CoE.  3.  If  the  velocity  in  one  second  become  greater  or 
less,  the  space  in  any  time  will  be  increased  or  diminished  in 
the  same  proportion. 

75.  Prop.  Bodies  falling  in  a  Jluid  tend  to  a  limiting 
velocity. 

The  retarding  force  of  resistance  goes  on  increasing  as  the 
velocity  increases,  while  the  accelerating  force  of  gravity  is 
uniformly  the  same.  Hence  a  falling  body,  since  its  velocity 
perpetually  increases,   tends  to  acquire  a  velocity  for  which 
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the  retarding  force  is  equal  to  the  accelerating  force.  If  the 
body  once  had  this  velocity,  it  would  fall  with  a  uniform  ve- 
locity with  no  further  acceleration;  the  resistance  of  the  fluid 
exactly  counteracting  the  force  of  gravity,  and  the  body  moving 
uniformly  as  if  it  were  acted  upon  neither  by  an  accelerating 
nor  by  a  retarding  force. 

But  in  fact  a  falling  body,  though  its  velocity  would  per- 
petually approach  nearer  and  nearer  to  this  velocity,  would 
never  actually  attain  it.  The  velocity  with  which  the  fluid^s 
resistance  puts  a  stop  to  further  acceleration  is  the  limit  or 
term  of  the  velocity  of  a  falling  body:  it  is  called  the  limit- 
ing or  terminal  velocity. 

When  a  heavy  body  falls  in  air,  the  terminal  velocity 
is  considerable;  when  light  bodies,  (as  the  particles  of  fine 
powders)  fall  in  denser  fluids,  (as  water)  the  terminal  velocity 
may  be  very  small;  and  in  such  cases  the  body  in  falling 
through  a  very  small  space,  approaches  so  near  to  the  terminal 
velocity,  that  no  further  increase  of  velocity  can  be  perceived. 

Thus,  a  sphere  of  water  of  the  diameter  of  1  foot,  has  400 
feet  nearly  for  its  terminal  velocity  in  air.  But  a  powder  of 
the  specific  gravity  of  lead,  the  particles  of  which  are  spheres 
of  the  diameter  of  ,000000089  of  an  inch,  would  have  for  its 
terminal  velocity  ,03  of  an  inch  in  a  second,  or  1,8  inches  a 
minute.  And  if  the  particles  were  a  million  times  smaller  than 
this,  the  terminal  velocity  would  be  only  ,00003  inches  in  a 
second,  or  about  ^  of  an  inch  in  an  hour. 


CHAPTER  VI. 

SPECULATIONS   WHICH    LED   TO    THE    ESTABLISHMENT    OF    THE 

SECOND    LAW    OF    MOTION. 


Section  I. 
Introductory  Attempts^ 


76.  A  STONE  thrown  from  the  hand  describes  a  curved 
path  and  soon  comes  to  the  ground.  The  laws  of  such  motion 
presented  an  obvious  subject  of  speculation.  Aristotle  asks* 
^*  Why  does  the  motion  cease  of  things  cast  into  the  air  ?  Does 
this  happen  when  the  force  has  ceased  which  sent  them  forth  ? 
or  is  there  an  opposite  force  which  acts  against  the  motion  ?  or 
does  the  fact  result  from  the  disposition  to  fall,  and  occur  when 
this  disposition  is  stronger  than  the  projectile  force  ?  or  is  it 
absurd  to  put  the  question  in  this  manner,  instead  of  referring 
to  the  general  laws  of  motion  ?^ 

The  last  clause  is  perhaps  freely  translated,  but,  as  we  have 
given  it,  it  suggests  the  true  reply  to  the  preceding  questions. 

No  true  explanation  was  given  of  the  facts  which  suggested 
these  questions  till  a  much  later  period.  A  mistaken  belief 
concerning  the  nature  of  the  motion  of  projectiles^  or  bodies 
projected,  contributed  for  some  time  to  mislead  enquirers  on 
this  subject.  In  the  use  of  '^military  projectiles,"  it  was 
prescribed  as  a  rule  that,  for  certain  distances,  a  gun  must 
be  directed  "point  blank;"  that  is,  with  its  barrel  in  a  hori- 
zontal straight  line  towards  the  point  aimed  at;  but  that  for 
greater  distances  the  barrel  must  be  elevated,  so  as  to  make 
allowance  for  the  fall  of  the  bullet,  which  was  called  shooting 
"at  random."  This  led  to  the  opinion  that  the  path  of  a 
bullet  discharged  from  a  gun  was  a  horizontal  straight  line  till 
it  reached  a  certain  distance,  and  that  after  that  distance  it 
began  to  descend  in  a  curved  line. 

*  M»;X'  "fpofi,  \y. 
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Thomas  Digges,  in  his  Treatise  on  the  New  Science  of 
Great  Artillerie  (1591),  remarked  that  the  bullet  has,  even 
from  the  beginning,  a  downward  motion  which  though  insen- 
sible at  first,  draws  it  from  its  direct  course. 

Tartelea  also  denied  that  a  bullet  ever  moves  in  a  hori- 
zontal line;  but  his  theory  was  still  very  erroneous;  for  he 
supposed  that  the  bullet^s  path  through  the  air  is  made  up  of 
an  ascending  and  a  descending  straight  line,  connected  in  the 
middle  by  a  circular  arc. 

In  1609,  Galileo  had  considered  the  subject,  and  had  satis- 
fied himself  that  the  motion  of  projectiles  in  a  vertical  direction 
is  not  affected  by  their  motion  in  a  horizontal  direction.  This 
principle,  combined  with  his  theory  of  falling  bodies,  led  him 
to  the  true  doctrine  of  projectiles. 

Galileo^s  principle,  having  been  once  suggested,  was  sup- 
ported by  many  circumstances  in  the  motion  of  bodies  projected, 
and  was  especially  confirmed  by  the  discussions  which  took 
place  about  that  period  concerning  the  motion  of  the  Earth. 


On  the  Motion  of  the  Earth. 

77-  The  doctrine  promulgated  in  modern  times  by  Coper- 
nicus, that  the  Earth  travels  round  the  Suii,  and  revolves  on 
her  own  axis,  led  to  a  long  series  of  controversies,  which  turned 
mainly  upon  the  truth  or  falsehood  of  the  supposed  laws  of 
motion,  and  especially  of  the  one  now  under  our  consideration. 
The  opponents  of  the  Earth^s  motion  attacked  that  doctrine 
with  objections  drawn  from  erroneous  mechanical  principles; 
but  the  assertors  of  the  Copemican  system,  being  at  first  ig- 
norant of  the  true  principles  which  bear  upon  the  subject,  were 
not  fortunate  in  their  answers  to  the  objections. 

"  If  the  Earth,  it  was  said,  revolved  so  rapidly  from  west 
to  east,  a  perpetual  wind  would  set  in  from  east  to  west, 
more  violent  than  what  blows  in  the  greatest  hurricanes;  a 
stone,  thrown  westwards,  would  fly  to  a  much  greater  distance 
than  one  thrown  with  the  same  force  eastwards;  as  what  moved 
in  a  direction,  contrary  to  the  motion  of  the  Earth,  would  ne- 
cessarily pass  over  a  greater  portion  of  its  surface,  than  what, 

L 
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with  the  same  velocity,  moved  along  with  it.  A  ball,  it  was 
said,  dropt  from  the  mast  of  a  ship  under  sail,  does  not  fall 
precisely  at  the  foot  of  the  mast,  but  behind  it;  and  in  the 
same  manner,  a  stone  dropt  from  a  high  tower  would  not,  upon 
the  supposition  of  the  Earth^s  motion,  fall  precisely  at  the  bot- 
tom of  the  tower,  but  west  of  it,  the  Earth  being,  in  the  mean 
time,  carried  away  eastward  from  below  it.  It  is  amusing  to 
observe,  by  what  subtile  and  metaphysical  evasions  the  follow- 
ers of  Copernicus  endeavoured  to  elude  this  objection,  which, 
before  the  doctrine  of  the  Composition  of  Motion  had  been  ex- 
plained by  Galileo,  was  altogether  unanswerable.  They  al- 
lowed, that  a  ball  dropt  from  the  mast  of  a  ship  under  sail 
would  not  fall  at  the  foot  of  the  mast,  but  behind  it ;  because 
the  ball,  they  said,  was  no  part  of  the  ship,  and  because  the 
motion  of  the  ship  was  natural  neither  to  itself  nor  to  the  ball. 
But  the  stone  was  a  part  of  the  earth,  and  the  diurnal  and  an- 
nual revolutions  of  the  Earth  were  natural  to  the  whole,  and  to 
every  part  of  it,  and  therefore  to  the  stone.  The  stone,  there- 
fore, having  naturally  the  same  motion  with  the  Earth,  fell 
precisely  at  the  bottom  of  the  tower.  But  this  answer  could 
not  satisfy  the  imagination,  which  still  found  it  difBcult  to  con- 
ceive how  these  motions  could  be  natural  to  the  Earth ;  or  how 
a  body,  which  had  always  presented  itself  to  the  senses  as  inert, 
ponderous,  and  averse  to  motion,  should  naturally  be  continue 
ally  wheeling  about  both  its  own  axis  and  the  Sun,  with  such 
violent  rapidity.  It  was,  besides,  argued  by  Tycho  Brahe, 
upon  the  principles  of  the  same  philosophy,  which  had  afforded 
both  the  objection  and  the  answer,  that  even  upon  the  suppo- 
sition, that  any  such  motion  was  natural  to  the  whole  body  of 
the  Earth,  yet  the  stone,  which  was  separated  from  it,  could  no 
longer  be  actuated  by  that  motion.  The  limb,  which  is  cut  off 
from  an  animal,  loses  those  animal  motions  which  were  natural 
to  the  whole.  The  branch,  which  is  cut  off  from  the  trunk, 
loses  that  vegetative  motion  which  is  natural  to  the  whole  tree. 
Even  the  metals,  minerals,  and  stones,  which  are  dug  out  from 
the  bosom  of  the  Earth,  lose  those  motions  which  occasioned 
their  production  and  encrease,  and  which  were  natural  to  them 
in  their  original  state.  Though  the  diurnal  and  annual  motion 
of  the  Earth,  therefore,  had  been  natural  to  them  while  they 
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were  contained  in  its  bosom;  it  could  no  longer  be  so  when 
they  were  separated  from  it.*" 

^^The  objection  to  the  system  of  Copernicus,  which  was 
drawn  from  the  nature  of  motion,  and  that  was  most  insisted 
on  by  Tycho  Brahe,  was  at  last  fully  answered  by  Galileo; 
not,  however,  till  about  thirty  years  after  the  death  of  Tycho, 
and  about  a  hundred  after  that  of  Copernicus.  It  was  then 
that  Galileo,  by  explaining  the  nature  of  the  composition  of 
motion,  by  showing,  both  from  reason  and  experience,  that  a 
ball  dropt  from  the  mast  of  a  ship  under  sail  would  fall  pre> 
cisely  at  the  foot  of  the  mast,  and  by  rendering  this  doctrine, 
from  a  great  number  of  other  instances,  quite  familiar  to  the 
imagination,  took  off,  perhaps,  the  principal  objection  which 
had  been  made  to  this  hypothesis.^^ 

The  disciples  of  the  school  of  Galileo  went  on  confirming 
this  view  of  the  matter.  Thus  Gassendi,  in  his  treatise  ^*  De 
motu  impresso  a  motore  translato^^  shews  in  a  variety  of  ways, 
that  a  body  which,  while  it  is  carried  along  in  any  vehicle,  as 
a  boat  or  a  chariot,  has  another  motion  impressed  upon  it,  by 
falling,  or  by  being  thrown,  or  in  any  other  manner,  retains 
still  the  motion  of  the  vehicle.  He  thus  refutes  the  objections 
which  had  been  brought  against  the  motion  of  the  Earth  by 
various  persons,  and  especially  by  Morinus,  in  a  treatise  en- 
titled « J&B  TerrcEi  Fractcey* 

In  this  manner  it  was  now  seen  that  a  stone  falling  from 
the  top  of  a  tower,  ought  not  to  be  left  behind  by  the  motion 
of  the  Earth^s  surface  from  west  to  east,  and  thus  to  fall  to  the 
west,  as  had  been  asserted  to  be  the  consequence  of  the  laws 
of  nature.  The  stone  would  partake  of  the  motion  which  the 
tower  had,  and  would  therefore,  relatively  to  the  tower,  fall  in 
a  vertical  straight  line. 

78.  After  it  had  ceased  to  be  a  tenable  argument  against 
the  rotatory  motion  of  the  Earth,  that  the  stone  did  not  fall  to 
the  west  of  the  vertical,  it  was  asserted  that  a  real  objection 
was  to  be  found  in  the  circumstance,  that  the  stone  did  not  fall 
to  the  east  of  the  vertical.  For  the  horizontal  velocity,  from 
west  to  east,  which  the  stone  has  when  it  is  let  fall,  and  which 
it  retains  during  its  fall,  is  that  which  belongs  to  the  top  of 
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the  tower.  But  the  top  of  the  tower  moves  faster  than  the 
bottom  by  the  rotatory  motion  of  the  Earth,  being  farther 
from  the  center.  Hence,  the  stone  ought  to  move  farther  to 
the  east  in  the  time  of  its  fall,  than  the  bottom  of  the  tower 
does;  and  thus  ought  to  get  the  start  of  the  tower,  and  fall 
to  the  eastward  of  its  base. 

The  answer  to  this  objection  is,  that  the  stone  really  does 
fall  to  the  eastward  of  the  foot  of  the  vertical,  but  that  in  all 
experiments  which  we  can  make,  the  interval  is  too  small  to  be 
certainly  determined  by  experiment,  as  appears  by  calculating 
its  magnitude.  In  some  experiments  made  in  Italy,  it  is  said 
that  such  a  deviation  was  really  detected. 

By  experiments  and  controversies  of  this  kind,  the  Coper- 
nican  system  was  finally  established  as  the  true  system  of  the 
universe.  The  true  law  of  nature,  with  regard  to  such  cases 
as  have  just  been  spoken  of,  is  stated  in  the  Second  Law  of 
Motion. 


Section  II. 
The  Second  Law  of  Motion^ 

79.  When  any  force  acts  upon  a  body  in  motion^  the 
change  of  motion  which  it  prodicces  is  in  the  direction  and  pro- 
portional to  the  magnitude  of  the  force  which  acts. 

This  may  also  be  thus  expressed.  When  any  force  is  ex- 
erted upon  a  body  already  in  motion,  the  motion  which  the 
force  would  produce  in  a  body  at  rest,  is  compounded  with  the 
previous  motion,  in  such  a  way,  that  both  produce  their  full 
effects  parallel  to  their  own  directions. 

Thus,  suppose  a  body,  considered  as  a  point,  to  be  moving 
in  the  direction  ,JB,  fig.  34,  with  such  a  velocity  that  it  may 
describe  AB  uniformly  in  one  second  of  time.  Then  by  the 
first  law  of  motion  it  would  in  the  next  second  of  time  describe 
J? 6,  in  the  same  straight  line,  equal  to  AB.  But  when  it  comes 
to  iff,  let  a  force  in  the  direction  BM  begin  to  act  and.  act  uni- 
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formly  upon  it  for  one  second;  the  force  being  of  such  a  mag- 
nitude that  it  would  in  one  second  cause  the  body  to  describe 
BM  from  rest.  Then  at  the  end  of  one  second  from  the  time 
when  the  body  is  at  jB,  it  will  be  found  at  C,  so  that  MC  and 
hC  are  equal  and  parallel  to  Bh  and  BM, 

If  when  the  body  comes  to  C  the  force  were  to  cease  to  act, 
it  would  go  on  moving  in  the  direction  and  wfth  the  velocity 
which  it  has  at  C  Let  Cc  be  the  space  it  would  thus  describe 
in  one  second.  But  now  suppose  a  force  to  begin  to  act  at  Cy 
which  by  its  uniform  action  for  one  second  would  carry  the 
body  through  CN,  Then  its  place  at  the  end  of  one  second 
from  C,  will  be  D^  DN  and  Dc  being  parallel  and  equal  to  cC 
and  NC. 

Similarly,  if  other  forces  act  uniformly  for  successive 
seconds,  we  may  find  their  effects.  If  the  forces  be  not  such 
that  they  can  be  considered  as  uniform  in  magnitude  and  di- 
rection for  one  second  at  a  time,  we  must  apply  this  law  of 
motion  to  them  for  any  small  time  during  which  they  may  be 
considered  as  uniform.  If  they  vary  continuously,  we  must 
consider  the  Limits  oi  Bh  and  BM^  &c.  as  will  be  seen 
hereafter. 

The  proofs  on  which  this  law  rests  have  been  partly  stated 
in  giving  its  history.  We  shall  present  some  additional  con- 
siderations. 

The  Composition  of  Velocities, 

80.  Peop.  When  two  velocities  are  combined,  if  sepa- 
rately they  he  represented  in  magnitude  and  direction  by  the 
two  sides  of  a  parallelogram,  when  conjoined  they  will  he  ex- 
pressed  hy  the  diagonal. 

Let  PQ,  fig.  33,  be  a  plane,  as  the  deck  of  a  ship,  which 
moves  parallel  to  itself,  with  a  uniform  motion,  from  the  po- 
sition PQ  to  the  position  pq.  Let  a  body  have,  on  this  plane, 
a  uniform  motion,  which  would  carry  the  body  through  BD, 
while  the  point  B  of  the  plane  moves  through  Bh,  If  the 
parallelogram  2>6  be  completed  and  the  diagonal  Bd  drawn, 
the  body  will  describe  the  diagonal  B,d  uniformly  by  the  com- 
position of  the  two  motions. 


When  B  comes  to  6,  BD  comes  to  the  poisition  bd^  and 
therefore  the  body  will  have  moved  from  B  to  d.  Also,  at  any 
intermediate  time,  let  BD  have  come  into  the  position  (iSy  pa- 
rallel to  BDi  and  take  fiy  :  fiS  or  bd  ::  time  in  Bfi  :  time  in 
Bb;  that  is  ::  B^  :  Bb^  because  the  motions  are  uniform. 

But  since  fiS  :  bd  ::  Bfi  :  Bb^  ByS  is  a  straight  line. 
Also  BS  :  Bd  ::  B^  :  BS  ::  time  in  Bfi  :  time  in  Bb;  hence 
the  motion  in  ^d  is  uniform. 

We  have  here  supposed  that  the  moving  point  has  and  re- 
tains the  two  velocities ;  it  retains  the  velocity  represented  by 
Bb,  because  it  is  carried  along  with  the  plane,  and  it  has  the 
velocity  represented  by  BD,  with  which  it  moves  on  the  plane, 
and  relatively  to  it. 

In  the  cases  which  come  under  the  second  law  of  motion  we 
do  not  suppose  the  body  to  retain  the  original  motion  and  the 
additional  motion  by  means  of  a  material  connexion,  such  as 
the  moving  plane  PQ  is  here  supposed  to  supply :  after  the  ad- 
ditional motion  is  impressed,  the  body  is  left  entirely  to  itself. 

81.  If  a  body  were  moving  in  the  direction  and  with  the 
velocity  JB6,  and  if  a  velocity  BD  were  impressed  upon  it  at 
jB,  and  it  were  then  left  to  itself,  it  would,  by  the  second  Law 
of  Motion,  move  in  the  direction  and  with  the  velocity  Bd. 

And  in  this  case  the  body's  motion,  relatively  to  the  moving 
space  PQ,  would  be  represented  by  BD. 

'  Thus  it  appears,  as  a  consequence  of  the  second  Law  of 
Motion,  that  if  a  body,  which  is  moving  along  with  a  moving 
space,  have  any  velocity  impressed  upon  it,  the  motion  of  the 
body,  relative  to  the  space,  will  be  the  same  as  if  the  body  and 
the  space  had  been  originally  at  rest. 

Hence,  if  this  second  Law  of  Motion  be  true,  all  the  me- 
chanical actions,  which  take  place  in  a  space  moving  uniformly, 
will  be  the  same,  relatively  to  the  parts  of  this  space,  as  if  the 
space  were  at  rest. 

Hence  this  law  is  confirmed  by  our  finding  that  the  relative 
motions  and  actions  of  bodies,  in  a  space  which  moves  uniform- 
ly, are  exactly  the  same  as  in  a  space  at  rest. 

Thus  in  a  ship  under  way,  a  ball  will  go  equal  distances 
when  thrown  with  equal  force,  whether  towards  the  bow  or  the 
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stern.  The  effects  of  the  mutual  pressures  and  impacts  of 
bodies  in  such  a  case  are  the  same  in  every  direction.  Also 
the  motions  of  bodies  on  land  are  the  same,  under  the  same 
conditions,  whether  they  take  place  east,  west,  north,  south, 
or  in  any  other  direction,  although  in  some  of  these  cases  the 
Earth^s  motion  conspires  with,  in  others  is  transverse  or  op- 
posite to  the  motion  of  the  bodies.  The  oscillations  of  a 
pendulum  are  performed  in  the  same  time  whether  they  take 
place  east  and  west,  or  north  and  south.  It  may  be  shewn 
that  a  very  small  deviation  from  exactitude  in .  the  asserted 
law  would  produce  a  perceptible  difference  in  the  last  ex- 
periment. 

"  A  man  continuing  to  throw  upwards  a  ball  or  orange,  or 
several  of  them  at  once,  and  to  catch  and  return  them  alter- 
nately, uses  no  difference  of  art  as  regards  them,  whether  he 
be  standing  on  the  earth  and  whirling  with  it,  or  on  a  sailing 
ship^s  deck,  or  in  a  moving  carriage,  or  on  a  galloping  horse^s 
back.  He  and  the  oranges  have  always  the  same  forward 
common  motion.  And  when  a  man,  standing  on  a  galloping 
horse,  leaps  through  a  hoop  held  across  his  course,  he  does 
not  leap  forward — ^for  this  would  throw  him  over  the  horse's 
ears — ^but  merely  jumps  up,  and  allows  his  motal  inertia  to 
carry  him  through. '^ 

"  The  reason  that  a  lofty  spire  or  obelisk  stands  more 
securely  on  the  earth  than  a  pillar  stands  on  the  bottom  of 
a  moving  waggon,  is  not  that  the  earth  is  more  at  rest  than  the 
waggon,  but  that  its  motion  is  uniform. — Were  the  present 
rotation  of  our  globe  to  be  arrested  but  for  a  moment,  im- 
perial London,  with  its  thousand  spires  and  turrets,  would  be 
swept  from  its  valley  towards  the  eastern  ocean,  just  as  loose 
snow  is  swept  away  by  a  gust  of  wind.**' 

82.  Besides  the  experimental  proofs  of  the  law  thus  given, 
it  is  naturally  suggested,  though  not  demonstrated,  by  its 
analogy  with  the  composition  of  forces,  and  with  the  com- 
position of  velocities. 

The  object  of  the  second  Law  of  Motion  is  to  give  a  rule 
for  the  combination  of  the  effect  of  a  f<yrce  acting  on  a  body 
with  the  velocity  which  the  body  already  possesses. 
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It  has  been  shewn  (Art.  45.)  that  two  forces  acting  in  the 
direction  of  the  sides  of  a  parallelogram,  and  proportional  to 
these  sides,  are  equivalent  to  a  force  represented  in  magnitude 
and  direction  by  the  diagonal. 

It  has  been  shewn  also  (Art.  80.)  that  two  velocities  re- 
presented in  magnitude  and  direction  by  two  sides  of  a 
parallelogram  produce,  if  communicated  at  the  same  time,  a  ve- 
locity represented  in  magnitude  and  direction  by  the  diagonal. 

Hence  we  might  expect  that  when  a  force  acts  so  that  its 
effect  is  compounded  with  a  previous  velocity,  the  same  rule  of 
composition  should  obtain,  as  we  find  that  it  does. 

83.  We  may  observe  however  that  this  is  not  to  be  taken 
for  a  demonstration,  as  is  sometimes  done. 

The  combination  of  two  velocities  represented  in  magni- 
tude and  direction  by  the  two  sides  of  a  parallelogram,  will 
produce  a  resulting  velocity  represented  by  the  diagonal. 
Hence  it  is  sometimes  said,  that  if  a  body  moving  ^ith 
one  of  these  two  velocities  have  the  other  communicated  to 
it,  it  will  describe  the  diagonal.  But  the  object  of  the  second 
law  is  to  show  that  the  body  will  have  the  second  velocity 
communicated  to  it,  this  velocity  being  that  which  the  force 
would  produce  in  the  body  if  at  rest. 

It  is  sometimes  said  that  the  action  of  a  force  parallel  to 
the  line  DB  cannot  accelerate  or  retard  the  approach  of  the 
body  to  the  line  DB,  But  this  is  not  obvious,  except  we 
suppose  the  body  to  retain  the  two  velocities,  without  their 
interfering  with  one  another;  whereas  in  reality,  the  two 
velocities  are  confounded  into  a  single  velocity ;  and  the 
manner  in  which  this  single  velocity  depends  upon  two  ori- 
ginal ones  in  natural  occurrences,  cannot  be  known  from  our 
definitions  merely. 

As  the  second  Law  of  Motion  cannot  be  proved  immediately 
from  the  composition  of  forces,  so  also  the  composition  of  forces 
cannot  be  deduced  from  the  second  Law  of  Motion.  The  con- 
ditions of  magnitude  and  direction  under  which  pressures 
balance  each  other,  are  not  and  cannot  be  dependent  on  the 
laws  of  the  motions  which  take  place  when  the  forces  do  not 
balance. 
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Section  III. 
Projectiles. 

84.  Prop.  The  path  of  a  projectile  acted  on  by  gravity 
will  he  a  parabola. 

In  fig.  35,  let  the  projectile  be  moving  horizontally  at  J?. 
Then,  if  gravity  were  not  to  act,  the  body  would  describe  equal 
^aces  BCf  cd^  de  in  equal  successive  times,  in  the  horizontal 
line.  But  if  cC,  dD,  e£  be  the  vertical  spaces  which  the 
body  would  describe  by  the  action  of  gravity  in  the  time  of 
describing  Be,  Bd,  Be,  the  body  will,  by  the  second  law  of 
motion,  be  found,  at  the  end  of  these  times,  in  the  points  C, 
2),  E,  BCy  BD,  BE  being  parallelograms ;  and  the  path  of 
the  body  BCDE  will  be  llie  assemblage  of  all  the  points  thus 
found. 

Now  if  we  take  any  two  points,  as  C,  D,  MC  and  iVD, 
that  is  j?c  and  Bd,  are  to  eadi  other  as  the  times  of  describing 
jBC,  BD.  Also  BM  and  JffJV,  that  is  cC  and  dl),  are  to  each 
other  as  the  squares  of  the  times  of  describing  BC,  BD 
(Art.  74).  Therefore  BM  and  BN  are  as  the  squares  oi  MC 
and  ND ;  and  therefore  the  squares  of  MC  and  ND  are  equal 
to  the  rectangles  made  by  BM  and  BN  respectively  with  the 
same  constant  line ;  which  is  the  property  of  the  parabola. 

Thus  Be,  cd,  de  being  equal  lines,  cC,  dDj  eE  will  be  in 
the  proportion  of  1,  4,  9. 

When  a  body  ascends,  acted  upon  by  gravity,  the  spaces 
described,  measured  from  the  highest  point,  follow  the  same 
law  as  the  spaces  described  in  descending  from  rest.  Hence 
the  curve  XAB,  described  by  a  body  ascending  to  the  highest 
point  B,  is  exactly  similar  to  the  curve  BCE  described  in 
descending. 

If  the  body  begin  to  move  from  any  point  J,  being  pro- 
jected in  the  direction  AT,  it  will  describe  a  portion  ABE  of 
a  parabola,  exactly  like  the  one  already  spoken  of. 

M 
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Section  IV. 
Central  Forces, 

85.  Fkof.  If  a  body  in  motion  be  acted  on  by  a  force 
constantly  tending  to  a  Jiwed  center^  it  may  revolve  in  a 
curve  about  that  center. 

Let  the  time  be  divided  into  equal  portions,  and  in  the  first 
portion  let  the  body  describe  AB,  fig.  36,  By  the  first  Law  of 
Motion,  if  no  force  wiere  to  act  on  the  body,  it  would  in  the 
second  portion  of  time  go  on  to  c,  in  the  same  straight  line, 
describing  Be  equal  to  JB.  But  when  the  body  comes  to  By 
let  a  force  tending  to  the  centre  act  on  it  by  a  single  instan- 
taneous impulse,  and  turn  the  motion  in  the  direction  BC, 
Draw  cC  parallel  to  BS;  and  by  the  second  Law  of  Motion, 
the  body  will  describe  BC  in  the  second  portion  of  time,  C 
being  in  the  plane  JSB, 

In  like  manner  if  a  centripetal  force  towards  S  act  im- 
pulsively at  C,  2>,  £,  &c.  at  the  end  of  equal  successive  portions 
of  time,  it  will  cause  the  body  to  describe  the  straight  lines  CA 
DE,  EF  &c. 

Let  now  the  number  of  the  portions  of  tiilie  be  augmented, 
and  their  magnitude  diminished,  indefinitely ;  and  the  motion 
of  the  body  will  still  be  determined  in  the  same  manner. 

But  when  we  increase  the  number  of  the  portions  AB,  BCy 
CDy  &c.  and  diminish  their  magnitude  indefinitely,  the  figure 
approaches  more  and  more  nearly  to  a  curve.  Also  the  force 
which  acted  interruptedly  at  B,  C,  D,  E  becomes  more  and 
more  nearly  a  continuous  force;  and  the  second  Law  of  Motion 
on  which  the  above  reasoning  depends,  still  continues  to  be 
applicable. 

Therefore  when  the  force  becomes  a  continuous  force  the 
polygon  will  become  a  curve ;  and  it  may  be  a  curve  surround- 
ing the  center  S^  so  that  the  body  shall  revolve  round  S^ 

In  this  manner  the  planets  are  retained  in  their  orbits  by 
the  attraction  of  the  Sun,  and  the  satellites  revolve  in  their 
orbits  by  the  attraction  of  their  respective  primary  planets. 
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86.  Prop.  A  body  may  descrMs  a  circle  by  the  action 
of  a  uniform  force  tending  to  the  center. 

The  nature  of  the  curve  in  the  last  proposition  will  depend 
upon  the  relation  of  the  velocity  and  the  central  force ;  and  this 
may  be  such  that  the  curve  is  a  circle.  In  this  case  all  parts 
of  the  curve  being  exactly  alike,  the  force  to  the  center  will  be 
everywhere  the  same. 

When  a  body  revolves  in  a  circle  it  must  be  retained  in  its 
path  by  a  force  tending  to  the  center,  and  this  force  may  be 
produced  in  various  ways.  Thus  if  a  stone  be  whirled  round 
at  the  end  of  a  string,  the  tension  of  the  string  is  the  centripetal 
force.  The  Moon  revolves  about  the  Earth,  and  the  gravity  of 
the  Moon  to  the  Earth  is  the  force  which  retains  her  in  her 
orbit.  If  a  cannon  ball  could  be  projected  horizontally  at  the 
Earth's  surface  with  a  velocity  of  about  25000  feet  a  second,  it 
would  revolve  round  the  Earth,  being  retained  by  the  force  of 
gravity. 

If  the  centripetal  force  cease  for  a  moment  to  act  on  the 
revolving  body,  as  for  instance  if  the  string  break  by  which  a 
stone  is  whirled  round,  the  body  immediately  flies  off  from  the 
center.  This  fact  is  often  attributed  to  the  action  of  a  centri- 
fugal force.  In  reality  however  there  is  no  such  force,  other- 
wise than  as  a  result  of  the  first  law  of  motion.  The  body 
tends  to  recede  from  the  center,  only  because  it  tends  to  go 
on  in  a  straight  line.  It  flies  off,  only  because  it  flies  in  a 
tangent  to  the  circle. 

87.  The  tendency  of  revolving  bodies  thus  to  recede 
from  the  center  explains  many  phenomena. 

^^  If  a  pair  of  common  fire-tongs,  suspended  by  a  cord  from 
the  top,  be  made  to  turn  by  the  twisting  or  untwisting  of  the 
cord,  the  legs  will  separate  from  each  other  with  force  pro- 
portioned to  the  speed  of  rotation,  and  will  again  collapse  when 
the  turning  ceases.  Mr  Watt  adapted  this  fact  most  inge- 
niously to  the  regulation  of  the  speed  of  his  steam-engine. 
His  steam-governor  may  in  truth  be  described  as  a  pair  of 
tongs  with  heavy  balls  at  the  ends,  to  make  their  opening 
more  energetic,  attached  to  some  turning  part  of  the  machine. 
If  the  engine  move  with  more  than  the  assigned  speed,  the 
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baUs  open  or  fly  asunder,  and  by  a  simple  contrivaitce  are 
made  to  move  a  valve  winch  contracts  the  steam  tube;  on  the 
contrary^  with  too  slow  a  motion,  they  collapse  and  open  the 
valve, 

A  half-formed  vessel  of  soft  clay,  placed  in  the  centre  of 
the  potter^s  table, — which  is  made  to  whirl,  and  is  called  his 
wheel, — opens  out  or  widens  merely  by  the  centrifugal  force 
of  its  sides,  and  thus  assists  the  worker  in  giving  it  form. 

A  ball  of  soft  clay,  made  to  turn  quickly  by  a  spindle  fixed 
through  its  centre,  soon  ceases  to  be  a  perfect  ball.  It  bulges 
out  in  the  middle,  where  the  centrifugal  force  is  great,  and  be- 
comes flattened  towards  the  ends,  where  the  spindle  issues. 

This  is  exactly  what  has  happened  to  the  ball  of  our  Earth. 
It  has  bulged  out  seventeen  miles  at  the  equator,  in  consequence 
of  its  daily  rotation,  and  is  flattened  at  the  poles  in  a  corres- 
ponding degree. 

In  the  planets  Jupiter  and  Saturn,  of  which  the  rotation 
is  much  quicker  than  of  our  Earth,  the  middle  or  equator 
bulges  out  ^till  more — even  so  as  to  offend  an  eye  which 
expects  a  perfect  sphere. 

A  mass  of  lead  that  weighs  one  thousand  pounds  at  our 
pole,  weighs  about  five  pounds  less  at  the  equator,  by  reason 
of  the  centrifugal  force. 

If  the  rotation  of  our  Earth  were  seventeen  times  faster 
than  it  is,  the  bodies  or  matter  at  the  equator  would  have 
centrifugal  force  equal  to  their  gravity,  and  a  little  more 
velocity  would  cause  them  to  fly  off  altogether,  or  to  rise 
and  form  a  ring  round  the  Earth  like  that  which  surrounds 
Saturn.'' 


CHAPTER  VII. 


SPECULATIONS   WHICH   LBD  TO  TH£   THIRD   LAW  OP   MOTION. 


Section  I. 
Introductory  Attempts. 


88.  It  was  early  seen  that  the  effect  of  a  body  in  motion 
was  different  from  that  of  the  same  body  at  rest*  A  hammer 
will  drive  a  nail  by  a  blow,  which  a  very  great  weight  could 
not  force  into  the  wood  by  pressure.  The  earliest  attempts 
to  explain  this  circumstance  were  erroneous,  as  they  were  with 
regard  to  other  mechanical  facts.  Writers  endeavoured  to 
refer  it  to  the  lever :  thus  Guidubaldi,  who  has  already  been 
mentioned,  says  that  the  effect  of  the  blow  depends  on  the 
length  of  the  handle  of  the  hammer. 

When  the  term  momenttim  was  introduced,  it  was  for  a  long 
period  used  with  very  considerable  vagueness ;  it  was  employed 
to  designate  the  amount  of  a  body^s  mechanical  action  or  ten- 
dency to  motion,  before  it  had  been  ascertained  how  such 
actions  and  tendencies  were  to  be  measured  and  compared. 
Thus  Galileo,  in  his  ^^Discorso  intorno  alle  cose  che  stanno 
in  su  r Acqua  ^  says  that  "  it  is  the  force,  efScacy,  or  virtue 
with  which  the  motion  moves  and  the  body  moved  resists, 
depending  not  on  weight  only,  but  on  the  velocity,  inclination, 
and  any  other  cause  of  such  virtue.^' 

To  explain  the  great  effects  of  percussion  compared  with 
those  of  pressure  was  one  of  the  purposes  to  which  it  was 
attempted  to  turn  the  notion  of  momentum ;  but  these  attempts 
were  at  first  unsuccessful.  Galileo  arrived  at  the  paradox  that 
the  force  of  percussion  is  infinitely  greater  than  that  of  pres- 
sure: and  though  Borrelli  and  others  explained  some  of  the 
circumstances  which  had  puzzled  their  predecessors,  the  subject 
remained  one  of  considerable  perplexity  even  to  very  recent 


94 

times.  The  problem  of  percussion,  which  had  first  suggested 
the  notion  of  momentum,  was  one  of  the  last  to  be  satisfactorily 
solved  by  means  of  that  notion. 

The  true  laws  of  the  effect  of  pressure  in  producing  motion 
were  more  sucessfully  made  out  in  other  ways,  and  especially 
by  the  consideration  of  the  inclined  plane. 

When  Galileo  had  discovered  the  laws  of  the  motion  of 
bodies  falling  freely,  he  extended  these  laws  to  the  motion  of 
bodies  upon  inclined  planes,  considering  it  to  be  manifest  that 
such  motions  are  accelerated  by  laws  similar  to  those  of  bodies 
falling  freely.  It  has  been  seen,  accordingly,  that  the  con- 
firmation of  these  laws  by  observation  was  in  fact  first  obtained 
by  means  of  experiments  upon  inclined  planes. 

But  though  the  law  of  acceleration  is  the  same  when  a 
body  falls  freely  and  when  it  falls  down  an  inclined  plane,  the 
amount  of  acceleration  is  different.  Nor  did  Galileo's  prin- 
ciples give  him  any  direct  means  of  determining  the  proportion 
of  this  amount. 

To  avoid  this  difficulty  he  assumed  an  auxiliary  principle, 
namely,  "  that  the  velocity  acquired  in  falling  down  all  inclined 
planes  of  the  same  perpendicular  height  is  the  same.*"  And 
this  result  he  confirmed  by  direct  experiment,  extending  the 
assertion  not  only  to  inclined  planes,  but  to  all  curvilinear 
paths  whatever. 

Galileo*8  Proof  of  the  Velocity  acquired  by  a  body  falling 

down  a  Curve. 

89.  The  experimental  proof  of  this  principle  given  by 
Galileo  is  very  ingenious.  {Dialogo  3.  delle  Science  Nuove). 
It  is  as  follows.  In  fig.  38,  let  a  string  JC^  with  a  weight 
as  C,  appended,  be  fastened  to  the  point  A  in  the  vertical  plane 
ACB^  so  that  the  weight  may  swing  in  the  circular  arc  CBD. 
If  the  weight  be  let  fall  from  Z),  it  will  descend  to  B  and  rise 
again  to  C,  the  velocity  at  the  lowest  point  jB,  acquired  by 
falling  down  DB,  exactly  sufficing  to  carry  it  up  to  the  hori- 
zontal line  from  which  it  fell.  Now  let  a  nail  be  fixed  at  E 
in  the  vertical  line  AB^  so  that  on  the  side  of  Z),  the  weight 
may  be  compelled  to  move  in  the  circular  arc  GB  of  which 
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the  center  is  £.  Then,  G  being  in  the  horizontal  line  DCy 
let  the  weight  fall  from  G  and  it  will  be  found  that  it  still 
arises  exactly  to  C  before  its  velocity  is  extinguished:  Thus 
proving  that  the  velocities  acquired  by  falling  down  GB  and 
DB  are  exactly  equal. 

90.  This  experimental  proof  however  did  not  satisfy  the 
requisitions  of  mathematical  logic. 

"When  Viviani,"  says  Mr  Drinkwater,  "was  studying  with 
Galileo,  he  expressed  his  dissatisfaction  at  this  chasm  in  the 
reasoning;  the  consequence  of  which  was  that  Galileo,  as  he 
lay  the  same  night,  sleepless  through  indisposition,  discovered 
the  proof  which  he  had  long  sought  in  vain,  and  introduced 
it  into  the  subsequent  editions.'^ 

The  principle  of  this  proof  he  expresses  by  saying  that  the 
momentum  of  the  body  with  which  it  tends  to  descend  down 
the  inclined  plane  is  to  the  momentum  with  which  it  would 
descend  in  the  vertical  line,  as  the  height  of  the  plane  is  to 
its  length.  When  the  momentum  is  understood  to  be  pro- 
portional to  the  accelerating  force,  this  proposition  agrees  with 
the  third  Law  of  Motion;  and  its  application  will  be  seen  in 
tracing  the  consequences  of  that  law. 

In  the  course  of  time  the  notion  of  momentum  became  more 
precise.  It  was  discovered  that  the  product  of  the  numbers 
representing  the  weight  moved  and  its  velocity,  might  in  very 
many  cases  be  used  as  a  measure  of  the  power  to  produce 
motion,  and  that  a  number  of  rules  might  thus  be  brought 
under  one  more  general  rule.  It  was  then  seen,  (as  we  have 
already  shewn  it  to  be  true)  that  by  taking  this  definition  the 
conditions  of  equilibrium  of  all  machines  were  expressed  by 
saying  that  "the  momentum  of  the  power  and  weight  must 
be  equal.**^ 

This  notion  of  momentum  was  soon  applied  so  as  to  give 
the  true  laws  according  to  which  motion  is  produced,  both  in 
the  case  of  the  inclined  plane,  of  impact,  of  pendulums,  and 
many  others.  At  first  however  it  was  by  no  means  clearly  or 
philosophically  expressed.  Thus  Wren  in  his  paper  on  the 
Laws  of  Collision,  begins  by  stating  that  **the  proper  and 
most  natural  velocities  of  bodies  are  those  which  are  re- 
ciprocally proportional  to  these  bodies.''^     When  bodies  meet, 
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having  such  velocities,  they  preserve  them.  If  they  have 
improper  velocities,  one  loses  and  the  other  gains,  so  that  the 
case  has  an  analogy  with  a  lever  supported  on  two  centers* 
(Phil.  Tram.  43). 

91*  The  general  problem  on  which  all  these  particular 
ones  depend  is,  to  determine  the  vdocity  produced  by  a  given 
pressure,  knowing  the  weight  of  the  body  acted  upon  and  the 
time  during  which  the  force  acts. 

When  pressure  produces  motion,  we  cannot  collect  from 
any  of  the  preceding  reasonings,  the  velocity  generated.  It 
is  obvious  that  a  greater  pressure  produces  a  greater  velocity, 
other  things  being  equal :  it  is  obvious  also  that  the  greater 
the  mass  the  less  is  the  velocity  which  a  given  pressure 
generates.  If  a  small  weight  be  suspended  by  a  string,  we 
can,  by  a  small  push,  give  it  a  considerable  velocity;  but  if 
a  large  rock  be  suspended  by  a  rope,  the  same  push  would 
scarcely  produce  a  perceptible  motion,  thou^  the  friction 
here  would  be  altogether  inconsiderable. 

But  though  in  such  a  case  a  very  small  motion  would  be 
produced,  there  would  be,  in  reality,  some  motion  produced, 
however  small  were  the  force  and  however  large  the  mass  to  be 
moved,  if  the  motion  were  not  resisted  by  something  besides 
the  mere  inertia  of  the  body,  as  for  instance  friction,  or  a 
fixed  obstacle.  This  is  sometimes  illustrated  by  saying  that 
a  man  walking  or  leaping  on  the  earth^s  surface,  moves  the 
whole  globe  of  the  earth  by  the  pressure  of  his  feet.  And 
this  is  mathematically  true,  but  the  velocity  of  the  earth  is 
as  much  less  than  that  of  the  man,  as  its  weight  is  greater; 
and  the  motion  will  be  less  than  the  millionth  of  the  millionth 
of  the  millionth  of  a  hair^s  breadth ;  that  is  so  far  the  world 
of  sense  is  concerned,  it  is  the  same  as  if  it  did  not  exist. 

We  may  however  put  a  very  large  quantity  of  matter  in 
motion  by  a  very  small  force,  practically  as  well  as  theoretically^ 
by  continued  or  repeated  action.  Thus  a  large  weight  hung 
up  by  a  string  may  be  put  in  perceptible  motion  of  the  breath, 
if  we  blow  at  intervals  answering  to  the  oscillations  c^  the 
string,  so  that  the  small  impulses  may  all  assist  and  not  coun- 
teract each  other's  effects. 
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The  (simplest  law  which  we  can  imagine  to  ccmnect  pressure 
and  the  velocity  produced  by  it,  so  as  to  answer  the  above 
d[)vious  conditions^  is  that  the  velocity  produced  by  any  pres- 
sure shall  be  greater  exactly  in  proportion  as  the  pressure  is 
greater,  and  shall  be  less  exactly  in  proportion  as  the  mass 
moved  is  greater.  This  is  expressed  mathematically  by  saying» 
liiat  the  vdocity  produced  varies  direeilff  as  the  pressure  and 
inversely  as  the  mass  moved.  It  will  be  proved  that  this  is  the 
true  Law  of  Motion  if  we  assert  it  of  the  velocity  produced 
in  a  gioet^  time  by  a  uniform  pressure. 

If  this  velocity  vary  as  the  pressure  directly  and  as  the 
mass  moved  inversely,  it  follows  from  the  mathematical  rules 
of  variation,  that  the  product  of  the  velocity  and  the  mass 
moved  (both  being  represented  by  numbers)  varies  as  the  pres- 
sure :  that  is  (by  the  definition  of  momentum)  the  momentum 
produced  in  a  given  time  varies  as  the  uniform  pressure  which 
produces  it 

92.  In  order  to  prove  this  rule,  which  we  shall  do  in  the 
next  Section,  we  must  trace  some  of  its  consequences. 

When  Pressure  acts  upon  a  body  in  motion,  and  in  the 
direction  of  the  motion,  the  velocity  which  is  added  must  be 
the  same  as  the  same  pressure  would  produce  in  a  body  at  rest 
And  when  the  pressure  acts  in  a  direction  opposite  to  the  mo^ 
tion,  the  momentum  which  the  pressure  subtracts  or  destroys 
must  be  the  same  as  it  would  produce  in  a  body  at  rest.  Thus 
if  two  equal  pressures  act,  one  in  the  direction  of  a  body's  mo- 
tion  and  the  other  in  the  direction  opposite  to  a  body's  motion 
one  would  produce  as  much  momentum  as  the  other  destroys. 

Now  when  pressuire  is  exerted  between  two  bodies,  the 
pressing  body  experiences  a  pressure  equal  to  that  which  it 
exerts,  and  in  an  opposite  directi<m  (Art.  73).  Thus  when  a 
heavier  weight  draws  a  lighter  over  a  a^le  fixed  pulley,  the 
pressure  of  the  string  which  connects  them^  pulls  one  of  the 
bodies  forwards  and  the  oth^  backwards  with  the  saipi^  force* 
When  one  body  strikes  against  another  and  pushes  it  forward^ 
for  a  time,  the  first  body  has  its  motion  retarded  by  an  equoj 
push.     And  therefore  in  either  case  one  body  must  lose  as 
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much  momentum  as  the  other  gains,  for  the  equal  pressures 
act  upon  them  for  equal  times. 

Let  two  bodies,  each  of  the  magnitude  1,  be  connected  by  a 
string,  so  that  one  lies  upon  a  table  and  the  other  hangs  freely 
over  the  edge  of  the  table.  The  former  body  will  have  no  ten- 
dency to  move,  but  the  two  bodies  will  be  put  in  motion  by  the 
weight  of  the  latter.  If  the  latter  body  were  to  fall  freely,  it 
would  in  one  sec6nd  acquire  a  velocity  of  32  feet,  and  therefore  a 
momentum  of  32.  In  consequence  of  having  to  drag  along  with 
it  the  other  body,  the  velocity  will  only  be  l6;  but  the  momen- 
tum will  still  be  32,  since  both  bodies  move  with  the  same  velo- 
city ;  the  body  which  hangs  loses  l6  of  the  momentum  which  it 
would  have  had,  and  the  body  which  lies  on  the  table  acquires 
a  momentum  l6  which  it  otherwise  would  not  have  had. 

In  this  manner  it  is  universally  true,  that  in  the  direct 
action  of  two  bodies  in  motion,  the  mmnentum  gained  by  one 
body  and  that  lost  by  the  other  must  be  equal. 

The  momenta  thus  gained  and  lost  must  be  reckoned  in 
the  direction  of  the  motion ;  and  to  produce  any  momentum  in 
one  direction  must  be  conceived  to  be  the  same  thing  as  to 
destroy  an  equal  momentum  in  the  opposite  direction.  Thus 
let  bodies  A  and  J9,  of  which  the  magnitudes  are  2  and  1,  hang 
at  the  ends  of  a  string  over  a  fixed  puUy.  A  will  descend  and 
B  will  ascend.  If  they  had  not  been  connected,  both  would 
have  descended ;  A  would  have  acquired  in  one  second  a  velocity 
32  and  a  momentum  64 ;  B  would  have  acquired  a  velocity  32 
and  a  momentum  32.  In  consequence  of  their  connexion,  A  will 
acquire  in  one  second  a  velocity  only  of  10|  and  a  momentum 
of  21^,  thus  losing  a  momentum  of  42f ;  while  J?,  which  would 
have  descended  with  a  velocity  of  32,  ascends  with  a  velocity  of 
lof ;  and  thus  B  gains,  in  the  direction  of  the  fnotion^  first,  a 
momentum  of  32  which  destroys  its  descending  velocity,  and 
then  an  additional  momentum  of  lof ,  with  which  it  ascends; 
making  thus  an  ascending  momentum  gained  amounting  to  42|, 
the  same  amount  which  A  loses. 

In  the  same  manner  if  it  appear  by  the  calculation  that 
a  body  loses  more  momentum  than  it  really  possesses,  the  result 
will  be  that  it  will  move  in  an  opposite  direction  to  that  in 
which  its  momentum  was. 
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93.  The  equality  of  pressure  between  two  bodies  which 
act  upon  each  other  mechanically  is  a  universal  statical  truth, 
and  is  expressed  by  saying  that  ^^  Action  and  .Reaction. are 
equal  and  in  opposite  directions/^ 

The  fact  that  such  mutual  pressures  prodtice  and  destroy 
in  the  two  bodies  equal  momenta,  requires  a  distinct  and 
separate  proof.  It  has  sometimes  been  expressed  in  the  same 
words  which  assert  the  equality  of  the  pressure,  namely  that 
"Action  and  Reaction  iii  opposite  directions  are  equal  ;^  but 
this  mode  of  stating  the  matter  can  only  lead  to  ambiguity 
and  confusion.  To  make  Action  and  Reaction  mean  momenta 
gained  and  lost,  after  we  have  previously  made  the  words  mean 
pressures  exerted  in  opposite  directions,  is  highly  illogical ;  and 
answers  no  purpose  except  that  of  making  an  experimental,  proof 
appear  unnecessary,  in  a  case  where  it  is  the  only  possible  de- 
monstration. 

94.  When  the  mechanical  problem  of  the  Impact  of 
Bbdies  was  treated,  the  impact  was  generally  assumed  to  be 
instantaneous.  In  this  way  it  became  an  action  sui  generis^ 
and  there  was  no  reason  a  priori  why  the  same  rules  should 
apply  to  this  action  as  apply  to  continued  pressure.  It  was 
however  assumed  that  the  same  rules  did  apply. 

The  fact  is  that  no  impact  is,  properly  speaking,  instan- 
taneous ;  all  collision  is  merely  a  short  and  violent  pressure : 
and  to  such  pressures  the  laws  of  action  and  reaction  are  of 
course  properly  applicable.  Thus  an  error  in  the  hypothesis 
concerning  the  nature  of  impact  was  balanced  by  a  groundless 
assumption  concerning  the  laws  which  apply  to  this  kind  of 
mechanical  action. 

The  laws. of  the  impact  of  bodies  are  deduced  from  the 
principle  already  mentioned  with  regard  to  other  cases  of 
mechanical  action:  namely  that  the  momentum  gained  and 
lost  are  equal:  and  this  is  strictly  applicable,  however  the 
pressure  be  supposed  to  vary  during  the  contact.  For  the 
pressure  on  the  two  bodies  at  each  instant  will  be  equal ;  and 
therefore  the  momentum  gained  by  the  one  in  each  instant,  and 
therefore  in  the ;  whole  result,  equal  to.  that  lost  by  the  other. 
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Ob  thb  pri]ici|de  the  prindpal  caM6  of  the  probl^n  of 
n^aet  wtte  mAred  independently  by  Widlis,  Wtm^  and 
Huyi^baw  in  1668. 

On  the  Motion  ef  the  Center  ef  Oravity. 

95.  At  the  end  of  tiie  solution  which  Huyghens  gave 
of  the  problem  of  impact,  he  stated  that  he  had  discovered 
and  partly  proved  a  law  concerning  the  motion  of  bo£es  im- 
pinging on  each  other,  which  he  suspected  to  be  unhrersal* 
The  law  was  this. 

In  the  impaet  of  bodies,  the  motion  of  the  eenter  of  gtafntff 
takes  place  in  the  same  direction  and  teith  the  same  eelocUjf^ 
before  and  after  the  collision. 

This  proposition  is  universally  true.  We  shall  shew,  in 
the  case  of  the  motion  of  bodies  in  the  same  line,  that  it  follows 
from  the  equality  of  the  momenta  gained  and  lost. 

Let  Af  B9  fig.  37»  be  two  bodies,  AC,  BD  spaces  described 
by  them  in  the  same  time  uniformly,  tha*efore  AC,  BD  mea- 
sure the  velocities  of  the  bodies  before  impact.  Let  G  be  the 
center  of  gravity  when  the  bodies  are  at  A  and  B,  H  the 
center  when  they  are  at  C  and  2>.  Therefore  GH  is  the 
velocity  of  the  center  of  gravity. 

Now  A,  B,  being  the  magnitude  of  the  bodies,  we  have  by 
Art.  41,  rince  G  is  the  center  of  gravity,  A  x  GA  =  JB  x  GB 

or  A  X  (GC  +  CA)^  B(GH ^  HB) 

ot  Ax  OC^AxCA^BxGH^BxBSj 

Also,  since  H  is  the  center  of  gravity  when  J  is  at  C  and 
IJatZ),  AxCH^BxDHy 

or  Jx(GC+Gfi)  =  Sx(iffJB  +  52>), 

or  AxGC  +  AxGS^BxHB^BxBD. 

subtracting  this  from 

AxGC^A^CA^BxGH^BxHB,    ' 

we&nd  Ax  CA- Ax  GH  ^  B  x  GH  -  B  x  BD, 
or  AxAC^BxBD^{A  +  B\xGH, 


.  t 
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• 

c^  the  Btun  of  the  momenta  of  the  two  bodies  A^  B^  moving 
with  their  own  velocities,  is  equal  to  the  momentum  whkh  the 
sum  J  +  JB  would  have  if  it  were  to  move  with  the  velocity  of 
the  center  of  gravity. 

Now,  since,  (Art  94.)  the  momenta  gained  and  lost  in  im- 
pact are  equal,  the  sum  of  the  momenta  of  the  bodies  after 
impact  is  the  same  as  it  is  before  impact,  subtracting  instead 
of  adding  when  the  motion  of  either  of  the  bodies  is  in  the 
opposite  direction.  Hence  the  momentum  of  jtf  +  B,  moving 
with  the  velocity  of  the  center  of  gravity,  remains  unaltered : 
and  therefore  the  velocity  of  the  center  of  gravity,  in  its  ori- 
ginal direction,  remains  unaltered. 

This  is  true  whether  the  bodies  be  elastic  or  inelastic. 

Upon  the  same  principles  it  might  be  proved  if  the  bodies 
were  to  meet  each  other  obliquely  in  any  manner  whatever, 
that  the  motion  of  the  center  of  gravity  is  not  affected  by 
their  mutual  impacts  and  pressures. 

We  now  proceed  to  state  the  third  Law  of  Motion,  pre- 
viously dining  the  notions  which  it  involves. 


Section  II. 
The  Third  Law  of  Motion* 

96.  The  third  Law  of  Motion  depends  upon  the  Quan-* 
tity  of  Matter,  and  may  be  expressed  by  using  the  term 
Moving  Force.  We  must  therefore  say  a  few  words  on 
these  subjects. 

Measure  of  the  Quantity  of  Matter. 

Bodies  are  considered  as  having  the  same  Quantity  of 
Matter  when  they  produce  by  their  matter,  the  same  me-^ 
chanical  effects.  We  have  already  (Art.  £2.)  spoken  of  one 
kind  of  effect  produced  by  the  matter,  namely,  weight ;  and  it 
has  been  said  that  S^  cubic  inches  of  lead  will  produce  by  \\» 
weight  the  same  effect  as  3^  cubic  inches  of  iron;  hence  2^ 
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cubic  inches  of  lead  and  3^  cubic  inches  of  iron  contain. the 
same  Quantity  of  Matter. 

If  we  apply  any  portion  of  Matter  to  produce  an  effect  by 
its  weight,  as  for  instance  if  we  put  a  lump  of  lead  into  the 
scale  of  a  balance,  we  find  that  it  makes  no  difference  into  what 
shape  we  form  the  lead,  if  we  do  not  add  or  take  away  any 
portion ;  and  if  we  cut  it  in  pieces,  the  effect  of  all  the  pieces 
is  still  the  same  as  that  of  the  whole. 

Hence  it  appears  that  in  such  cases  the  Quantity  of  Matter 
depends  upon  the  magnitude  of  the  body  only;  and  for. any 
given  material,  the  quantity  of  matter  varies  as  the  magnitude. 

We  shall  shew  that  the  velocity  produced  by  any  pressure 
varies  as  the  pressure  directly  and  as  the  Quantity  of  Matter 
moved  inversely.  Therefore  another  effect  of  Quantity  of 
Matter  is  to  diminish  the  velocity  communicated  by  a  given 
pressure. 

This  latter  effect  will  be  the  same  at  all  places  and  times,, 
for  it  is  not  conceived  as  depending  on  place  or  time.  But  the 
weight  of  a  body  is  not  necessarily  the  same  at  all  places ;  it  is 
less  at  the  equator  than  it  is  in  our  latitudes,  as  appears  by 
this;  that  a  clock  pendulum,  carried  to  the  equator,  goes 
slower  than  it  does  here.  When  Halley,  in  16775  went  to  the 
island  of  St  Helena  to  observe  the  stars  of  the  southern  hemi- 
sphere, he  found  his  clock  lose  so  much,  that  the  screw  at  the 
bottom  of  the  pendulum  did  not  enable,  him  to  shorten  it  suf- 
ficiently. This  shewed  that  while  the  Quantity  of  Matter 
which  was  to  be  moved  remained  the  same,  the  pressure  of 
gravity  which  moved  it  was  diminished. 

The  Quantity  of  Matter  of  the  same  body  is  always  the 
same,  and  we  may  therefore,  in  this  manner,  measure  the  al- 
teration of  weight  at  different  places. 

But  in  different  bodies,  at  the  same  placey  the  Quantity  of 
Matter  is  proportional  to  the  weight,  and  we  may  therefore 
measure  the  Quantity  of  Matter  by  means  of  the  weight. 

97-  The  Inertia  of  a  body  is  the  effect  of  the  Quantity 
of  Matter  in  diminishing  the  motion  impressed  upon  the  body; 
when  considered  as  a  quantity  it  is  identical  with  the  Quantity 
of  Matter. 
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The  Inertia  of  bodies  is  therefore  proportional  to  their 
weight  at  the  same  place ;  and  the  Inertia  of  the  same  body  is 
always  the  same,  though  the  weight  should  alter. 

Since  the  velocity  which  is  produced  in  a  body  is  less  as 
the  Inertia  is  greater,  the  Inertia  is  sometimes  spoken  of  as  a 
Resistance  to  motion  impressed  on  the  body :  but  it  appears 
from  what  is  said  above  that  the  Inertia  never  prevents,  but 
only  diminishes  the  motion  impressed. 

The  Inertia  is  also  sometimes  considered  as  a  resistance 
which  the  body  opposes  to  any  increase  or  diminution  of  its 
motion;  and  in  this  sense  the  first  Law  of  Motion  is  called 
the  Law  of  Inertia. 

The  Via  Inertice  is  a  term  sometimes  applied  to  this  sup- 
posed resistance. 

Mea^sure  of  Moving  Force. 

98.  The  Accelerating  Force  is  measured  by  the  velocity 
produced,  without  taking  any  account  of  the  Quantity  of  Matter 
moved.  But  since  the  circumstances  of  the  motion  depend  oh 
the  Quantity  of  Matter  as  well  as  the  velocity,  the  notion  of 

Moving  Force  is  introduced. 

• 

Moving  Force  is  measured  by  the  Accelerating  Force 
multiplied  into  the  Quantity  of  Matter, 

The  Accelerating  Force  and  the  Quantity  of  Matter  are 
here  both  supposed  to  be  expressed  in  numbers:  the  former 
is  measured  according  to  Art.  63;  the  latter  is  measured  by 
the  weight,  according  to  Art.  96. 

CoE.  1.  The  Moving  Force  varies  as  the  Accelerating 
Force  multiplied  into  the  Quantity  of  Matter,  and  the  Ac- 
celerating Force  varies  as  the  velocity  communicated  in  a 
given  time:  hence  the  Moving  Force  will  vary  as  the  pro- 
duct of  the  velocity  produced  in  a  given  time  into  the  Quan- 
tity of  Matter. 

CoR,  2.     The  product  of  the  velocity   and  quantity  of 

matter  is  called  the  Momentum:  Hence  the  Momentum  com- 

•  

muiiicated  in  a  given  time  varies  as  the  Moving  Force. 

The  Momentum  is  sometimes  called  the  Quantity  of  Motion. 
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The  Third  Law  of  Motion. 

99*  When  pressure  communicaiea  motion  directly  (that 
Uf  in  the  direction  of  the  pressure,)  the  Moving  Force  is 
as  the  pressure. 

By  Cor.  S,  to  the  Definition  of  Moving  Force,  it  appears 
that  this  law  will  be  proved,  if  it  is  shewn  that  the  momen- 
tum communicated  in  a  given  time  is  as  the  pressure  which 
communicates  it.  This  may  be  proved  by  experiments  of  the 
following  kinds. 

Suppose  two  bodies,  each  being  of  the  wei^t  fT,  to  hang 
over  a  fixed  pully ;  they  will  exactly  balance  each  other.  Let 
now  a  weight  Q  be  added  to  one  of  them ;  the  weight  Q  is  the 
pressure  which  produces  motion,  and  the  weight  moved  is 
2W+  Q.  Hence  the  momentum  generated  in  the  mass  2fF+  Q 
at  the  end  of  one  second  ought  to  be  proportional  to  the  weight 

If  the  weights  W  were  each  3  pounds,  then,  when  Q  is  l 
pound,  the  velocity  produced,  in  one  second,  would  be  4y  feet 
per  second;  and  the  momentum  would  be 

(2  X  3  +  1)  X  4  -  or  32. 

The  weights  W  being  still  3  pounds  each,  if  Q  be  2  pounds, 
the  velocity  produced  in  one  second  would  be  8  feet  per  second, 
and  the  momentum  would  be  (2  x  3  +  2)  x  8  or  64 ;  which  is  to 
32  in  the  proportion  of  2  to  1,  the  values  of  Q  in  the  two  cases. 

This  is  an  experiment  in  which  the  velocities  might  be 
made  so  small  as  to  be  easily  measured.  Thus  if  Q  were 
only  an  ounce,   the  velocity  produced,  in  one  second,  would 

be  —  or  -  nearly  of  a  foot  p^  second. 
97        3  ^  '^. 

The  velocities  thus  produced  may  be  measured  in  two 

ways. 

The  weight  Q  may  be  taken  off  at  the  end  of  one  second, 
and  then  the  velocity  will  become  uniform,  and  the  space  de- 
scribed in  the  next  second  will  measure  the  velocity. 

Or  the  space  may  be  noticed  through  which  Q  descends  in 
one  second,  which  will  be  half  the  space  that  would  l^aYe  been 
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described  by  the  last  velocity  continued  uniform^  because  the 
Accelerating  Force  is  uniform  (Art.  74.  Cor.  l). 

Instead  of  one  second,  the  spaces  and  velocities  correspond- 
ing to  any  other  time  may  be  noticed ;  and  since  the  Accele* 
rating  Force  is  uniform,  the  space  and  velocity  in  one  second 
may  be  calculated  by  Art.  74. 

100.  In  the  mode  of  experimenting  which  we  have  just 
described,  we  have  omitted  to  consider  the  Inertia  of  the  fixed 
pully  and  the  string  by  which  the  weights  are  connected,  and 
also  the  friction  and  the  resistance  of  the  air*  All  these  things 
however  would  affect  the  result. 

AtwooSs  Machine  is  a  machine  which  was  constructed  for 
the  purpose  of  obtaining  the  results  of  such  experiments,  free 
from  these  causes  of  error. 

The  resistance  of  the  air  Is  got  rid  of,  in  a  great  degree,  by 
making  the  velocities  small. 

The  friction  is  much  diminished  by  placing  the  axis  of  the 
fixed  pully  upon  friction  wheels. 

But  by  this  means  the  Inertia  of  the  pully  and  wheels  be- 
comes considerable,  and  must  not  be  left  out  of  consideration. 

The  Inertia  of  the  pully,  wheels  and  string  is  always 
equivalent  to  a  constant  addition  to  the  Inertia  of  the  weights 
moved. 

Let  P  be  this  addition;  then  when  two  weights  W  are 
moved  by  a  weight  Q,  the  Quantity  of  Matter  moved  may  be 
considered  as  SlT-fP-f  Q,  and  the  moving  weight  as  Q;  and 
with  these  suppositions  the  calculations  may  be  made  in  the 
dame  manner  as  before. 

A  great  number  of  experiments  were  made  with  such  a 
machine ;  and  they  were  all  found  to  agree,  in  the  most  exact 
manner,  with  the  results  which  follow  from  supposing  the 
third  Law  of  Motion,  as  above  explained,  to  be  true :  they 
therefore  prove  this  I^w.  An  account  of  these  experiments 
is  given  in  Sect.  7  of  Atwood  on  Rectilinear  and  Rotatory 
Motion. 

Mr  Smeaton  (See  PhiL  Trans,  lxvi.)  also  made  expe- 
riments on  the  rotatory  motion  which  could  be  produced 
by  weights  descending  freely  by  the  force  of  gravity.     His 

O 
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apparatus  was  not  in  principle  miichr  different  froih  Atwood** 
Machine;  and  his  results,  though  expressed  in  different  lan- 
guage, agree  equally  well  with  the  Laws  of  Motion  as  here 
stated. 

101.  Experiments  confirmatory  of  the  third  Law  of  Mo- 
tion may  also  be  made  by  means  of  inclined  planes ;  for  when 
a  body  descends  upon  an  inclined  plane,  the  force  which  accele- 
rates it  has  ta  the  force  of  gravity  a  certain  ratio,  depending 
upon  the  inclination  of  the  plane.  It  has  already  been  stated 
(Art.  67.)  that  Galileo's  experiments  agreed  with  his  theory 
of  the  motion  of  bodies  upon  the  inclined  plane,  which  theory 
depended  upon  the  assumption  that,  for  the  same  body,  the 
velocity  is  as  the  pressure  which  produces  it. 

But  experiments  of  this  kind  may  be  miade  more  accurately 
by  mean's  of  pendulums.  If  we  suspend  a  weight  at  the 
lower  end  of  a  string  of  which  the  upper  end  is  fixed,  the 
force  w;hich  causes  this  pendulum  to  oscillate  has  a  certain 
relation  to  the  weight  of  the  body ;  and  may  be  calculated  by 
kiiowing  the  length  of  the  pendulum.  Thus  it  will  appear, 
by  the  resolution  of  pressures,  that  at  equal  small  distances 
from  the  vertical  line,  the  pressure,  or  force,  which  urges  the 
pendulum  towards  the  vertical  line,  varies  inversely  as  the 
length  of  the  pendulum.  Hence,  supposing  the  accelerating 
force  to  be  proportional  to  the  pressure,  it  will  appear  that 
the  time  of  reaching  the  vertical  line  will  be  as  the  square 
root  of  the  length  of  the  pendulum;  and  the  time  of  an 
oscillation  is  the  double  of  this  time.  Therefore  in  different 
pendulums  the  time  of  oscillation  will  be  as  the  square  root 
of  the  letigth  of  the  pendulum,  if  the  third  Law  of  Motion 
be  true. 

Now  such  is  found  to  be  really  the  ease.  And  this 
is  an  observation  which  admits  of  great  accuracy:  for  the 
oscillations  of  pendulums  being  perpetually  repeated,  any 
•deviation  in  the  duration  of  an  oscillation  from  that  given 
by  theory,  is  also  perpetually  repeated,  and  will  thup  in  the 
course  bf  time  become  sensible,  however  small  it  be. 

Let  there  be  a  seconds  pendulum,  and  another  four  times 
as  long^  which  ought  therefore  to  swing  double  ^econdis.     Jf  iU 
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real  time  of  osciliation  deviates  from  this  by  |^  of  a  second, 
in  2000  seconds  (that  is  in  little  more  than  half  an  hour)  it 
will  be  wrong  a  whole  oscillation,  and  will  be  swinging  from 
right  to  left  during  two  certain  seconds,  when  it  ought  to 
have  been  swinging  from  left  to  right  by  the  Law  of  Motion. 

102.  It  appears  also  by  Art.  92,  that  this  third  Law  of 
Motion  will  be  proved  by  proving  that  in  the  mutual  action 
of  two  bodies  in  their  direct  collision,  the  momentum  gained 
by  one  and  that  lost  by  the  other  in  the  same  direction  are 
equal. 

Wren  made  experiments  on  the  collision  of  bodies,  before 
the  Royal  Society;  and  these  experiments  agreed  with  his 
theory,  and  therefore  confirmed  the  third  Law  of  Motion  on 
which  the  theory  depends.  Experiments  of  the  same  kind 
were  repeated  by  others  with  like  success.  Newton  also  re- 
peated them.  He  hung  up  two  bodies  close  to  each  other  by 
strings  10  feet  long,  and  drawing  the  two  bodies  aside  to  a 
considerable  distance  from  each  other,  as  8,  12,  or  l6  feet,  he 
then  let  them  go  so  as  to  meet.  He  found,  with  the  exception 
of  inconsiderable  errors,  that  the  momenta  gained  and  lost  by 
the  two  bodies  were  equal  in  the  same  direction ;  whether  the 
bodies  were  equal  or  unequal,  elastic  or  inelastic.  ^'  Thus  if 
a  body  A  impinged  on  a  body  B  at  rest  with  a  momentum  9, 
and  after  impact  went  on  with  a  momentum  2,  the  body  B 
gained  the  momentum  7  which  A  had  lost.  If  the  bodies  met, 
A  with  a  momentum  12  and  B  with  a  momentum  6,  and  if  A 
went  back  with  2,  B  went  back  with  8,  each  having  lost  14  in 
opposite  directions.  But  if  the  bodies  went  towards  the  same 
%ide,  A  with  a  momentum  14  overtaking  B  which  had  a  mo- 
mentum of  5,  and  after  reflexion  A  went  on  with  5,  B  went  on 
with  I4f'^  A  having  lost  and  B  gained  9  in  the  same  direction. 
And  similarly  in  other  caseb*  The  quantity  of  momentum 
obtained  by  taking  the  sum  of  conspiring  or  the  difference  of 
contrary  motions  was  never  changed."  Newton,  Principia; 
Scholium  to  the  Laws  of  Motion. 

Newton  found  the  velocities  of  the  bodies  in  these  expe- 
riments by  means  of  a  proposition  hereafter  to  be  given,  that 
4he  .velcknty  acquired  in  falling  down  an  arc  of  a  circle  (which 


a  p^idulum  does)  is  equal  to  the  velocity  acquired  in  foiling 
down  the  chord. 

He  shewed  also  how  allowance  may  be  made  for  the  velocity 
Io6t  by  the  resistance  of  the  air. 

103.  In  the  collision  of  bodies  which  are  imperfectly 
elastic,  the  velocity  with  which  the  bodies  separate  after  the 
impact  is  less  than  the  velocity  with  which  they  meet  before 
impact  in  the  ratio  of  the  elastic  force ;  and  this  force  is  con- 
stant for  the  same  kind  of  bodies.  But  the  equality  of  the 
momenta  gained  and  lost  was  found  to  obtain  also  in  this  case. 

The  assertion  that  the  elastic  force  of  bodies,  as  measured 
by  the  ratio  of  the  velocity  with  which  they  separate  to  the 
velocity  with  which  they  meet,  is  constant  for  the  same  ma- 
terials, depends  upon  Newton^s  observations.  ^^  I  made  the  ex- 
periment^ says  he  in  the  Scholium  just  quoted  ^'  with  balls  of 
wool,  very  closely  pressed  and  tightly  bound,  in  the  following 
manner.  First  by  letting  go  the  pendulums  and  measuring 
the  reflexion,  I  found  the  quantity  of  the  elastic  force ;  then 
by  means  of  this  force  I  determined  the  reflexions  in  other 
cases  of  collision,  and  the  experiments  answered  to  this  deter- 
mination. The  balls  always  separated  with  a  relative  velocity 
which  was  to  the  relative  velocity  of  their  meeting  as  5  to  9 
nearly.  Balls  of  steel  separated  with  nearly  the  same  velocity ; 
those  of  cork  with  a  little  less ;  in  balls  of  glass  the  proportion 
was  15  to  16  nearly. 

And  in  this  manner  the  thirc^  law,  as  to  collision  and 
Kflexion,  «grees  entirely  with  experiment." 

104.  If  a  man  in  a  boat  pull  at  a  rope  of  which  the  other 
end  is  fastened  to  a  ship,  both  floating  freely,  the  boat  will 
move  towards  the  ship,  and  the  ship  towards  the  boat,  and  the 
velocity  of  the  boat  will  be  as  niuch  greater  as  its  quantity  of 
matter  is  less;  so  that  the  momenta  of  the  two  in  opposite 
directions  will  be  equal. 

Exactly  the  same  will  be  the  case  if  the  man  who  pulls  i» 
in  the  ship  instead  of  the  boat. 

If  two  bodies  attract  each  other,  this  may  be  ccmsidered  w 
equivalent  to  their  being  drawn  together  by  an  invisible  cord^ 
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Tbey  will  move  towards  each  other  except  they  are  prevented, 
and  their  opposite  momenta  will  be  equid.  Thus  if  a  magnet 
and  a  piece  of  iron  be  placed  on  two  pieces  of  cork  and  set  to 
float  on  water,  they  will  approach  each  other,  the  smaller  masa 
moving  proportionally  quicker. 

105.  The  third  Law  of  Motion  is  thus  proved  by  ex- 
periment: having  been  recommended  to  consideration  in  the 
first  place  by  its  simplicity. 

As  an  illustration  of  this  simplicity  it  may  be  observed  that 
this  is  the  only  law  of  the  mutual  action  of  bodies  in  motion, 
according  to  which  the  motion  or  rest  of  the  center  of  gravity 
would  be  the  same  before  and  after  the  action. 

Let  two  bodies  A  and  B  move  towards  each  other  in  op- 
posite  directions  with  equal  momenta :  then  the  center  of  gravity 
will  be  at  rest  before  impact;  and  the  third  Law  of  Motion 
being  true,  it  will  also  be  at  rest  after  the  impact  by  Art.  97* 
But  if  this  Law  were  not  true,  the  center  of  gravity,  which  had 
been  at  rest  before  the  impact,  would  suddenly  start  into  motion 
as  soon  as  the  impact  took  place. 

Two  bodies  which  are  drawn  together  by  a  rope,  or  by 
their  mutual  attraction,  as  is  supposed  in  Art.  104,  will  finally 
meet,  and,  when  they  have  met,  will  be  at  rest,  because  their 
opposite  pressures  will  destroy  each  other;  therefore  after  their 
concourse  their  center  of  gravity  also  will  be  at  rest*  And  if 
the  third  Law  of  Motion  be  true,  the  center  of  gravity  will  also 
be  at  rest  before  their  concourse ;  but  if  this  Law  be  false,  the 
center  of  gravity  will  move  with  a  finite  velocity  till  the  bodies 
meet,  and  will  then  suddenly  stop. 

106.  Again,  it  follows  from  the  third  Law  of  Motion  that 
the  quantity  of  momentum  of  any  bodies,  estimated  in  a  given 
direction,  cannot  be  increased  or  diminished  by  their  mutual 
action. 

This  has  been  shewn  already  in  the  case  of  the  direct 
action  of  bodies,  (Art.  97*)  and  is  true  in  the  case  of  their 
oblique  action  also,  the  resolved  parts  of  the  motions  in  any 
direction  being  governed  by  this  law  in  the  same  manner  as> 
if  the  bodies  had  no  other  motions. 
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109.  As  a  small  force,  acting  for  a  long  time,  may  pro- 
duce a  great  momentum,  so  a  large  force,  if  it  act  for  a  short 
time,  will  produce  only  a  very  small  effect.  This  is  exemplified 
in  the  experiment  of  shooting  a  pistol-bullet  through  a  sheet  of 
paper  hung  loosely.  Though  the  paper  is  so  light,  the  great 
momentum  of  the  bullet  scarcely  gives  it  a  perceptible  mo^ 
tion.  The  reason  is,  that  the  bullet  acts  upon  the  paper  only 
during  the  very  short  time  which  it  employs  in  passing  through 
it.  If  the  bullet  have  a  velocity  of  1000  feet  a  second,  and  the 
paper  be  one  thousandth  of  an  inch  in  thickness,  the  time  of 

.      .  Ill  1 

the  action  is  only of  —  of of  a  second,  or  — ■ of 

^  1000        12        1000  12000000 

ft  second.     If  we  suppose  that  the  bullet  shot  into  a  solid  mass 

of  paper  would  have  lost  all  its  velocity  by  penetrating  1  foot, 

this  penetration  would  have  occupied  the of  a  second :  and 

hence,  in  the  — of  a  second,  it  would,  in  the  same  sub- 

12000000 

^Stance,  lose  only  the of  its  momentum,  or  the  momentum 

^  24000 

•corresponding  to  a  velocity  of  half  an  inch  a  second;  and  the 
paper  could  only  gain  the  amount  of  momentum  which  the 

bullet  thus  loses.     If  the  paper  be  —  of  the  weight  of  the 

24 

bullet,  the  paper  will  acquire  a  velocity  of  a  foot  a  second; 

and  therefore  in  —  of  a  second,  which  is  a  portion  of  time 

quite  perceptible,  it  would  only  move  through  1  inch.  And 
as  the  resistance  of  the  air  upon  a  sheet  of  paper  is  very  con- 
tdderable,  the  whole  velocity  would  be  destroyed,  almost  before 
the  motion  could  be  observed. 
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Section  III. 
Motion  on  the  Inclined  Plane- 

110.  Pttop.  The  force  which  accelerates  a  body  down 
an  inclined  plone^  is  to  •  the  accelerating  force  of  gravity 
which  acta  on  a  body  falling  freely ,  as  the  height  of  the  pUme 
is  to  its  length. 

The  force  which  must  act  up  an  inclined  plane  to  prevent 
a  body  W  from  sliding  down  the  plane  is  a  pressure  which  is  to 
W  as  the  height  of  the  plane  to  its  length  (Art.  48,  Cor.  1.) 
Hence  if  the  body  be  placed  upon  the  plane  unsupported  it  if» 
urged  down  the  plane  by  this  pressure.  Therefore  the  moving 
force  in  this  case  is  to  the  moving  force  when  the  body  falls 
freely  (or  the  whole  weight  of  W)  as  the  height  of  the  plane 
to  its  length,  (by  the  third  Law  of  Motion).  But  the  quantity 
of  matter  moved  in  the  two  cases  is  the  same  (the  body  W). 
Therefore  by  the  definition  of  moving  force,  the  accelerating 
force  is  also  in  the  same  proportion ;  which  is  the  proposition 
to  be  proved.     (See  Art.  90.) 

Cor.  1.  From  this  it  follows  (by  the  definition  of  ac- 
celerating force)  that  the  velocity  produced  in  the  same  body, 
and  in  the  same  time^  falling  down  the  inclined  plane  and 
falling  vertically,,  will  be  as  BC  to  AC. 

Hence,  if  in  the  time  of  falling  down  the  height  CBf 
fig.  28,  a  body  fall  down  CG  on  the  inclined  plane,  the  velo- 
cities at  G  and  at  B  are  as  ^BC  to  AC. 

Cor.  2.  Also  the  spaces  GXJ^  BC  are  as  BC  :  AC  by 
Cor.  3,  Art  74. 

Hence  GC  :  BC  ::  BC  :  AC;  therefore  BCG^  ACBy  lu« 
similar  triangles,  and  BG  is  perpendicular  to  AC. 

CoR.  S.     By  Art,  74. 

CA  :  CQ  ::  (time  down  CAf  :  (time  d&wn  CGf 
that  is  CA^ :  CB^ ::  (time  down  CAf  ;  (time  down  CBy. 
Hence  CA  :  CB  ::   time  down  CA    :    time  down  CB. 

P 
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Cor.  4.     Since  the  velocities  are  as  the  forces, 

vel-  at  B  :  vel.  at  G  ::  CA  :  CB 

also  yd.  at  G  :  vel.  at  A  ::  time  in  CE  :  time  in  CA\  that  is, 
::  time  in  CB  :  time  in  CA\  and  this  is,  by  last  Cor.  ::  CB  :  CA. 

Hence  vel.  at  £«vel.  at  ^;  or  the  velocity  acquired  by 
£All]ng  down  an  inclined  plane  is  equal  to  the  velocity  acquired 
by  falling  down  its  vertical  height. 

Cob.  5.  Hence  the  velocities  acquired  by  falling  from 
rest  down  all  inclined  planes  of  the  same  height  are  equal. 

It  has  already  been  shewn  by  experiment  (Art.  89)  that 
the  velocities  acquired  down  two  circular  arcs  of  the  same 
height  are  equal.  And  it  may  be  proved,  upqn  the  principles 
just  stated,  that  the  velocities  acquired  down  any  lines,  whether 
curved  or  straight,  are  equal,  so  long  as  the  vertical  height 
descended  through  is  the  same. 


Section  IV. 
Impact, 

111.  The  effect  of  Impact  is  to  be  calculated  in  each  case 
by  the  principle  already  stated,  namely,  that  the  momenta 
lost  and  gained  are  equal;  combined  with  the  considerations 
depending  upon  the  amount  of  elasticity. 

The  following  Example  will  illustrate  this. 

Let  an  elastic  ball  A  strike  a  body  B  at  rest,  which  is 
10  times  as  large  as  itself.  If  ^  and  B  were  not  elastic  they 
would  go  on  together  after  impact :  and  the  momentum  would 
be  the  same  as  A'*s  momentum  before  impact.  If  ^s  original 
velocity  be  11,  the  velocity  after  impact  will  be  1,  in  order  that 
the  momentum  after  impact,  (10  +  1)  x  1,  may  be  the  same  as 
that  before  impact^  1  x  11.  Hence  A  loses  a  velocity  10  and 
B  gains  a  velocity  1.  But  if  the  balls  be  perfectly  elastic,  ^ 
and  B  will  separate  with  the  same  force  with  which  they  met : 
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therefore  A  will  again  lose  a  velocity  10  and  B  will  gain  a 
second  velocity  1.  By  this  means  A  will  now  move  back  with 
A  velocity  9,  and  B  move  forwards  with  a  velocity  2. 

And  a  like  mode  of  reasoning  may  be  applied  in  other 
cases. 

If  the  bodies  be  imperfectly  elastic,  it  appears  by  ex- 
periment (Art  103.)  that  the  relative  velocity  witli  which  they 
separate  bears  a  certain  ratio  to  the  velocity  with  which  they 
meet,  which  ratio  depends  upon  the  elasticity  of  the  material. 

By  combining  this  condition  with  the  equality  of  the  mo- 
menta gained  and  lost,  the  velocities  of  the  bodies  after  impact 
may  be  determined  in  any  given  case  from  the  velocties  before 
impact. 


Section  V. 
^    Simple  Pendulums. 

112.  When  a  pendulum  oscillates,  the  force  which  urges 
it  towards  the  position  in  which  it  would  be  in  equilibrium  is 
not  a  uniform  but  a  variable  force ;  and  therefore  the '  pro- 
positions which  have  been  proved  concerning  uniform  forces 
cannot  be  immediately  applied  in  this  case.  But  some  of 
the  most  important  of  the  properties  of  oscillating  pendu- 
lums may  be  proved  by  means  of  one  or  two  propositions 
which  are  extensions  of  rules  already  proved  for  uniform 
forces,  and  are  almost  evident  by  comparison  with  those 
rules.     These  propositions  are; 

{A)  In  the  case  of  uniform  forces  it  has  been  proved 
(Arts.  72  and  73.)  that  the  velocity  acquired  is  as  the  force 
and  the  time  jointly.  If,  in  the  case  of  two  variable  forces, 
the  forces  at  corresponding  points  of  the  paths  of  the  two 
bodies  acted  on,  be  always  in  a  constant  ratio,  the  motions 
of  the  two  bodies  will  be  simitar;  and  the  velocities  at  cor* 
responding  points  will  still  be  to  each  other  as  the  forces 
and  the  times  jointly. 
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(£)  In  the  case  of  unifofm  forces  it  has  been  prored 
{Art. '74.  Cor.  l.)  that  the  spaces  described  are  as  the  velo- 
cities and  times  jointly.  In  the  case  of  two  variable  forces 
ivhioh  at  corresponding  points  are  always  in  a  constant  ratio, 
the  whole  spaces  described  will  also  be  as  the  velocities  and 
times  jointly. 

Assuming  these  propositions  we  shall  prove  the  following. 

113.  Peop.  The  times  of  oscillation  of  pendtUumSf 
ihrough  equal  distances  from  the  vertical^  are  as  the  square 
roots  of  their  lengths. 

Let  AOOf  fig.  39,  be  a  vertical  line,  in  which  are  0,  o, 
the  points  of  suspension  of  two  pendulums :  Pp  parallel  to 
oO  meets  the  arcs  described  by  the  pendulums  in  P,  ^;  PM, 
pm  are  horizontal.  Now,  by  Art.  109,  at  the  point  P  of  the 
arc  APy  the  accelerating  force  in  the  curve  is  to  the  force  on 
a  body  falling  freely,  as  the  height  of  the  plane  on  which  the 
body  may  be  supposed  to  be  supported  is  to  its  length:  that 
is,  as  PQ  to  PR,  AQ  being  horizontal:  or  by  similar  triangles 
PQRj  PMOy  as  PM  to  PO.     That  is 

force  on  P  :  force  of  gravity  ::  PM  :  P0\ 

and  in  like  manner,  force  of  gravity  :  force  on  p  ::  po  :  pm. 

And  as  PMj  pm  are  equal,  we  have 

force  on  P  :  force  oil  p  :t  po  :  PO.  '    , 

Hence  the  forces  at  P,  p  are  inversely  as  PO,  po. 

Also,  if  we  draw  any  other  lines  parallel  16  P  p,  the  forces 
at  the  corresponding  points  of  the  arcs  thus  determined  will 
also  be  as  po  :  PO.  And  in  this  way  we  may  divide  the  arcs 
APf  Ap  into  corresponding  small  parts. 

Now  since  the  two  arcs  PJ,  pA  axe  described  by  the  pen- 
dulums P9  p,  in  virtue  of  the  action  of  forces  which  at  all 
corresponding  points  are  in  the  same  ratio,  namely  the  ratio 
of  po  to  PO9  the  motions  in  the  two  arcs  will  be  isimilar ;  and 
the  Velocities  produced  when  the  bodies  come  to  A  will  be  as 
the  f6rces^and  the  times  jointly  (prop.  A);   that  is,  if  T,  t. 
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be  the  times  of  describing  PA  and  pA^  the  Velocities  will  be 
as  po  X  T  to  PO  X  t.  Also,  since  the  motions  in  the  two  arcs 
are  similar,  the  spaces  described  will  be  as  the  velocities  and 
the  times  jointly  (prop.  B).     Therefore 

poxT*  :  POxf  ::  AP  :  Ap. 

But  when  the  arcs  AP,  Ap  are  very  small,  they  are  very  nearly 
equal,  and  may  be  taken  as  exactly  equal  for  very  small  arcs; 
therefore  pox  T^  =  PO  x  f ;  whence 

T^  :  f  ::  PO  :  po 

and  T  :    t  ::  y/pO  :  y/po; 

or  the  times  of  descent  to  the  lowest  points  are  as  the  square 
roots  of  the  lengths,  the  lengths  being  expressed  in  numbers. 

The  time  of  one  oscillation  or  swing  of  the  pendulum  is 
double  of  the  time  of  falling  down  PA ;  for  the  body  P  will 
employ  an  equal  time  in  ascending  on  the  other  side  of  OA 
before  it  begins  to  return. 

Cob.  The  time  of  descent  down  a  small  arc  PA  is  very 
nearly  the  same,  whatever  be  the  magnitude  of  the  arc.  If  the 
arc  be  doubled  the  force  at  each  corresponding  point  is  nearly 
doubled,  and  the  whole  arc  is  described  in  nearly  the  same  time 
as  before. 

Hence  the  times  of  cmy  very  small  oscillations  of  two 
pendulums  are  very  nearly  in  the  proportion  of  the  square 
roots  of  the  lengths. 

It  is  found  that  the  length  of  a  pendulum  which  oscillates 
once  a  second  at  London  is  39,1386  inches.  Hence  we  can  solve 
various  problems  of  the  following  kind.  It  is  to  be  observed 
that  in  such  problems  the  oscillations  are  always  supposed 
to  be  very  small. 

Ex.  1.  To  find  the  time  of  oscillation  of  a  pendulum  20 
feet  long :  20  feet  =  240  inches :  hence 

y^S9,1386  :  y^240  ::   1   :  2,5  nearly. 
The  time  of  oscillation  is  2^  seconds. 
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Ex.  2.  A  ball,  suspended  by  a  string  from  the  roof  of  a 
high  building,  oscillates  10  times  a  minute :  what  is  the  hei^t 
of  the  roof? 

The  time  of  oscillation  is  here  6  seconds.     Hence 
I*  :  ff  ::  39,1386  inches  :  117,415a  feet, 
which  is  the  height. 
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PREFACE. 


Having  thought  it  advisable,  in  the  fourth  edition  of 
my  *^  Elementary  Treatise  on  Statics,^  to  separate  from 
the  absolutely  elementary  portion,  those  parts  which  assume 
the  Student  to  possess  a  knowledge  of  Analytical  Geo- 
metry and  of  the  Differential  Calculus,  I  have  ventured 
to  affix  to  this  separate  publication  the  title  of  Analytical 
Statics.  But  this  title  is  to  be  understood  rather  as 
indicating  the  nature  of  the  subject,  than  as  promising 
a  complete  Treatise  upon  it.  Such  a  Treatise  would  im- 
ply an  extension  of  the  plan  of  the  former  work  for  which 
I  was  not  prepared  when  a  new  edition  was  called  for.  I 
have,  however,  inserted  a  few  of  the  deficient  propositions 
which  seem  most  important  in  such  a  work ;  for  instance,  an 
independent  proof  of  the  Composition  of  Forces  acting  at 
a  point,  (Chap,  i.)  and  a  proof  of  the  general  principle 
of  Virtual  Velocities  (Art.  20 — 22).  In  addition  to  these, 
there  are  other  propositions,  remarkable  for  their  Analytical 
generality  or  beauty,  which  might  properly  form  parts 
of  a  Treatise  on  Statics :  for  instance ; — the  Theory  of 
Moments; — and  certain  propositions  founded  upon  the 
principle  of  Virtual  Velocities.  For  these  subjects  I  may 
refer  to  Mr  Poissorfs  Treatise,  Articles  271  to  284,  and 
34:6  to  349,   of   the   Second   Edition. 

I  have,  for  reasons  already  stated,  been  desirous  of 
introducing,  as  far  as  can  conveniently  be  done,  propo- 
sitions which  have  a  bearing  upon  practical  applications 
of  mechanical  knowledge;    and   have,   with    this  view,    bor- 
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rowed  from  the  excellent  Memoirs  of  Mr  Davies  Gilbert 
and  Mr  Hodgkinson,  on  Suspension  Bridges,  some  of  the 
most  important  portions.  I  have  also  introduced  a  Chapter 
upon  the  Strength  of  Materials  with  regard  to  Fracture. 
It  is  very  obviously  desirable  that  this  subject  should  enter 
into  our  Treatises  of  Mechanics ;  but  the  difficulty  of  eflRect- 
ing  this  may  be  supposed  to  be  considerable,  when  we  per- 
ceive that  the  theory  of  Galileo,  which  assumes  that  mate- 
rials are  absolutely  incapable  of  being  either  condensed  or 
broken  by  compression,  has  held  its  place  in  some  of  our 
most  received  Treatises  up  to  the  present  time;  notwith- 
standing its  complete  repugnance  both  to  our  general  con- 
ceptions of  the  structure  of  materials,  and  to  the  results  of 
observation.  The  researches  of  Mr  Barlow  and  others,  and 
still  more  recently  the  well  devised  experiments  and  clear 
views  of  Mr  Hodgkinson,  have,  it  may  be  hoped,  done 
much  to  put  us  in  possession  of  a  theory  of  this  subject, 
consistent  with  itself  and  with  facts.  In  this  hope  I  have 
endeavoured  to  bring  the  subject  before  the  Student  of 
Mechanics,  following  principally  the  investigations  of  Mr 
Hodgkinson,  as  contained  in  the  Transactions  of  the  Man- 
chester Society.  Though  discrepancies  and  difficulties  may 
still  exist  with  regard  to  this  matter,  they  will  probably 
disappear  in  the  course  of  further  researches,  if  the  funda- 
mental principles  are  rightly  established. 

I  have  omitted  the  investigations  concerning  the  Forms 
of  Bridges  on  various  hypotheses,  and  the  discussion  of  the 
Species  of  the  Elastic  Curve,  which  made  part  of  the  former 
Editions.  These  portions  of  the  work  are  not  suited  to 
the  Mathematical  Student  as  parts  of  a  Course  of  Mecha- 
nics, and  occupied  too  much  space  for  mere  examples. 
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ANALYTICAL    STATICS 


CHAP.  I. 

RESOLUTION  OF  A  FORCE  INTO  BECTANGULAB  COMPONENTS. 

1.  Statics  is  that  part  of  the  science  of  Mechanics 
which  treats  of  forces  employed  in  producing  equilibrium. 

The  forces  treated  of  in  this  part  of  Mechanics  are 
pressures.  They  are  measured  by  the  number  of  units  of 
pressure  to  which  they  are  equivalent;  each  unit  of  pressure 
being  supposed  capable  of  producing  an  equal  effect  in  main- 
taining equilibrium. 

When  two  or  more  forces  act  at  the  same  point  in  any 
directions,  they  produce  an  effect  which  may  be  produced 
by  a  single  force  acting  at  the  same  point.  The  two  forces 
are  said  to  be  eompotinded  into  the  single  force;  the  two 
forces  are  called  the  components;  the  single  force  is  called  the 
resultant.  If  the  single  force  be  the  one  first  considered, 
it  is  said  to  be  resolved  into  the  two  component  forces. 

When  two  forces  act  in  the  same  direction,  their  re- 
sultant is  their  sum;  when  they  act  in  opposite  directions, 
their  resultant  is  their  difference,  and  is  in  the  direction  of 
the  greater. 

If  a  point  be  acted  upon  by  any  two  forces,  and  also 
by  a  force  equal  and  opposite  to  their  resultant,  it  will  be 
kept  in  equilibrium:  for  this  is  equivalent  to  its  being  acted 
on  by  the  resultant  and  by  a  force  equal  and  opposite  to 
the  resultant. 

2.  The  relations  of  forc,es  whijh  keep  each  other  in 
equilibrium  may  be  deduced,  beginning  either  with  the  con- 
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sideration  of  forces  acting  at  a  point,  or  of  forces  acting 
on  a  lever.  Each  case  may  be  deduced  from  the  other. 
In  the  Elementary  Treatise,  to  which  the  present  volume 
is  a  Supplement,  the  latter  plan  was  followed.  It  was  there 
shewn  (Art.  27),  that  if  two  forces  p,  q^  act  at  any  angle, 
their  resultant  r  is  represented,  in  magnitude  and  direction, 
by  the  diagonal  of  a  parallelogram  of  which  the  sides  simi- 
larly represent  p,  q.  It  hence  follows,  that  if  p,  q  act  at 
right  angles  to  each  other,  and  if  0  be  the  angle  which  r 
makes  with  p,  we  have 

I?  =  r  cos  0,     g  =  r  sin  0,     tan  0  =  -  ,     r  =  \/(l^  -f-  9*). 

P 

By  means  of  these  expressions  we  may  treat  all  the  problems 
of  Statics  analytically ;  and  thi?  we  shall  proceed  to  do  for 
some  of  the  most  important. 

But,  in  order  to  make  the  analytical  mode  of  treating 
the  subject  more  complete,  we  shall  first  prove  the  above  ex- 
pressions independently,  beginning  with  the  consideration  of 
forces  acting  at  a  point. 

3.  Prop.  If  a  force  r  be  resolved  into  two  forces  p,  q, 
at  right  angles  to  each  other,  and  if  6  he  the  angle  between 

r  and  p,  the  ratio  -  is  the  same  so  long  as  6  is  the  same^ 

r 

I-et  n  equal  forces  r',  r',  &c.  act  in  the  direction  of  r; 
and  let  p  y  q  be  the  components  of  each  in  the  directions  of 
P',  q;  the  components  of  each  of  the  equal  forces  /,  /,  &c. 
will  be  equal.  Hence,  nr^  will  be  the  force  in  the  direction  of 
r,  and  np\  nq  the  components,  whatever  n  may  be.  And  the 
angle  Q  is  the  angle  between  r  and  p\  and  therefore  be- 
tween r  and  p.  Therefore  6  is  the  same  so  long  as  r  and  p 
are  represented  by  nr  and  np'\  that  is,  so  long  as  r  and  p 
are  in  the  ratio  of  r   and  p\ 

P 
Hence,  0  is  the  same  so  long  as  -  is  the  same,  and  one 

r 
of  these  quantities  varies  only  when  the  other  does.     There- 

P 
fore  also  -  is  the  same  so  long  as  9  is  the  same. 

r 
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Cob.  1.     We   may  express  this   dependence   by    saying, 

P 
that  -  is  a  function  of  d;  or  in  symbols 

T 

f  =  0(0), 

0(0)  representing  a  function  of  6  hereafter  to  be  determined. 

CoE.  2.     It   is  obvious  that  q  will  depend  on 0,  in 

the  same  manner  in  which  p  depends  on  0;  hence 

We  shall  in  what  follows  suppose  p,  q  to  be  the  rect- 
angular components  of  r,  and  0  the  angle  between  r  and  p; 
and  shall  express  the  dependence  of  ^  on  r  and  0  in  the 
manner  just  stated;  whence  we  have  p^r<f}(0). 

4.  Peop.  If  two  forces,  each  equal  to  r,  act  at  an 
angle  20,  and  produce  a  resultant  s,  we  shall  have 

s  =  2r(p(0). 

Let  AR9  AR\  fig.  91,  be  the  directions  in  which  the 
equal  forces  r,  /  act;  so  that  RAR*  is  20,  Bisect  the 
angle  RAR!  by  the  line  AS,  and  draw  QAtf  perpendicular 
to  AS. 

Let  the  force  r,  which  acts  in  AR,  be  resolved  into  p 
acting  in  the  direction  AS,  and  q  acting  in  the  direction  AQ. 
Then  by  the  last  Article,  since  RAS  =  0, 


P  =  r<p(e),      q  =  r<p{^-ey 


In  like  manner,  the  force  r'  equal  to  r,  which  acts  in 
AR'  may  be  resolved  into  p'  acting  in  AS  and  q'  acting  in 
AQ';  and,  as  before, 


p=r(f>(e),     q'^r<p(^-0y 


The  two  forces,  q,  q\  are  equal  and  in  opposite  directions, 
and  therefore  destroy  each  other ;   and  therefore  the  resultant 
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of  the  forces  r,  t\  is  the  resultant  of  p  and  jp',  which,  since 
they  are  in  the  same  direction,  is  the  sum  of  jp  and  fl ^ 
or  2r0  (0).     Therefore  the  resultant  s  =  ^r(p(6). 

6.  Prof.  //*,  /or  any  given  angle  20,  we  have 
(f)(29)  =  COS.  2d,  t^e  shall  also  have  (f)  (0)  =  cos.  0. 

Let,  in  fig.  92,  two  equal  forces  q,  q  act  at  an  angle 
Q,AQ[  which  is  4d;  the  resultant  will  be  «,  in  the  direction 
AS  which  bisects  PAP^^  and  we  shall  have  s^2q(j>(20). 

Suppose  that  besides  the  two  forces  q^q^  in  AQ^AQ'^ 
two  forces  |),p',  equal  to  these,  act  in  AP.  Then  the  resultant 
of  the  four  forces  p,|)',  q^q'  will  be  2p  +  2g0  (20). 

But  the  two  equal  forces  p  in  AP  and  9  in  AQ  are  equi- 
valent to  a  force  r  in  ^i?  which  bisects  QAS.  And  in  like 
manner  the  two  forces  p  in  AP  and  g  in  AQ[  are  equivalent 
to  a  force  r  in  -4i?'.     And  by  last  Art.  we  have  in  each  case 

r  =  2p(p(6). 

Again,  the  two  forces  r  in  AR  and  r  in  AR  are  equi- 
valent to  a  force  2r,  0(d)  by  the  same  Article;  that  is,  put- 
ting for  r  its  value,  the  two  forces  r, r,  or  the  four  forces 
p,p\  qy  q\  are  equivalent  to  4p  |0  C^)}^- 

Hence  we  have,  putting  p  for  q 

^P  {<p(^)V=  2p  +  2p(f>  (20)  ; 

By  comparing  tliis  with  the  trigonometrical  formula 

^  /l  +  cos.  2d 

COS.  0  =  \/  , 

^  2 

it  appears  that  if  0  (20)  is  cos.  20,  00  will  be  cos.  0. 

Cob.  It  appears  also  that  if  (f>(0)  is  cos.  0,  0  (20)  will 
be  cos.  20. 
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6.  Pbop.  F(yr  all  angle$  which  can  be  obtained  by  the 
continual  bisection  of  an  angle  of  60  degrees,  ip  ($)  is 
COS.  6. 

Let  two  equal  forces  q^  g ,  act  in  JQ,  AQ\  fig.  92,  at  an 
angle  of  120®,  so  that  9  is  6(fi.  Their  resultant,  «,  in  the  direc- 
tion AP,  will  bisect  the  angle  QJQ\  whence  PAQ  will  be  60^; 
and  if  PA  be  produced  to  O,  QAO  will  be  120°.  If  a  force  s 
equal  to  «,  the  resultant  of  g,  q',  be  applied  at  A  in  the  direc- 
tion AOy  the  three  9,  q\  s'y  will  keep  the  point  A  in  equi- 
librium. But  in  this  case,  since  the  three  angles  QAQ', 
QAO,  Q[AO  are  equal,  the  three  forces  g,  q\  s'  must  be  equal : 
for  each  may  be  considered  as  the  resultant  of  the  other  two, 
and  each  pair  act  at  the  same  angle.  Therefore  s'^  q,  and 
«  =  g. 

Now  by  the  last  Article  s  =  2q(f) (0) ;  whence  we  have 
q  «  2g0  (0)  and  (j>(0)  =  ^,  when  0  is  60^  And  cos.  60°=  ^ ; 
whence  it  appears  that  in  this  case  0(d)  is  cos.  (d). 

Hence  it  follows,  by  the  last  Article,  that  0  (0)  is  cos.  d, 
whence  0  is  30°.  Hence  again  ip(9)  is  cos.  d,  when  0  is  15°; 
and  so  on,  to  any  arc  which  can  be  obtained  by  the  continual 
bisection  of  60°. 

Cob.  By  continual  bisection  we  may  make  the  angle  0 
smaller  than  any  assigned  angle,  and  the  proposition  will 
still  be  true. 

7.  Pbof.  If  (p  (0)  be  COS.  d,  and  (p  (e)  be  cos.  e,  and 
(p(0  "  e)  be  COS.  (0  —  e);  then  also  (f>(0  +e)  is  cos.  (0  +  e). 

Let  two  equal  forces  r,  r',  in  AR,  AB',  fig.  93,  make  an 
angle  2d;  and  let  s  in  AS  be  their  resultant*  Let  r,  which 
acts  in  AR,  be  the  resultant  of  two  equal  forces  p,  9,  acting 
in  AP,  J  Q,  at  an  angle  2e.  Therefore  RAP  will  be  c,  and 
r^2p(p  (e).     Also  SAR  will  be  d,  and  «  =  2  r  0  (d) 

=  4p0(6).0(e). 

The  force  «  is  the  resultant  of  the  two  forces  pyp  acting 
in  AP,  AP,  and  the  two  g,  q  acting  in  JQ,  AQ[.  And 
the  two  equal  forces  p,  p',  will  have  a  resultant  in  AS,  which 
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by  Art.  4.  will  be  2p  0  (0  —  c),  since  PAS  is  0  —  €.  Also 
the  two  g,  q  will  have  a  resultant  2?  0  (d  +  e)  in  AS^  since 
Q^aS'  is  d  +  €.  Hence  8,  the  resultant  of  the  force  p^  p\  q^  q\ 
will  be  2p  0  (0  —  e)  +  2g 0  (0  +  €)  ;  and  since  q  is  equal  to  p, 
equating  this  with  the  former  value  of  s^  we  have 

2p0  (0  -  e)  +  2p9  (0  +  6)  =  40  (e)  .  0  (0). 
Hence  0(0  +  e)  =  20(e) .  0(0)  -  0(0  -  e). 

Now  we  have  by  trigonometry, 

COS.  (0  +  €)  =  2  COS.  6  .  cos.  0  -  COS.  (0  —  e). 

If  therefore 
0(0)  be  COS.  0,  0(6)  be  cos.  6,  and  0(0  —  6)  be  cos.  (0  -  e), 
we   shall  have  also  0(0  +  e)  =  cos.  (0  +  e). 

8.    Pbop.     For  all  values  of  0,  0(0)  is  cos.  0. 

Whatever  be  the  value  of  0,  we  may,  by  the  perpetual 
bisection  of  an  angle  of  60^,  obtain  an  angle  which  either 
measures  0,  or  measures  it  with  a  remainder  less  than  any 
assigned  angle,  since  we  may  by  the  perpetual  bisection  of 
an  angle  of  &fi  obtain  an  angle  less  than  any  assigned  angle. 
We  will  therefore  suppose  0  =  t^S,  when  S  is  an  arc  obtained 
by  the  perpetual  bisection  of  an  angle  of  60^,  and  n  h  b, 
a  whole  number. 

It  is  proved,  Art.  6,  that  0  (5)  is  cos.  5.  It  hence  fol- 
lows by  Cor.  to  Art.  5,  that  0  (25)  is  cos.  2^. 

Also  since  this  is  true  for  2 5,  5,  and  25-5,  it  is  true, 
by  Art.  7,  for  25  +  5  or  S^. 

Again  since  it  is  true  for  35,  5,  and  35-5  or  25,  it  is 
true  for  35  +  5,  or  45. 

Again  since  it  is  true  for  45,  5,  and  45  -  5  or  35,  it  is  true 
for  45  +  5,  or  55. 

And  in  this  manner  it  may  be  proved  for  n5,  when  n  is 
any  whole  number. 
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Therefore,  by  what  has  been  said,  it  is  true  for  6» 

Hence  if  p,  g  be  the  rectangular  components  of  a  force  r, 
of  which  p  makes  with  r  an   angle  0, 

p  =  r  cos.  9. 

CoE.  1.     Hence  also  g  =  r  cos.  ( O)  =  r  sin.  9. 

_,  ^_  ^     r  sin.  9     p 

CoE.  2.     Hence  tan.  ^= =  -  . 

r  COS.  0      q 

Cor.  3.     Also  r'  =  r*  cos^fl  +  r*  sin.^0  =zp^^(f. 


CHAP.  11. 


THE    CONDITIONS    OF    EQUILIBRIUM    OF    A    POINT. 

9.  In  this  and  the  following  Chapter  we  shall  express 
the  conditions  which  are  requisite  that  a  point  or  a  body 
may  be  in  equilibrium,  by  means  of  equations  among  the 
symbols  which  the  forces  and  their  positions  introduce ;  and 
we  shall  thus  obtain  the  means  of  reducing  to  the  solution 
of  equations,  all  problems  whatever  relative  to  equilibrium. 

Prop.  To  find  the  resultant  of  two  forces  acting  at  a 
pointy  as  AP,  AQy  fig.  94. 

If  we  suppose  a  line,  as  J.^,  the  position  of  which  is 
known,  to  pass  through  the  point  A,  we  may  determine  the 
positions,  both  of  the  components,  and  of  the  resultant,  by 
the  angles  which  they  make  with  this  line. 

Let  p,  g,  be  the  forces  x in  AP^  AQ;  a,  )3,  the  angles 
which  they  make  with  Aw.     K  p  be  resolved  into  two  forces, 
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one  in  the  direction  Aai^  and  the  other  in  the  direction  Ay 
perpendicular  Xo  Ax\  it  has  been  shewn,  in  the  preceding 
Chapter,  that  these  resolved  parts  will  be  p  cos.  a,  p  sin.  a. 
In  the  same  manner  q  is  equivalent  to  forces  q  cos.  )3  in  the 
direction  Ax^  and  q  sin.  fi  in  the  direction  Ay.  Hence  the 
forces  p,  q  are  equivalent  to 

p  cos.  a,  q  COS.  (i  in  Ax^ 

p  sin.  a,  g  sin.  /3  in  Ay ; 

and  the  resultant  of  p  and  g  will  be  the  resultant  of  these  four 
forces.     If  we  put 

p  COS.  a  +  g  COS.  )3  =  JT, 
p  sin.  a  +  g  sin.  )3  =  F; 

and  if  r  be  the  resultant  of  p  and  g,  and  9  the  angle  which 
it  makes  with  Aw^   we  have  by  Art.  8,  Cor.  2,  3, 

r-v^(J^«+F»),tan.0  =  ^. 

whence  the  magnitude  and  position  of  the  resultant  are  known. 

CoK.  1.  By  putting  the  values  of  X  and  Y  in  the 
expression  for  r,  we  find 

/ip^  COS.* a  ■\-9,pq  cos.  a.cos.  j8  +  g*  cos.*)31 
\+J>^sin.*a  +  2jpg  sin.  a.sin.jS  +  Q^sin.^jSj ' 
and  since  cos.*  a  +  sin.*  a  =  1 , 
and  COS.  a. cos.  )3  +  sin.  «. sin.  /3  =  cos.  (c^;-  )3), 

Cor.  2.  This  agrees  with  the  result  obtained  in  Chap.  ii. 
of  the  Elementary  Treatise;  for  if  AP^  AQ  represent  the 
forces  Pf  g,  and  if  AR  be  found  by  completing  the  parallel- 
ogram APRQy  we  shall  have 

.     AR^  ^AP^'^PRJ'^^^AP.PR.  COS.  RPE, 
or  =  p^+^+2pq  COS.  (a  -  /3), 
because  RPE  =  QAP  =  PAw  -  QAw. 
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Cob.  3.     If  we  call  the  angles  PJR  and  QJRj  (j)  and  yff 
respectively,  we  shall  have,  by  Trigonometry, 


sin.  PAR      PR 
sin.  JPR  "  JR*  ""^ 

sin.  PAR A 

siu^EPR'AR' 

sin.  0  q 


sin.  (a-  (i)      r  ' 
^^^^^ysin.(a-^)  ^ gsin.(a-/3) 

Similarly 

,         _psin.(a-)3) y  sin,  (g  -  )8) 

*^"  r  "  ^{p*+ ^PQ'cos.  (a-/3)  +  g*}  ' 

10.  Peop.  To  ^wd  the  resultant  of  any  number  of 
forces  Ply  ^29 1>3  •  •  •  •  Pn  i^  ^he  same  plane ;  their  directions 
making  with  the  line  Aw^  angles  ai,  02,  as,  -  • .  •  <!»  re- 
spectively. 

As  in  the  last  Article,  Ay  being  perpendicular  to  Aw^ 
•the  forces  may  be  shewn  to  be  equivalent  to 

Pi  COS.  ai,  P2  COS.  os,  JI3  cos.  03  •  •  •  j^n  cos.  a^  in  the  direction  A  x^ 
pi  sin.  ai,  j72  sii3«  ag,  Ps  s^^*  ^s  • « -  Pn  ^^^*  ^n  ^^  ^^  direction  Ay» 

Hence,  if  r  be  the  resultant,  and  9  the  angle  which  it 
makes  with  ^io?,   r  and  Q  will  be  given  by  the  equations 

pi  cos.  Oi  H-  P2  COS.  a2  +  p^  cos.  03 . . .  +  p»  cos.  a„  =  JIT, 
Pi  sin.  oi  +  P2  sin.  02  +  ^3  sin.  as . . .  + 1)«  sin.  a,  =  F, 

We  have  considered  the  forces  as  lying  within  the  angle 
yAx  and  pulling  the  body.  In  this  case  the  resolved  parts 
will  be  in  the  directions  Ax  and  Ay\  but  if  one  of  the  forces 
act  in  the  direction  AP^^  fig.  95,  situated  in  the  angle  yAx\ 

B 
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the  resolved  part  Alt  will  act  in  the  direction  siA^  and  the 
corresponding  term  is  the  sum  f^  cos.  ai  +  jP2  cos.  as  +  &c» 
should  be  negative.  And  if  'p  cos.  a  be  this  term,  it  will  be 
negative,  because  d^PAw^  and  p  cos.  d^p  cos.  P^Aw^ 
—  p'  COS.  PA(}o\  which  is  a  negative  quantity.  In  this  case  p 
sin.  a  will  be  positive,  which  agrees  with  the  direction  of  the 
resolved  force  Jlf  P'. 

In  the  same  manner,  if  a  force  p'  act  in  the  direction 
AP^  in  the  quadrant  y'Axy  the  term  p"  sm.d'  will  be 
negative,  and  p"  cos.  a"  will  be  positive. 

And  if  a  force  p"'  act  in  the  direction  AP"  in  the  qua- 
drant yAw\  the  terms  p"  cos.  a"',  p"  sin.  a'^  will  both  be 
negative.  And  these  changes  of  sign  agree  with  the  changes 
of  direction  of  the  resolved  parts. 

And  if  the  force,  instead  of  being  a  pulling  force  in  the 
direction  iiP,  be  a  pushing  force  in  the  direction  Pil,  we 
must  make  p  negative;  and  the  resolved  parts  p  cos. .a  and 
p  sin.  a  will  both  be  negative.  In  the  same  manner  if  the 
force  in  PA  be  a  pushing  force,  we  must  make  p'  negative. 
And  similarly  in  the  other  quadrants. 

11.  Prop.  To  find  the  resultant  of  forces  whose  di- 
rections are  not  all  in  the  same  plane* 

We  have  in  the  preceding  case  resolved  .forces  in  the 
directions  of  two  lines  at  right  angles  to  each  other.  In 
this  case  we  shall  resolve  them  in  the  directions  of  three 
lines,  each  at  right  angles  to  the  other  two.  The  nature 
of  space  admits  of  three  such  lines,  or  aaes,  and  no  more. 
Let  wAy^  fig.  96,  be  conceived  to  be  a  horizontal  plane,  in 
which  Ax  and  Ay  are  at  right  angles;  and  let  Assh^  vertical. 
Then  Aw,  Ay,  Ax  are  all  at  right  angles  to  each  other;  and 
the  planes  wAy,  wAx,  yA%  are  also  at  right  angles  to  each 
other.  For  (Euc.  xi.  Def.  6.),  yAa;  measures  the  inclination 
of  xAy^  xA  w.     And  similarly  of  the  others. 

Let  P  be  any  point  in  space;  and  through  P  let  three 
planes  be  drawn,  PmOn^  PoNm,  PoMn,  parallel  respectively 
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to  ofApj  wAzf  yAx.  Hence  Mm  will  be  a  rectangular  parallel- 
opiped;  and  therefore  the  plane  nMo  is  perpendicular  to 
AM09  AMn.  Therefore  AM  is  perpendicidar  to  the  plane 
nMo  (£uc.  XI.  19.),  and  therefore  to  the  line  PM  (Euc.  xi.  4.). 

If  AP  represent  any  force  acting  at  Ay  AP  may  be 
resolved  into  forces  represented  by  AM^  MP.  Also  MP  may 
be  resolved  into  Mo^  oP ;  and  hence  the  force  AP  is  equiva- 
lent to  AM,  Moy  oP;  or  to  AM,  AN,  AO. 

Since  PM  is  perpendicular  to  AM,  AM  «  AP .  cos.  PA  of. 
And  similarly  AN  «  AP .  cos.  PAy  and  AO^  AP .  cos.  PA«. 
Hence  if  p  be  the  force  AP,  and  a,  fi,  y,  the  angles  which  it 
makes  with  Aw,  Ay,  Ax,  the  force  will  be  equivalent  to  three 
forces 

p  COS.  a  in  Aw,  p  cos.  )3  in  Ay,  p  cos.  y  in  Ax^. 

Hence  if  we  have  forces  pi,  p^,  pz,***  Pnj  acting  at  a  point  A 
making  with  Awi  angles  ai,  og^  as^ . . .  a,. ; 
with  Ayi  angles  j3i,  /Sg,  ^83,  • . .  ^„ ; 
with  A%i  angles  71, 72, 73, . . .  7« ; 
and  if  we  make 

Pi  cos.  ai  +  p2  cos.  a^  +  Ps  cos.  ag . . .  +  p„  cos.  0^1—  JC; 

Pj^  cos.  /3i  +  p%  COS.  /3g  +  pscos.  /Jg . . .  +  jp«  COS.  j3„  =  F; 

ft 

Pl  COS.  71  +  |)2  COS.  78  +  Pa  COS.  73  •  •  •  +  Pn  COS.  7^  =  Z ; 

the  forces^  will  be  equivalent  to  -^  in  ila?,   Y  in  Ay,  and  Z 
in  A%. 


*  7t0O  of  the  angles  a,  /3,  7  are  sufficient  to  deteimine  the  position  of  the  line  AP, 
for  they  are  connected  by  the  equation 

COS.*  a  4-  COS.*  /3  +  COS.*"/  =  1 ; 

80  that  two  of  them  being  known,  the  third  may  be  found. 

This  appears  thus ;  • 

=  AM^-^AN^-{-PO^ 

=  ^P«cos.2a+^F2cos.2/?-f  y/pscos.'y;     ' 
.*.  1  =  cos.  a' -|- COS.' ^-i- cos.' y. 
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If  R  be  the  resultant,  and  Q,  ri^  ^  the  angles  ivhich  it 
makes  with  Aw^  Ay^  Ax  respectively,  we  shall  have 

COS.  0  =  — ,  cos.j7  =  — ,  cos.^  =  -~. 

For  if  AM,  AN^  AO  now  represent  Xy  F,  Z,  AP  will 
represent  iJ;  and  AP^  -  AM^  +  AN^  +  A(y  (see  note  last 
page). 

Also  AM  =  AP  cos.  PAM,  &c. 

One  of  the  three  last  equations  is  superfluous,  as  was 
observed  before. 

As  in  the  last  Article,  the  resolved  forces  may  become  ne- 
gative when  the  angles  ai,  /3i,  71,  &c.  pass  beyond  the  first 
quadrant.  Also  the  forces  are  negative  when  they  push 
instead  of  pulling. 

12.  Peop.  When  a  point  is  acted  upon  by  any  forces,  to 
find  the  conditions  of  equilibrium.  ' 

In  order  that  there  may  be  an  equilibrium,  the  resultant 
of  all  the  forces  must  be  0.  And  in  order  that  this  may  be 
the  case  it  is  evident  that  we  must  have,  in  Art.  10,  Jr=  0, 
F=  0 ;  and,  in  Art.  11,-^=0,  F  =  0,  Z  =  0.  Hence  we  have 
for  the  conditions  of  equilibrium  in  the  former  case, 

Pi  COS.  ai  +  P2  COS.  a^  +  Pz  cos.  03  +  •  • .  =  0 ; 
Pi  sin.  tti  +  P2  sin.  as  +  p^  sin.  03  +  ...  =  0. 

And  in  the  latter  case 

Pi  COS.  ai  4-  Pi  cos.  as  4-  Ps  cos.  03  +...==  0  ; 
^1  COS.  )3i  +  Pi  cos.  fii  +  Ps  COS.  /33+  ...  =  0 ; 

JP1COS.71+JP2COS.  78  +JP3COS.73-f  ...  =  0. 

The  conditions  of  the  equilibrium  of  any  number  of 
points  may  be  deduced  from  the  conditions  belonging  to 
one  pcnnt.       In    the   state    of   equilibrium,   each    point,  by 
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means  of  the  rods,  strings,  &c.  which  connect  it  with  the 
other  points,  exerts  and  suffers  a  certain  pressure.  And 
this  pressure  may  be  introduced  as  one  of  the  forces  at  each 
point,  and  then  eliminated  by  considering  that  it  is  equal 
at  each  two  points  so  connected. 

13.  Feof.  When  a  body  i8  supported  upon  a  curve  (the 
curve  being  in  a  vertical  plane) ;  to  find  the  conditions  of 
equilibriitm. 

Let  AM,  MPf  fig.  97,  be  the  vertical  abscissa  and  the 
horizontal  ordinate  of  the  curve ;  and  let  AM  =  a?,  MP  —  y, 
BP  =  s.  Let  the  forces  which  act  on  the  body  be  resolved 
in  the  directions  parallel  to  w  and  to  y,  and  let  the  resolved  parts 
thus  obtained  be  called  Xand  Y:  Jfand  F  being  considered 
positive  when  they  tend  to  increase  tV  and  y.  Also  let  R  be 
the  re-action  of  the  curve  in  the  direction  of  the  normal,  or 
what  is  the  same  thing,  the  pressure  of  the  body  on  the  curve. 
Then,  in  order  to  obtain  the  conditions  of  equilibrium,  resolve 
JB  in  the  directions  parallel  to  a  and  to  y ; 

.-.  resolved  part  of  J?  in  direction  PX^  R  cos.  RPX 

=  i?sin.XPr=«.^, 

ds 

resolved  part  of  R  in  direction  PY=  R  cos.  RPY 

dx 
=  -i?C08.i?PJIf  =-JR.--. 

ds 
Hence,  by  Art.  12,  the  equilibrium  will  subsist  if 

^+i?^  =  0; 
ds 

duo 

r-i?^  =  o. 

ds 
The  first  of  these  equations  is  equivalent  to 

«.  ^y  dw 
dx  ds 

and  if  we  multiply  the  second  by  -^  and  add  it  to  this,  we  have 

a  it} 
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which  is  the  equation  of  equilibrium.  If  we  know  the  curve, 
that  is,  the  relation  between  w  and  y^  this  equation  will  give  us 
the  relation  between  X  and  Y\  and  if  we  know  this  also, 
the  equation  will  enable  us  to  find  the  actual  values  of  w 
and  y,  or  the  point  when  the  body  will  be  supported.  This 
will  be  illustrated  by  the  problems  which  follow. 

If  the  weight  P,  instead  of  resting  upon  a  material  surface 
JSP,  fig.  97>  be  suspended  by  a  string  KP  which  confines  it  to 
the'  curve  BP^  the  conditions  of  equilibrium  will  be  the  same 
as  before.  The  re-Ju;tion  which  was  before  supplied  by  the 
resistance  of  the  surface  is  now  produced  by  the  tension  of  the 
string.  This  re-action  will  as  before  be  perpendicular  to  the 
curve :  it  will  also  manifestly  be  in  the  direction  of  the  string, 
and  this  agrees  with  what  is  collected  from  the  way  in  which 
the  curve  is  described ;  for  when  a  curve  is  traced  out  by  one 
end  of  a  string  of  which  the  other  is  fixed,  the  string  will  at 
every  point  be  perpendicular  to  the  curve  Hence  the  for- 
mulae which  we  are  about  to  give  for  the  former  case  apply 
also  to  this. 

14.  Prop.  A  body  is  supported  upon  a  curve  by  a  weight 
acting  over  ajixed  pully  K^Jig.  98 ;  to  find  the  conditions  of 
equilibrium. 

Take  the  vertical  line  JSTilf,  passing  through  the  pully,  for 
the  line  on  which  a?  is  measured  downwards. 

Let  KM^x,  MP^yy  KP ^r ^{a/'-^y^f;  and  if  the 
weight  which  acts  by  means  of  KP  be  =  g,  the  parts  which  act 
parallel  to  MK  and  PM  are 

q  -  ,  and  q  - ; 
r  r 

* 

X  V 

hence  X  ^  p  -  q  -;    F=-7-; 

r  r 
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hence  the  equation  of  Art.  13,  namely,  jr+  Y^  s  o,  becomes 

w        ydy 
T  Taw 

[w      ydy\ 
butar+jr=r;   .-.0?  +  ^—-^  =  -—-, 

r      rdiV      dx 

dr 
.•.p-g-  =  o, 

and  this,  combined  with  the  rektion  between  of  and  r,  which  is 
given  by  the  nature  of  the  curve,  gives  the  position  of  equi- 
librium. 

15.  Fbob.  I.  Let  APy  jig.  98,  he  a  hyperbola  with  its 
aofia  vertical^  on  which  a  given  weight  P  is  supported  by  an- 
other given  weight  Q  by  means  of  a  string  passing  over  a 
puUy  at  the  center ;  tojmd  the  position  of  equilibriitm. 

Let  as  before  JTJIf ,  JIfP,  APy  be  w,  y^  r;  the  semi-axes  of 
the  hyperbola  a  and  6 :  the  given  weights  p  and  q. 


l^-")' 


making  e  =  ^^ — ,  which  is  called  the  eccentricity  of  the 

hyperbola ; 
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.•.  -—  =  — -J-- ;  hence  p  -  o-r-  =  0  becomes 

da;      {e'w'-^)h  ^     ^dx 

K    /I? 


.-.  a?  = 


^{p'-^tf^y 


.-.  a?  =  — r-s^?  ^J^d  hence  we  may  find  y,  r. 

Cob.  1.  If  (f^>'jfy  or  qe>p^  the  equilibrium  is  im- 
possible. 

Cob.  2.  If  q'c  a=  p,  0?  =  DO :  the  body  would  in  this  case 
be  supported  upon  the  asymptote. 

16.  Peob.  II.  It  is  required  to  find  a  curve  such  that 
a  given  weight  » q  hanging  over  the  pully  may  balance 
another  given  weight  =  p  a^  every  point  of  it. 

We  must  have  at  every  point 

dr 

hence,  integrating  with  respect  to  w, 

pof  '-qr  +  0  =  0; 
.•.  pa?  +  c  =  g'r  =  g  (<r*  +  y*)i; 

q"  9^  ^ 

pc 
Let  a?  +  -r — :i  =  /; 
p»-9« 

p  -r 
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9*      V        0)»-9») 

But  if  t,  y,  be  the  abscissa  and  ordinate  of  a  hyperbola 
in  which  the  semi-axes  are  a,  by 

y^  ss  -Af  -  a*) ;  which  agrees  with  our  equation,  if 


a« 


tz±^l      and-^^^-a- 

hence  -r r  =  ft*. 

Henice  the  curve  required  is  a  hyperbola  in  which  JTJf  =a?, 
and  CM^t;  fig.  99;  and  in  which  the  semi-axes  are 


(i^-9*)'  (P"-?*)*' 


cjris  =  -^l.  =  ^. 


p^  "  q^        q 


.*.  JT  is  the  focus. 

If  we  call  AK^  Ar,  we  have 

P   -H        P   -H         P-^  9 

.-.  c^{p-\-q)k, 
and  putting  this  value  for  c,  the  semi-axes  become 

a«-l^Ar,    and  6=  f^±^)    Ar. 
^  -  g  \p-qJ 

17-  Peop.  Tm7o  ^vcw  weights  P,  P',  connected  by  a 
string  of  given  length  (=  b)  passing  over  a  given  pully  JT, 
Jig.  100,  are  supported  on  two  curves^  which  are  in  the 
same  vertical  plane  as  the  pully.  Having  given  one  curve, 
to  find  the  other  so  that  the  weights  may  balance  in  every 
position. 
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Let  the  weights  be  jt>,  p',  and  the  tension  of  the  string  q. 

And  let  a?,  w\  r,  /,  be  the  values  of  the  abscissae  KM^  KM\ 

and  of  JTP,  KP^.     Then  since  q  must  be  equal  to  a  weight 

which,  hanging  freely,  would  support  either  P  or  P',  we  have 

by  the  last  Problem, 

dr  ^     ,        dr 

p-^-  =  0,    andp-^-,=:0. 

da/     . 
The  second  equation  multiplied  by  — -  gives 

dw 

,dw         dr 
P-— -g—- =0; 
dw         doe 

and  smce  r  -^r  =q^    - — h  -7—  =  0; 

dw      dw 

whence,  if  we  add  the  first  and  the  third  equations,  we  have 

dw' 
p  -k-p  -— -  =  0 ;    and  integrating  in  w ; 
dw 

.'.  pw  -^-p' w'  —  c.     This  equation,  along  with  the  one 

r  +  /  =6,  enables  us  to  find  w  and  /  in  terms  of  w  and 
r :  and  as  we  know  the  nature  of  the  curve  AP^  we  have  the 
relation  between  t  and  w\  which  we  may  represent  thus, 
r  =f{w)^  f{w)  representing  a  known  function  of  a?';  and  by 
substituting  the  values  of  w'  and  /  we  have  a  relation  be- 
tween w  and  r,  which  determines  the  curve  required. 

18.  Prob.  III.  As  an  ewampley  suppose  the  given  curve 
A'P^jJig.  101,  to  be  a  circlej  and  CK  a  vertical  line  through 
its  center:  and  let  KC  =  k,  A'C^  the  radius  of  the  circle,  =a; 
then, 

^P'2:=^C^+CP'*-.2jrC.CJIf',   or 

/^  =  A;^  +  a^  -  2A;  (*  -  a?')  =  a^  -  A^  +  ^kw, 

or  since  r  =  6  —  r,    and  w  = ^ ,  by  last  Article ; 

P 

2k 
.-.  (6  -  r)*  =  a^  -  A;*  +  -7-  (c  -  pw), 

p 

2k 
or  6  ~  (^  +  y^)h  ==  1^2  _  ^2  ^  __  ^^  _  pw)\^. 
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Co&.  This  is  an  equstioD  to  an  epicycloid,  as  might  be 
shewn.  We  shall,  however,  instead  of  this,  shew  geometrically 
that  an  epicycloid  will  satisfy  the  conditions.  An  epicycloid 
is  the  figure  described  by  a  point  in  one  circle  which  rolU 
upon  the  circumference  of  another  circle,  which  is  fixed. 

Let  CP',  fig.  102,  be  the  radius  of  the  given  circle,  and 
K  the  pully  in  the  vertical  line  CJT.  In  this  line  produced 
take  a  point  0,  so  that  CK  :  KO  ::  weight  P'  :  weight  P; 
and  in  the  same  line  take  Oq  equal  to  the  length  of  the 
string  P'jrP.  Take  qs  equal  to  qO,  and  qp  equal  to  qK; 
and  describe  a  circle  qr  with  center  8  and  radius  sq.  Let 
this  circle,  carrying  along  with  it  the  point  p  in  the  radius  aq^ 
produced  if  necessary,  roll  along  the  circle  described  with 
center  O  and  radius  Oq:  the  point  p  will  describe  a  curve 
pKPy  which  will  possess  the  property  requiiled. 

For  let  qs  come  into  the  position  QSy  so  that  the  de- 
scribing point  p  may  come  to  P:  if  T  be  the  point  where 
the  circles  are  in  contact,  the  circle  SQ  may,  for  an  instant, 
be  supposed  to  revolve  about  the  point  T,  so  that  the  curve 
will  be  perpendicular  to  TP;  hence  the  re-action  of  the  curve 
will  be  in  the  direction  PT. 

Let  SP  produced  meet  CK  in  y,  and  let  KP  be  joined : 
and  since,  by  the  description  of  the  curve,  the  arc  TQ  is 
equal  to  the  arc  Tq^  the  angle  TSQ  is  equal  to  the  angle 
TOg,  and  therefore  yO  equal  to  yS,  Also  SQ  equals  sq 
or  Og,  and  QP  equals  qp  or  qK;  hence  SP  equals  OK, 
and  therefore  yP  equals  yK.  Hence  KP  is  parallel  to  OS; 
and  hence  if  PV  be  parallel  to  KO,  PV  will  equal  KO; 
also  OV  will  equal  KP. 

We  made  CK  :  KO  ::  P'  :  P;  hence  if  KC  represent 
the  weight  P,  OK  or  VP  will  represent  the  weight  P.  Now 
the  weight  P  is  kept  at  rest  by  three  forces,  gravity,  re- 
action, and  tension,  in  the  directions  KC,  CP,  PK;  hence, 
on  this  supposition  PK  represents  the  tension  of  JTP'.  And 
the  weight  P  is  kept  at  rest  by  three  forces,  gravity,  re-action, 
and  tension,  in  the  directions  VP,  PT,  TV;  hence  TV  re- 
presents the  tension  of  KP. 
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Now  OT  equals  KP  and  KP,  and  OV  equals  KP', 
therefore  TV  equals  KP  ;  and  hence  the  tensions  of  KP 
and  of  KP^  are  equal,  and  the  bodies  will  balance  each 
other.* 


*  If  instead  of  supposing  a  weight  P'  to  rest  on  the  circumference  of  a  circle,  we 
suppose  CP"  a  heavy  mass,  (as  a  draw-bridge,)  moveable  about  a  hinge  at  C;  and  if  it 
be  required  to  find  the  curve  on  which  P  must  rest  so  as  always  to  balance  it,  the 
question  will  easily  be  seen  to  be  the  same.  Under  this  form  the  Problem  was  solved 
by  the  Marquis  de  PHopital  in  the  Leipsig  Acts  for  February  1695.  The  curve, 
which  was  at  first  called  the  Curve  of  Equilibration^  was  shewn  by  John  Bernoulli  to 
be  such  an  epicycloid  as  we  have  proved  it  to  be.  From  the  construction  it  appears, 
that  if  Oqy  tibe  length  of  the  string,  be  to  KC  as  P  to  P",  the  curve  is  the  conmion 
epicycloid,  in  which  the  describing  point  is  in  the  circumference  of  the  rolling  circle  or 
rota:  if  the  former  ratio  be  less,  as  in  fig.  102,  the  describing  point  is  without  the  cir- 
cumference of  the  rota;  if  greater,  the  describing  point  is  within  the  circumference  of 
the  rota  and  the  curve  has  a  point  of  contrary  flexure,  as  in  fig.  101. 

The  Problems  we  have  solved  in  the  text  suggest  the  following : 

Prob.  v.  Two  weights  connected  by  a  string  pausing  over  a  fixed  putty  rest  on 
the  same  curve  ;  to  find  the  nature  of  the  curve  that  they  may  in  all  positions  balance. 

By  Art.  17,  we  must  have 

also  r  and  r'  must  be  the  same  function  of  <r  and  x' ;  that  is,  if /represent  this  function, 

r=/(^),  r'=/(y). 

whence  our  equations  become 

p<4-p'r  =  0,  «  +  u'  =  0;   .-.  /rr-^;  u'=-tt. 

P 

Also  u  and  u'  will  be  the  same  function  of  t  and  t' ; 

.•.<,(<)  =  -*{0=-<'(-^); 

from  which  the  form  of  the  function  <^  must  be  determined,  whence  the  form  of/ and 
the  nature  of  the  curve  will  be  known. 

It  does  not  appear  that  there  exists  a  solution  to  this  equation,  when  p  and  p'  are 
unequal.    If  ^  =p,  it  becomes  * 

that  is,  <t*  must  be  such  a  function  that  it  only  changes  its  sign  by  putting  -^  ^  for  <. 
This  condition  will  manifestly  be  satisfied  by  the  functions, 

<t>{t)  =  mt, 

(f>{t)  =:  any  rational  function  composed  of  odd  powers  of  /, 

<fi{t)  =  m .  sin.  n/,  &c. 
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19.  Prob.  IV.  Fig.  103.  A  body  P,  which  hangs  by  a 
string  CP,  without  weight ,  and  consequently -must  be  some- 
where in  the  circumference  whose  center  is  C,  is  sustained  at 
the  point  P  by  a  repulsion  acting  from  the  lowest  point  A. 
The  repulsive  force  is  directly  proportional  to  the  intensity 
of  the  repulsive  power  in  A  and  inversely  proportional  to  the 
square  of  the  distance.  Knowing  the  repulsive  power,  to 
find  the  position ;  and  conversely,  from  the  position,  to  find 
the  intensity  of  the  repulsive  power. 

An  instrument  of  this  kind  is  used  to  measure  the  in- 
tensity of  the  electrical  repulsions  which  exist  between  two 
bodies  A  and  P,  in  the  same  state  of  electricity;  and  it  is 
then  called  the  Electrometer, 

Let  CA=^  CP=:a,  AP^r;  NP,  perpendicular  on  CA, 
=:y;  AN  ^  Off.  And  let  /  represent  the  intensity  of  the 
repulsive  power  of  A:  then  the  force  which  it  exerts  at  the 

/ 
distance  r  will  be  proportional  to  ^ ;    and  if  /  be  equal  to 


/ 

the  force*  at  a  distance   =1,    ^  will  be  equal  to  the  force 

r^ 


If  we  make  ip  (t)  =  m/,  we  have  u^mt; 

h  mc 

or{*«+ya)i=zm*-  --^ 

which  will  give  a  hyperbola  as  in  Prob.  V.  In  fact,  it  is  manifest  that  since  equal 
weights  in  two  positions  P  and  JP',  would  each  support  a  weight  Q,  they  will  support 
each  other;  and  this  in  every  situation. 

If  we  make  <^  (/) =m .  sin.  n/,  we  have  tt  =m .  sin.  nt; 

b 


or  r 


-2-='»-sin.n(a?-.~y- 


and  if  we  now  suppose,  that  when  y  =:  0,  d?  is  =  2A,  we  have  c:=.2ph\  and  hence 

r  =  ^-f- »»*  sin.*  n  (a?  —  h). 

When  x  =  h^   *'=a'    •*•  **'  — o^  ***d  x'zzh.    Hence  if  with  radius  KBzz-r^ 

fig.  104,  we  describe  a  circle,  and  take  KH  =z  h  in  the  vertical  line,  and  draw  DH 
horizontal,  O,  2),  yrHl  be  corresponding  positions  of  the  weights.  When  one  is 
at  E  the  other  will  be  at  F;  and  in  other  positions  P,  P'  they  will  rest  on  such 
a  curve  as  is  represented  in  the  figure. 
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at  P,  in  the  direction   A  P.     Resolve   this  force   in   the  di- 
rections ANy  NPy  or  PJi^y  PY,  and  the  forces  will  be 

/   «         A  f  9 
—  .  - ,    and   -5 .  - . 

IT   r  r  r 

Hence,    considering  also   the  action  of  gravity  =jp,   we 
have,  (see  Art.  13.) 

jr  =  — -p,     F=-. 

But,  in  the  circle,  f^^^aai  —  of\    .*.  y-~-  =  a  — ^. 

aw 

dy  dy 

Hence  the  formula  X-^  ¥—■  =  0,  or  Xy  +  Fy  3^  =  0, 

dw  dw 

becomes  Xy  +  F(a  -  <r)  =  0. 
And  putting  for  X  and  Y  their  values ; 


or-^      -...-.      iJ    \ 
7^ 


=  p;    .-.  r  =  j  — I  ;  whence  the  position  is  known. 


And  —  =  — ,  whence  the  ratio  of  the  force  /  to  the  weight 
p      a 

p  is  known. 

CoR.  If  another  force  of  the  same  kind,  (=/')  balance 
the  same  body  P,  at  a  distance  /  from  A^  we  have  also 

pa  /       ^ 

or  the  forces  are  as  the  cubes  of  the  distances  from  A  at  which 
the  body  is  supported. 

The  Principle  of  Virtual  Velocities, 

20.  In  the  Elementary  Treatise,  Articles  45  to  57,  the 
following  proposition  was  demonstrated,  upon  the  suppositions 
which  were  there  adopted : 

In  any  of  the  simple  machines,  the  power  is  to  the  weight, 
as  the  weight'^s  velocity  in  the  direction  of  its  action  is  to 
the  power'^s  velocity  in  the  direction  of  its  action. 
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This  proposition  was  proved  by  shewing  its  truth  in  the 
case  of  each  of  the  mechanical  powers  separately.  In  some 
of  the  cases,  the  power  was  supposed  to  act  in  a  direction 
parallel  to  that  in  which  the  weight  acts,  both  forces  being 
supposed  to  be  the  result  of  gravity;  as  in  the  case  of  the 
toothed-wheels.  Art.  48,  and  the  pullies,  Art.  49,  &c.  But 
this  supposition  does  not  affect  the  result;  and  if  we  suppose 
the  attractive  force  which  produces  the  power  in  these  cases 
to  act  in  a  direction  different  from  the  direction  of  gravity 
which  acts  on  the  weight,  the  proposition  will  still  appear 
to  be  true  by  the  same  reasoning.  The  string  by  which 
the  power  acts,  will  be  drawn  in  the  direction  of  the  acce- 
lerating force  from  which  the  power  results,  and  both  the 
power  itself  and  the  space  described  by  the  power,  corres- 
ponding to  a  given  space  described  by  the  weight,  will  be 
the  same  as  they  were  in  the  demonstration  to  which  we 
refer;  and  therefore  the  validity  of  the  demonstration  will 
not  be  disturbed  by  such  a  change  of  supposition. 

21.     But  any  number  of  points  connected  in  any  manner 
may  be  considered  as  a  machine,  and   the  proposition    thus 
proved  for  simple  machines  is  capable  of  being  extended  to 
this  more  general  case.     Each  of  the  points  may  be  so  con- 
strained in  its  motions  by  strings,    rods,  and  surfaces,   that 
it   is  not    at  liberty    to  move  otherwise    than   in    a   certain 
curve  or  curve  surface:   and  any  two  of  the  points  may  be 
connected  by  strings  or  rods  so  as  to  affect  each  other^'s  mo- 
tions.    The  construction  of  the  machine  may  be  such,  that 
the  strings  may  have  to  move  through  fixed  rings  or  over  fixed 
pullies;  and  in  this  way  the  motion  of  one  point  will  constrain 
the  motion  of  one  or  more  of  the  others;  and  there  will  be 
mutual  forces  exerted  among  the  points.      But  these  mutual 
forces  must   be    such   as   destroy   each   other:    for  instance, 
if  two  points  be  connected  by  a  string,  the  pressures  which 
each  point  exerts  upon  the  other,  by  means  of  the  string,  must 
be  equal  and  opposite :    and  the  same  will  be   true  of   the 
forces  exerted  by  means  of  rigid  rods.     Now  there  may  be 
obtained  a  relation  among  the  external  forces  which  act  on 
the  machine,   independent  of  the  internal   forces  or   mutual 
pressures;  and  the  expression  of  this  relation  forms  the  ex- 
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tension  of  the  proposition  in  Art.  45.  of  the  Elementary 
Treatise  of  which  we  have  spoken. 

This  proposition  thus  extended  is  called  the  Principle 
of  Virtual   Velocities;  it  may  be  expressed  as  follows. 

22.  Let  P,  Q,  R^  &c.  be  any  forces  which,  acting  at 
certain  points  of  any  machine  whatever,  balance  each  other; 
and  let  a,  /3,  7,  &c.  be  respectively  the  spaces  through  which 
the  points  at  which  these  forces  act  can  move  simultaneously, 
the  relation  of  these  spaces  being  determined  by  the  con- 
struction of  the  machine,  and  the  spaces  being  considered 
as  negative,  when  the  points  move  in  directions  opposite  to 
the  forces.  This  being  supposed,  and  the  spaces  a,  )3,  79  &c. 
having  the  ratio  to  which  they  tend  when  they  are  indefinitely 
diminished,  we  shall  have 

Pa  +  Q/3  +  i?7  +  &c.  =  0. 

In  order  to  prove  this,  let  it  be  observed  in  the  first  place, 
that  a,  /3,  7,  &c.  the  spaces  described  by  the  points  at  which 
the  forces  act,  are,  when  they  are  indefinitely  diminished,  as 
the  velocities  of  these  points.  We  shall  suppose  them  to  be 
thus  diminished ;  and  shall  call  them  the  virtual  velocities  of 
the  points  to  which  they  belong. 

If  we  had  only  two  forces,  P  and  Q,  acting  on  a  ma- 
chine, we  should  have,  by  Art.  45,  of  the  Elem.  Tr. 

P  :  Q  ::   -/3  :  a; 

one  of  the  quantities  a,  /3,  being  made  negative,  because  if  the 
one  point  moves  in  the  direction  of  the  force  which  acts  upon 
it,  the  other  point  must  move  in  a  direction  opposite  to  the 
force  which  acts  upon  it.      Hence 

Pa  =  -  Q/3;  and  Pa  +  Q/3  =  0. 

Suppose  now  that  three  forces  P,  Q,  J?,  balance  each  other, 
and  that  a,  /3, 7  are  their  virtual  velocities.  Let  Q  =  Q'  +  Q", 
where  Q'  is  of  such  a  magnitude  that  Pa  +  Q'/?  =  0 ;  there- 
fore, by  the  former  case,  the  force  Q'  will  balance  P;  and  since 
the  three  P,  Q,  J?,  are  in  equilibrium,  the  remaining  force  Q" 
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must .  balance  J?;   whence  we  liave  also  Q['fi  -hRy^O;  and 
adding  this  to  the  former  equation,  we  have 

Pa  +  (Q[+Q")fi  +  Ry^O;  or 

If  there  be  four  forces  P,  Q,  iZ,  S,  which  balance  each 
other,  and  if  a,  /3,  7,  S  be  the  virtual  velocities,  as  before  ;  let 
Q:=^Q'+  Q";  where  Pa  +  Q'/3  =  0 ;  and  let  i?  =  J?'  +  i?",  where 
Q"/3  +  B'y  =  0 ;  then  the  part  Q!  of  the  force  Q  will  balance 
P;  the  remaining  part  of  Q,  namely  Q",  will  balance  i?'; 
and  hence  the  remaining  part  of  i?,  namely  B^\  must  balance 
aJ.     Hence  we  must  have,  by  the  former  case, 

R''y+SS     =0. 

Adding  to  this  the  former  equations 

iJ'7-f  Q"/3«0; 
Pa    +0^/3  =0; 

we  have  Pa  +  (Q'+  Q")  /3  +  (i?'  +  iJ")  7  +  ^^  =  0, 

or  Pa  -f  Qj3  +  i?7  +  *SS  =  0. 

And  in  the  same  manner  we  may  form   a  similar    equation 
whatever  be  the  number  of  forces*. 


*  This  is  the  proof  of  the  Principle  of  Virtual  Velocities  which  is  given  by 
Lagrange  in  the  Mecanique  Analytique.  To  make  the  proof  complete,  the  point 
at  which  the  force  Q;  acts  should  be  subject  to  the  same  constraint  in  the  system 
Py  Q',  as  the  point  at  which  Q  acts,  in  the  system  P,  Q,  A :  and  similarly  for 
Q".  If  the  point  at  which  Q  acts  be  constrained  to  move  on  a  given  line,  this 
condition  is  fulfilled.  But  if  this  point  be  free  to  move  in  any  direction,  we  may, 
in  assuming^  the  systems  P,  Q',  and  Q'%  A,  suppose  the  point  constrained  to  move 
in  the  direction  of  the  force  Q,  For  the  point  on  which  (^  acts  may  be  acted  on 
by  a  force  ilf,  perpendicular  to  the  line  in  which  Q'  acts,  so  that  it  shall  be 
constrained  to  move  in  that  line.  If  the  point,  when  kept  at  rest  by  JIf, 
were  to  move  through  a  small  space  /u,  perpendicular  to  the  line  of  Q*s  direction, 
we  should  have 

by  the  former  case.    In  the  same  manner  if  M'  be  the  force  which  would  prevent 

the  point  at  which  Q"  acts  from  leaving  the  line  of  the  direction  of  Q";  and  if,  when 

the  point  is  acted  on  by  M',  it  moves  through  a  small  space  /u,  in  the  direction  of 

this  force,  we  shall  have 

Af'/n-f  i?y  =  0. 
Hence 

D 
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This  formula  expresses  the  Principle  of  Virtual  Velocities. 
It  enables  us  to  put  into  an  equation  the  c6nditions  of  equili- 
brium of  any  system  of  forces  whatever,  anyhow  connected. 

For  this  purpose  we  may  consider  two  possible  positions  of 
the  system  indefinitely  near  each  other ;  and  find  general  ex- 
pressions for  a,  j3,  7,  &c.  introducing  into  these  expressions  as 
many  indeterminate  quantities  as  there  are  arbitrary  elements 
in  the  variation  of  position  of  the  system.  These  expres- 
sions are  to  be  substituted  for  a,  /3,  'y,  5  in  the  above 
equation.  And  this  equation  must  be  true  independently  of 
all  the  indeterminate  quantities,  in  order  that  the  equilibrium 
may  subsist  in  general,  and  that  motion  may  not  take  place 
in  any  direction.  We  must  therefore  take  the  sum  of  the 
terms  which  involve  each  of  the  indeterminate  quantities,  and 
make  each  sum  separately  equal  to  nothing.  In  this  way  we 
shall  have  as  many  distinct  equations  as  there  are  indeterminate 
quantities.  This  will  also  be  the  same  number  as  that  of  the 
unknown  quantities  in  the  position  of  the  system ;  we  shall 
therefore  have  thus  as  many  equations  as  are  requisite  to  deter- 
mine the  position  of  the  system. 


But  when  the  point  at  which  Q  acts  moves  through  a  space  perpendicular  to  the 

directibn  of   Q,    we  may  suppose   the   motion    of  this  point  to   be  constrained, 

and  /3  =  0;  whence   * 

Pa  +  Ry  =  0, 

by  what  has  been  aUready  said.     Therefore 

or  the  forces  which  constrain  the  points  at  which  Q',  Qf'  act,  in  the  systems  P,  Q', 
and  Q",  R^  destroy  each  other  when  the  two  systems  are  combined ;  and  therefore 
the  point  at  which  Q'  -f-  Q"  acts,  is  then  acted  upon  by  that  force,  that  is,  by  the  force 
Q,  and  by  no  other ;  whence  the  demonstration  above  given  is  valid. 


CHAP.   III. 


THE    CONDITIONS    OF    EdUILIBKIUM    OF    A    BIGID    BODY. 

23.  Prop,  To  find  the  resultant  of  any  number  of 
parallel  forces  acting  on  a  rigid  body.     Fig.  105. 

Let  any  number  of  parallel  forces  p,,  p^^  p^y  &c.  act 
upon  a  rigid  body.  Let  a  plane  yAx  he  drawn,  perpendicular 
to  these  forces;  and  let  two  lines,  Aw^  and  Ay^  be  drawn 
in  this  plane  at  right  angles  to  each  other.  Let  P\Mi  be 
parallel  to  Ay,  and  let  ^],  j^i  be  AMi^  M^Pi,  the  co-ordinates 
of  the  point  Pi,  where  pi  meets  the  plane  yAw,  Similarly 
let  ^29  99»  be  the  co-ordinates  of  P29  where p2  meets  the  plane; 
^39  ^39  the  same  quantities  for  P3,  &c.  And  let  R  be  the 
resultant  of  the  forces,  and  a,  )3,  the  co-ordinates  of  the  point 
where  it  meets  the  plane. 

The  two  forces  pi,  p^,  produce  the  same  effect  as  if  they 
acted  at  Pi,  Pg.  And  if  we  consider  them  as  weights,  they 
will  balance  each  other  upon  their  center  of  gravity,  and 
produce  at  that  point  a  pressure  =  ^1+^2.  (Elem.  Tr,)  Hence 
their  effect  upon  the  rigid  body  is  the  same  as  that  of  a  force 
Pi  +  P2  acting  at  the  center  of  gravity  of  Pj,  Pg,  in  a  direction 
parallel  to  these  forces.  Similarly  it  will  appear  that  this 
force  Pi  +  pg,  along  with  pg,  that  is,  Pi,  Pa^  p^j  will  produce 
the  same  effect  as  Pi  +  P2  •{•  Ps9  acting  at  the  center  of  gravity 
of  Pi,  P2,  Pg.  And  in  the  same  manner  it  may  be  shewn 
that  any  number  of  forces  /)i,  P29  Ps,  &c.  will  produce  the 
same  effect  as  P\+  P2  +  Ps-^  &c.  acting  parallel  to  the  forces, 
at  the  center  of  gravity  of  Pi,  Pg,  Pg,  &c. 

Hence  we  shall  have,  by  the  properties  of  the  center  of 
gravity  {Elem.  Tr.) 

R     =  Pi  +  P2  +  jPs  +  &c. 

Ra  =  Pia?i  +  p2(X}2  +  p^iCz-¥  &c. 

*i3  = /?,yi +^2^2 + i>3y3+ &c. 
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Whence  R  is  known,  and  a,  /3,  which  determine  the  position 
of  the  resultant. 

Cob.  1.  If  any  of  the  forces  act  in  the  opposite  direction 
they  must  be  considered  as  negative. 

Hence  it  appears  that  we  may  have  Pi-{-p2  +  Ps+  &c.  =  0. 
In  this  case,  if  jpia?i  +  jp2^2+ &c.  be  finite,  a  will  be  infinite. 
And  similarly  for  /3. 

Cob.  2.  For  example,  let  two  forces,  each  =  p,  act  in 
opposite  directions  at  points  in  the  line  Awy  distant  from 
each  other  by  a  distance  a.     Hence  we  shall  have 

J?=:0;      Ra^pixi-^  a)  -piCi  =  pa; 

pa      pa 


/3  =  0; 


a  = 


R       0 


Therefore  o  is  infinite,  and  the  forces  are  equivalent  to  a  force 
«  0,  acting  at  any  infinite  distance. 

In  this  case  no  single  force  could  produce  the  efi'ect  of  the 
two.  Their  tendency  is  to  turn  the  system  round  in  the  plane 
in  which  they  are,  without  producing  any  motion  except  a 
rotatory  one. 

Cob.  3.  Hence  it  is  not  true  that  parallel  forces  can  in  all 
cases  be  reduced  to  a  single  finite  force.  If  pi+p2+|>3+&c.=0, 
they  can  not. 

In  this  case  the  forces  can  be  reduced  to  two,  equal  to 
each  other,  and  acting  at  two  different  points  in  opposite 
directions.  For  since  Pi-h  P2+  &c.  =  0,  these  forces  may  be 
divided  into  two  groups,  of  which  one  is  equal  to  the  other 
with  a  negative  sign.  And  hence  if  we  take  the  resultants 
of  these  groups  separately,  we  shall  obtain  two  equal  forces 
in  opposite  directions. 

Cob.  4.  Let  one  of  these  groups  consist  of  piy  p^y  &c. 
and  the  other  of  p\  p\  &c.     Then 

/>i  +  P2  +  &c.  +  p'  +  p'-^-  fee.  =  0, 
jPi  +  ;>2  +  &c.  =  - 1)'  -  p'  -  &c. 
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And  if  R  be  the  resultant  of  p^  P^i  &c.,  -R  will  also  be 
the  resultant  of  p\  p\  &c.  Let  a,  /3,  be  the  co-ordinates 
of  the  point  where  the  first  resultant  meets  the  plane,  a^  /)\ 
the  corresponding  co-ordinates  for  the  second  resultant.     Then 

Ra^  PiiV\  +  p^2  +  &c. ;     J?/3  =  pi^i  +  p^^  +  &c. 
-  Rd^  px  +  p'V'+  &c. ; -i?/3'=  pV  +  1>V+  &c. 

.•.  J?  (a  -  a )  =  pi^x  +  j^gO^g  +  &c.  +  jpV+  p'a/'-^-  &c. 
i?  03  "  /}')  =  piy,  +  pjya  +  &c.  +  pV  +  l>'y'+  &c. 

And  the  quantities  on  the  right  hand  are  the  same  whatever 
be  JS,  that  is,  however  the  groups  are  selected.  If  /  be 
the  line  which  joins  the  two  points  of  application,  X  the 
angle  which  it  makes  with  Axy 

Rl^Ry/{(a'-  aj^  (/3  -  ^J]  ;  tan.  X  =  ^^— ^  ; 

and  these  quantities  are  the  same  whatever  R  be. 

Hence  the  position  of  the  line  /,  and  the  moment  of  the 
pair  of  forces  to  turn  the  system  in  the  plane  in  which  are  R 
and  /,  are  found  to  be  the  same,  however  the  two  groups  are 
selected. 

24.  Prop,  To  find  the  conditions  of  equilibrium  of  pa- 
rallel forces  acting  upon  a  rigid  body. 

In  order  that  the  equilibrium  may  subsist,  one  of  the 
forces,  as  pi,  must  be  equal  and  opposite  to  the  resultant  of 
all  the  others.  Hence  —  pi  must  be  the  resultant  of  the  forces 
P29  Pz9  &c.  And  therefore  by  last  Article,  ^i,  jfi,  W2y  ys,  &c. 
being  the  co-ordinates,  as  before, 

-  Pi    =  i>3  + 1>3  +  &c. 

-  PiVi  =  P4f'i  +  ^3^3  +  &c. ; 
•••P1+P2  +  P3+  &c.  =  0 (1); 

Pl^l  +  Pi^i  +  jPo^^B  +  &C.  =  0| 

piyi  +  p^y^i  +  ^3^3 


+  &c.  =  o\ 

+  &c.  =  oj 


(2). 
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Cor.  1.  If  the  rigid  body  have  one  point  fixed,  let  this 
point  be  the  origin  of  co-ordinates.  And  it  is  manifest  that  the 
equilibrium  will  subsist  if  the  resultant  pass  through  this 
point;  for  it  will  he  counteracted  by  the  resistance  of  the 
fixed  point.  Hence  in  last  Article  a  =  0,  /3  =  0.  Therefore, 
by  that  Article, 

PiVi  +  Piy2  +  p^s  +  &c.  =  0. 

25.  Prop.  To  find  the  restUiant  of  any  number  of  forces 
acting  in  the  same  plans  upon  a  rigid  body.     Fig.  106. 

Let  pi,  p2i  P'i9  &c.  be  the  forces  acting  in  the  plane  yAa;^ 
at  the  points  P,,  Pa*  -Pa*  &c«  •  let  J  off.  Ay  be  at  right  angles 
in  this  plane ;  and  let  a?„  ^i ;  <2?2,  yg  5  ^35  Vzi  &^'*  ^  the  co-ordi- 
nates of  these  points  parallel  to  Aw,  Ay.  Let  Pi-Di,  PiEi  be 
lities  parallel  to  Aof,  Ay,  and  let  ai,  be  the  angle  which  P^p^ 
makes  with  PiZ>i.  If  the  force  pi  be  resolved  in  these  direc- 
tions, the  components  will  be  pi  cos.  ai,  pi  sin  O).  In  the  same 
manner  pg  cos.  02,  p^  sin.  og  will  be  the  components  of  p^ ;  and 
similarly  for  the  others.  Hence  the  forces  are  thus  resolved  into 
two  sets  of  parallel  forces,  acting  at  the  points  Pi,  Pg,  Pg,  &c. 
and  parallel  to  Ax  and  to  Ay  respectively.  Let  X  be  the 
resultant  of  the  first  set ;  F,  of  the  second.  Also  let  X  meet 
Ay  in  JT,  and  let  AK  =  t\  and  let  Y  meet  Aw  in  H^  and  let 
AH  =  8.  Then  we  may  suppose  X  to  act  at  JT,  and  Y  at  ^. 
Therefore,  by  Art.  23, 

X  =  Pi  COS.  ai  +  Pa  cos.  ag  +  pz  cos.  as  +  &c. 
Y  ^  Pi  sin.  ai  +  P2  si".  02  +  ^3  sin.  os  +  &c. 
Ys  =  pi^i  sin.  a\  +  P2«P2  sin.  a2  +  p^^  sin.  aj  +  &c. 
Xt  —  p^yx  COS.  a\  +  p^yg  cos.  02  4-  p^y-i  cos.  03  +  &c. 

Hence  we  know  X,  F,  «,  ^.  And  knowing  AK,  AH,  if 
we  draw  KG,  HG  parallel  to  Aw,  Ay,  the  forces  X,  Y  may 
be  supposed  to  act  at  G ;  and  will  then  produce  a  resultant  R, 
which  is  the  resultant  of  the  whole  system.  Also  if  a  be  the 
angle  which  this  resultant  makes  with  Aw,  we  shall  have 

R^y/{X'^Y'),  tan.o  =  ^. 

X 
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tletice  we  know  the  magnitude  and  position  of  R.  The  co- 
ordinates «,  tj  of  its  point  of  application  have  already  been 
found. 

Cqb.  1.     To  find  the  equation  of  the  straight  line  in  which 
R  acts. 

Let  the  equation  to  the  straight  line  be  y  =  ^ar  +  J?.     In 

Y 

this  case  A  is  the  tangent  of  the  angle  a ;  therefore  -4  =  — , 

and  y  =  —cb  +  B. 

Also,  since  G  is  a  point  in  this  line,  when  x  ^s^y^t, 

Y  Y 

Therefore  /  =  —  «  +  5 ;  and  B  =  t  —  —  s.     Hence 

Y  Y 

y  =  —oe  +  /-  —  «;  and  Xy  -  F^  =  Xt  -  F«, 
X  X 

which  is  the  equation  to  the  line. 

Cor.  2.     Putting  for  Xt  and  Ya  their  values,  we  have 
Xy  -  YiV  =  pi  (yi  cos.  ai  -  ic^  sin.  oi)     ' 

+  P2  (^2  COS.  ag  —  ^2  sin.  ag)  +  &c. 
call  this  quantity  L.     Then  the  equation  is 

Xy-'Yw^  L. 

Cor.  3.  In  this  case,  when  one  of  the  sets  of.  parallel 
forces,  as  that  parallel  to  Ax^  is  not  reducible  to  a  single 
force,  (see  Cor.  3,  Art.  23,)  we  shall  have  -^  =  0,  t^  inf. 
Hence 

^      ,^                             Pi^i  sin.  ai  +  «2^2  sin.  ag  +  &c. 
J?  =  F,  cos. «  =  0,  s  = v^ * 

Hence  the  resultant  will  be  a  single  force  parallel  to  Ay,  and 
determined  in  magnitude  and  position  by  the  above  equations. 
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Cor.  4.  But  in  the  case  when  both  the  sets  of  parallel 
forces  are  incapable  of  being  reduced  to  single  forces,  we  shall 
have  Jr=0,  F=0,  «  =  inf.  ^  =  inf.  Hence  R^O;  and  we 
have  a  resultant  ^  0,  acting  at  an  infinite  distance. 

In  this  case  the  forces  are  equal  to  two,  equal  and  oppo- 
site, but  not  in  the  same  line,  as  in  Cor.  3,  Art.  23. 

26.  Prop.  To  Jind  the  conditions  of  equilihrivm  of  any 
number  of  forces  acting  in  the  same  plane  upon  a  rigid  body. 

In  order  that  there  may  be  an  equilibrium,  pi  must  be 
equal  and  opposite  to  the  resultant  of  pz,  p-s^  &c.  Hence  —  pi 
must  be  the  resultant  of  pz,  pz9  &c.  And  —  pi  cos.  ai, 
—  p2  sin.  02  will  be  the  parts  of  the  resultant  which  are  pa- 
rallel to  AWf  Ay.     Hence,  by  the  equations  of  Art.  23, 

—  pi  cos.  ai  =  P2  cos.  02  4-  P3  cos,  a^  +  &c. 

—  Pi  sin.  ai  =  p2  sin.  02  +  Ps  sin.  03  +  &c. 

Hence 

Pi  cos.  ai  +  P2  cos.  02  +  Ps  cos.  a.,  +  &c.  =01 

/••••••111* 

Pi  sin.  ai  +  P2  sin.  02  +  Ps  sin.  03  +  &c.  =  Oj 

Also  the  equation  of  the  line  in  which  —pi  acts  must  be 
the  same  as  that  in  which  the  resultant  of  P29  p^y  &c.  acts. 
And  the  latter  equation  is,  (Cor.  2,  Art.  25,)  putting  for  Xy 
^Pi  cos.  ai,  and  for  F,  -  pi  sin.  a^ 

—  Piy  COS.  ai  +  Pi<r  sin.  ai  =  P2  (^2  cos.  02  —  ^2  sin.  02) 

+  Ps  (ys  COS.  as  —  cVg  sin.  03)  +  &c. 

And  this,  which  is  true  for  every  point  of  piS  direction,  must 
be  true  for  the  point  Pj,  where  a?  =  <2?i,  y  =3  y,.  Hence,  put- 
ting these  values  for  <r  and  y,  and  transposing, 

P\  iVi  COS.  ai  —  Of  I  sin.  aO  +  P2  (^2  cos.  02  —  ^2  sin.  02) 
+ 1^3  (^i  COS.  03  -  .rg  sin.  as)  +  &c.  =  0 (2). 

This  equation  (2)  and  the  two  found  above  (l)  are  the 
equations  of  condition  for  the  equilibrium  of  the  forces. 
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Cor.  1.  If  a  point  of  the  rigid  body,  in  the  plane  in 
which  the  forces  act,  be  a  fixed  point,  the  equilibrium  will 
subsist  if  the  resultant  of  the  forces  pass  through  this  point ; 
for  the  effect  of  the  force  will  be  balanced  by  the  re-action 
of  the  fixed  point. 

Let  A  be  the  fixed  point.  Then,  in  order  that  the  re- 
sultant may  pass  thro.ugh  -4,  we  must  have  a?  =  0,  y  =  0,  at  the 
same  time ; 

or  0  =  pi  {tfi  COS.  tti  —  oDy  sin.  ai)  +  P2  (y^  cos.  a^  —  ^2  sin.  ag)  +  &c. 
which  is  in  this  case  the  condition  of  equilibrium. 

27.  Prop.  Any  number  of  forces  being  given^  acting  in 
any  directions  upon  a  rigid  body^  to  reduce  them  to  two  seta 
offorcesy  one  set  being  in  a  given  pkme^  and  the  other  perpen- 
dicular to  it. 

Let  Aw^  Ay^  Az^  fig.  lO?,  be  three  lines  at  right  angles  to 
each  other.  Let  P  be  a  point  of  the  system,  at  which  one  of 
the  forces  acts,  in  the  direction  Pp.  Let  PD,  PJB,  PF  be 
three  lines  parallel  to  Aw^  Ay 9  Az^  and  let  a,  )3,  7  be  the 
angles  which  Pp  makes  with  PD,  PE,  PF.  Then  p  being 
the  force,  p  cos.  a,  p  cos./3,  p  cos.  y  will  be  the  components 
in  PD,  Pje,  PF.  Let  FP  meet  the  plane  yAx  in  O,  and 
let  OM  and  ON  be  parallel  to  Ay  and  Aof. 

If  we  suppose,  at  the  point  P,  two  equal  forces  in  oppo- 
site directions  to  be  added  to  the  system,  these  will  counteract 
each  other,  and  the  effect  of  the  forces  such  as  p  will  be  the 
same  as  before.  Let  two  forces,  g  in  the  direction  PF,  and 
g  in  the  direction  PP,  act  at  P.  Then  the  forces  which  act 
at  P  may  be  grouped  thus, 

p  COS.  a  and  g ;   p  cos.jS  and  —  g;   p  cos.  y. 

Let  p  COS.  a  in  PDy  and  g  in  PF  have  a  resultant  Ph  : 
hP  will  be  in  the  plane  DPF:  let  it  meet  ON  in  H.  Ph 
acting  at  P  is  equivalent  to  Ph  acting  at  H.  And  Ph  at  H 
may  be  resolved  in  two  forces,  p  cos.  a  parallel  to  Aw^  and  g 
parallel  to  A«. 

E 
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Since  Ph  is  compounded  of  p  cos.  a  in  the  direction  HO^ 
and  g  in  the  direction  OP,  we  shall  have,  calling  the  co-ordi- 
nates of  P,  iT,  y  and  x^ 

HO  :   OP  (=  z)  ::  p  cos.  a  :  g* ; 

-»^     p;^cos.  a         .     ,  ^^,^      ,^^       ,^^             ©«cos.  a 
...  HO*^^ .      And  NH^NO  -  HO  ^  w  -^ . 

g  g 

Hence  p  cos.  a  and  ^at  P,  are  equivalent  to  g  parallel  to  A%^ 
and  p  COS.  a  parallel  to  Aw  \  both  acting  at  a  point  H^  of  which 
the  co-ordinates  parallel  to 

A         A  A                   psfcos.  a         , 
Aw  and  Ay^  are  w ,  and  y. 

In  the  same  manner  p  cos.  )3  and  -  g  are  equivalent  to  a 
force  Pk  in  the  plane  EPFy  and  this  produces  the  same  effect 
as  if  it  acted  at  JT.     And  at  K  it  may  be  resolved  into 

p  COS.  /3  and  —g. 
Also  as  before, 

^^^p^^s^.   ^^^^^        p^cos^ 

Hence  p  cos.  fi  and  —  ^  are  equivalent  to  p  cos.  )3  parallel  to 
^y  and  —  g  parallel  to  Az*,  both  acting  at  a  point  K  of  which 
the  co-ordinates  parallel  to 

Aw  and  Ay^  are  w  and  y  + *- — . 

p  cos.  «y  is  parallel  to  Az^  and  produces  the  same  effect 
as  if  it  acted  at  O^  of  which  the  co-ordinates  are  <r,  j(. 

Hence  if  p^  is  a  force  acting  at  a  point  of  which  the  co- 
ordinates are  w^^  y^  sti,  making  with  the  three  co-ordinate 
angles  ai,  /3i,  71;  and  if  p2»  1^39  &c.  be  other  forces; 
^2»  y29  ^8  9  ^8»  ^39  ^39  &c.  the  corresponding  co-ordinates; 
<ifi9  A9  789  9  <Z39  j8$9  739  &c.  the  corresponding  angles ;  the 
forces  p„  P29  j'39  &c.  will  be  equivalent  to  the  following  forces 
in  the  plane  yAw; 
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.  .  ,  J.  Pl^l  COS.  ai        , 

p,  COS.  tti,  par.  to  Axy  with  co-ordinates  Wi and  y^ ; 

Pi  COS.  /3i,  par.  to  Ay 9  with  co-ordinates  tVi  and  yi  +  -^— ^ ^-^  ; 

gi 

and  to  the  following  forces  parallel  to  Az, 
Pi  COS.  Yi  ^^th  co-ordinates  ^39  yi ; 

^1  with  co-ordinates  Wi ^ — ^^ —  and  yi ; 

—  ^1  with  co-ordinates  w^  and  yj  +  -^—^^ '- — -  - 

g\ 

And  to  similar  forces  with  the  exponents  2,  3,  &c.  instead  of  I. 

28.  Pbop.  To  find  the  conditions  of  equilibrium  of  any 
number  of  forces  J9],  ^2,  p^^  S^c.  acting  in  any  directions  upon 
a  rigid  body. 

The  forces  being  resolved  as  in  the  last  Article,  the  equili- 
brium will  subsist  if  the  forces  in  the  plane  yAa?,  and  the 
forces  parallel  to  Az  he  in  equilibrium  separately.  Hence 
we  shflJl  have  by  Art.  26,  these  three  equations  for  the 
equilibrium  of  the  forces  in  the  plane  yAw: 

Pi  COS.  ai  f  Pi  COS.  ag  +  Ps  cos.  as  4-  &c.  =  01 

^  ^  I '*/♦ 

PlCOS.  Pi  +  P8COg.p8  +  J?3C08./33+  &C.  «  O) 

*  P\  (Vi  COS.  ai  —  <ri  COS.  )3i)  4-  Pa  (^2  cos.  a^-  W2  cos.  )3i) 
+  Pz  (Vs  COS.  as  -  Ws  cos.  jSs)  +  &c.  =  0 (2). 

Also  by  Art.  24,  we  have,  for  the  equilibrium  of  the 
forces  parallel  to  Ax^ 

Pi  cos.  71 4-  &c.  =  0; 

/         pi%iCOfi.ai\  ^ 

Pi  Wi  cos.  71  +  ^1  I  a?i 1  -  ^1  a?i  +  &c.  =  0 ; 

/  Pi^iCOS./3i\         _ 

Pi  Vi  COS.  71  4- ^1^1-^1  [yi j  4-  &c.  =  0; 


' (2). 
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with  Other  similar   terms   corresponding    to  jps^  ^29  P39  ^39  &c. 
And  these  three  latter  equations  become 

Pi  COS.  71  +  P2  COS.  72  +  Ps  cos.  73+  &c.  =  0 (1) ; 

Pi  (a?i  COS.  71  —  %i  COS.  ai)  +  P2  (pffi  COS.  72  —  ^g  cos.  02) 

+  Jt>3  (pl^3  cos.  73  —  %3  COS.  03)  4-  &C.  =  0. 

Pi  (yi  COS.  71  -  Zi  COS.  /3i)  +  P2  (^2  COS.  72  -  Z2  cos.  ^2) 
+  Ps  (Ps  COS.  73  -  ^3  COS.  /Js)  +  &c.  =  0.        ^ 

which  these  three  equations,   with  the  former  three,    are  the 
conditions  of  equilibrium. 

Cor.  1.  It  has  been  proved  that  these  equations  are 
sufficient;  that  is,  that  if  they  are  satisfied  the  equilibrium 
subsists.  They  are  also  necessary ;  for  except  both  sets  are 
satisfied  the  equilibrium  does  not  subsist. 

If  possible,  let  the  equilibrium  subsist  when  the  forces 
parallel  to  %  are  not  separately  in  equilibrium.  The  equili- 
brium will  still  subsist  if  we  suppose  any  line  in  the  plane 
yAw  to  be  fixed.  But  in  that  case,  all  the  forces  in  the 
plane  yAw  will  be  counteracted  by  the  resistance  of  this  line. 
And  the  forces  parallel  to  A%  will  turn  the  system  about 
this  line  in  some  of  its  positions.  Hence  the  equilibrium 
will  not  subsist. 

And  since  the  forces  parallel  to  ^^  are  in  equilibrium 
separately,  the  other  forces  must  also  be  in  equilibrium  se- 
parately. 

Cor.  2.  Let  the  rigid  body  be  moveable  about  a  fixed 
point.  Let  this  point  be  made  the  origin  of  co-ordinates  A. 
Then  the  forces  may  be  resolved  as  in  Art.  27.  and  the  equili- 
brium will  subsist  if  the  forces  in  the  plane  yAw  have  a 
resultant  which  passes  through  the  point  A^  and  if  the  forces 
parallel  to  ^^  have  also  a  resultant  which  passes  through  A, 
Hence  by  Art.  25,   Cor.  1,  and  by  Art.  24,  Cor.  1,  we  have 

Pi  (y\  COS.  ai  —  a?i  COS.  /3i)  +  P2  (3^2  cos.  02  —  ^2  cos.  (i^  +  &c.  =  0 ; 
Pi  (Wi  cos.  71  —  %i  COS.  ai)  +  P2  i^2  COS.  73  —  %2  cos.  02)  +  &c.  =  0 ; 
Pi  (Vi  cos,  71  -  ^1  COS.  /3i)  +  P2  (^2  cos.  72  -  Z2  COS.  fiz)  +  &c.  =  0. 


EaUILIBBlUM    OF    A    RIOIB    BODY.  37 

It  appears  from  this,  that  the  forces  are  to  be  such  as  to 
keep  each  other  in  equilibrium  about  three  axes  at  right  angles 
to  each  other  passing  through  the  fixed  point. 

29.  Prop.  To  find  the  condition  which  is  requisite  in 
order  that  a  system  of  forces  acting  anyhow  in  spa-ce  may  have 
a  single  resultant. 

Retaining  the  notation  of  Art.  27,  we  may  reduce  the  forces 
to  the  two  sets  mentioned  in  that  Article.  The  resultants 
of  these  sets  may  be  found  by  Articles  23  and  25 ;  and  if  these 
resultants  intersect  each  other,  they  may  be  compounded  into  a 
single  force  which  will  be  the  resultant  of  the  whole.  If 
the  two  resultants  do  not  intersect  each  other,  this  will  be 
impossible. 

Let  pi  COS.  tti  +  P2  cos.  a2  +  &c.  =  JJT ; 

Pi  COS.  j3i  -H  P2  COS.  /Jg  +  &c.  =  Y ; 

pi  COS.  'yi  +  P2  COS.  -yg  +  &c.  =  Z. 
Pi  (yi  COS.  ai  -  Wi  COS.  /3i)  +  P2  (^2  COS.  02  -  ci?2  cos.^Sg)  +  &c.  =  L  ; 
Pi  (off I  cos.  'yi  —  ^1  COS.  ai)  +  j»2  0^2  cos.'y2—^2  cos,  ag)  +  &c.  =  M; 
pi  (%i  COS.  /3j  -  yi  COS.  7,)  4-  P2  (%2  COS.  j32  —  ^2  COS.  72  +  &c.  =  N*, 

Then  we  shall  have  for  the  equation  of  the  line  in  which  the 
force  acts,  which  is  the  resultant  of  those  in  the  plane  yAw, 

Xy-Yw^L;   (Cor.  2,  Art.  25.) 

and  for  the  force  which  is  the  resultant-  of  those  parallel  to 
Ax  we  shall  have,  by  Art.  23,  (as  in  Art.  28.) 

Zaf=^M;   Zy^'N. 

In  order  that  these  two  forces  may  intersect,  the  point  in 
which  the  latter  meets  the  plane  yAco  must  be  in  the  line  of 
the  direction  of  the  former.     Hence  the  equation  Xy  —  Fa?  =  L 


*  The  quantities  £«,  M^  N  are  the  moments  of  the  forces  Pi,  jOa,  &c.  projected  on 
the  planes  ivy^  xx^  yz  respectively.  These  projected  moments  give  rise  to  some  re- 
markable propositions.    See  Poisson,  TraiU  de  Mec.    Liv.  iii.  Chap.  11. 
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must  be  satisfied  by  the  values  of  w  and  y  in  Zob  =  Jlf, 
Zy  =  —  JV ;  and  substituting,  we  find 

LZ+Mr  +  NX=0 (a), 

which  is  the  equation  of  condition  required. 

30.  Prop.  In  the  case  where  it  is  possible^  to  find  the 
resultant  of  any  number  of  forces  acting  anyhow  in  space. 

The  force  in  the  plane  yAa;  will  be  composed  of  JC  and  F, 
and  the  force  at  the  same  point  parallel  to  Az  will  be  Z. 
Hence,  if  R  be  the  resultant,  and  a,  6,  e,  the  angles  which 
it  makes  with  lines  parallel  to  Aw^  Ay^  Azy  we  shall  have,  as 
in  Art.  11, 

R  =  ^(JP-\-Y'+Z'); 

X  ^      Y  Z 

cos.  o  =  — -  ;  COS.  o  =  —-- :  cos.  c  =  -=- . 
R  R  R 

And  the  point  where  the  resultant  cuts  the  plane  yAofis 
known  by  the  equations  Zar  =  Jf,  Zy  =  —  iVT. 

CoR.  It  may  be  easily  shewn  that  the  equations  to  the 
line  in  which  the  resultant  acts  are 

jry-Fa?  =  Z,  Zx-Xx^M,  Yz -  Zy  =  N .(b), 

of  which  two  only  are  necessary,  the  third  being  included  in 
them  in  consequence  of  the  equation  of  condition  (a)  of  last 
Article. 

31.  Prop.  In  the  case  where  a  number  of  forces  are 
not  reducible  to  one  force,  they  are  always  reducible  to  two. 

Without  altering  the  conditions  of  the  system,  we  may 
suppose,  in  addition  to  the  forces  of  the  system,  two  new 
forces  S,  —  S,  acting  at  the  origin  A,  and  making  angles  a,  6,  e, 
with  the  axes.  And  these  forces  and  their  angles  may  be 
so  taken  that  the  force  S,  along  with  pi,  pz,  &c.,  shall  satisfy 
the  equation  (a),  and  have  a  single  resultant.  Thus  the 
forces  are  reduced  to  this  resultant,  and  to  the  force  -  S  acting 
at  the  point  A. 
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Co&.  In  this  case  the  two  forces  to  which  the  system  is 
reduced  are  not  determined  in  magnitude  and  direction. 

32.  The  following  example  may  serve  to  illustrate  the 
preceding  Articles. 

ABCDEFG^  fig.  108,  is  a  rectangular  parallelepiped 
acted  on  by  forces,  which  have  their  directions  in  the  edges 
BE^  CFf  DG  of  the  parallelepiped,  taken  so  that  none  of 
them  pass  through  A^  and  no  two  of  them  are  in  the  same 
plane :    to  shew  when  there  is  a  single  resultant,  and  to  find  it. 

Let-/<Z),  ABf  AC  be  in  the  directions  of  Aw^  Ay^  A%\ 
let  AD  =  a,  AB  =  6,  AC  =  c :  and  let  the  forces  be  pi,  pg,  p^. 
Then  we  shall  have 

Pi  cos.  ai  =  Pi,  pi  cos.  /3i  =  Oj,  pi  cos.  71  =  0 ; 
P2  COS.  ag  =  0,  P2  cos.  ^2  =  Pi9  Pi  COS.  ^2  =  ^  5 
Pz  COS.  a3«=  0,      ps  COS.  /Ss  =  0,      p^  cos.  y^  =  p^. 

^i=Oj     yi=^     «i«0; 
a?2=0,     ^2=0,     ar2=c; 

^3=a>      y3=0>      ^3=^5 

Hence  we  have  X=  pi,    F=  pg,    Z^p^ 

L  -pih\M=p^ayN=p2C. 

And  the  equation  of  condition  (a)  becomes 

PiPsft  +  P2i^«  +  P1P2C  =  0 , 

a       6       c 

or  — I 1 —  =0. 

P\      P2      Pz 

If  this  equation  be  not  satisfied,  the  forces  are  not  re- 
ducible to  a  single  force. 

Let  pi,  Pg,  be  as  the  edges  BE,  CF,      Then 

—  =  — ;  .%—=  —  —  when  the  reduction  is  possible ; 
P2       Pi         Pz         Pi 

he 
.-.  L^pib;  M=^p^a==  -ipic;  N^p^c-pi  — * 

a 
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Hence,  by   Cor.  to  Art.  SO.    the  equations  to  the  line  of 
direction  of  the  force  will  be 

PiP  -  P2^  =  Pih,  ory x^h 


a 


cos 

Pi^^  -  Pi%  -  " -k P1C9  or h2^  =  c 

a 


V  . 

/• 


These  two  equations  determine  the  position  of  the  force  ,•  and 
its  magnitude  is  known,  being 


=  \/(Pl^+P2^ +  1^30=^1 


a 


If  we  produce  DE  to  H,  making  EH  =  ED,  BH  will 
be  the  line  to  which  the  first  equation  belongs.     And  when 

0?  =  0,  a?  =  ^c. 

Hence,  if  we  bisect  BF  in  JT,  KH  is  the  direction  in  which 
the  resultant  of  the  three  forces  acts. 


CHAP.  IV. 


THE   APPLICATION    OF    THE    INTEGRAL    CALCULUS    TO    FINDING 

THE    CENTER    OF    GRAVITY. 

33.  Prop*  To  find  the  center  of  gravity  of  any  curvi- 
linear body. 

Let  PTBQQ!  (fig.  109.)  be  any  body:  Aw  the  axis  of 
w:  and  let  the  body  be  cut  by  planes  PQ,  P'Q',  perpendicular 
to  Aw. 

Let  G,  G',  JT,  be  the  centers  of  gravity  of  the  portions 
of  the  body  PBQ,  P'BCHy  and  PQQ'P';  and  let  GH,  G*H\ 
KL,  be  perpendiculars  upon  a  plane  Ay  parallel  to  PM. 
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Let  the  mass  PBQ^m^  P^BQ[^nCi  therefore  we  have 

Also  let  GH  =  A,  G'H'  =  A',  KL^k, 

Now  we  may  suppose  the  masses  PBQ^  PQQ'P^,  to  be 
collected  at  their  respective  centers  of  gravity  G,  JT:  and 
since  G'  is  the  center  of  gravity  of  the  whole  mass,  we  have 
(Elem.  Tr.) 

^jj,  ^  PBQ .  GH  +  PCiQ[F.  KL 


f  r^ 


PBQ  +  PQQ'P 

^ ,     mh  +  (m  --mSk 

or  h  = ; ^—  . 

m 

mh  —  fnh 

Hence,  Af  = -, . 

m  —m 

Now,  if  we  suppose  the  plane  P^Q^  to  come  indefinitely 
near  to  PQ,  so  that  PQQ[P'  may  become  an  indefinitely  thin 
slice,  K  will  ultimately  be  in  PQ,  and  k  ultimately  ^AM 
or  w. 

Also  in  this  case ,    which  is  the  ratio  of  the 

tn  "  tn 

increments  of  mh  and  of  m,  will,  by  the  principles  of  the 

difi^rential   calculus,    ultimately  become   the  ratio   of    their 

differentials.     Hence  taking  the  ultimate  limits  on  both  sides, 

which  will  necessarily  be  equal,  we  have 

d » mh 
dm 

--  d,mh      d.mh  dm        dm 

Hence, =— -7-  =  ^T~' 

da?  dm     dx         dw 

and  integrating  in  a?,   mh=^  f^w—^; 

/   dm 

^      dw 

.',  h  =    ■  I 

m 

We  may  thus  find  the  distance  of  the  center  of  gravity 
from  the  known  plane  Ay. 

F 
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If  Aw  J  perpendicular  to  Ay^  be  a  line  along  which  ab- 
scissas are  measured ;  and  if  AM  =  w^  MP  =  y,  the  curve  may 
be  defined  by  a  relation  between  x  and  y,  if  the  body  be  a 
plane  figure,  or  a  figure  of  revolution  round  Awy  and  hence 

--—  may  be  found. 
dm        ^ 

In  other  cases  we  may  suppose  two  planes,  at  right  angles 
to  each  other,  passing  through  Aoo\  and  if  y  and  ^  be  the 
distances  of  P  from  these  planes;  the  surface  of  the  body 
may  be  defined  by  an  equation  between  <ir,  y,  and  %^  whence 
dm  may  be  found. 

If  the  body  be  symmetrical  on  the  two  sides  of  Ax^ 
supposing  it  to  lie  in  a  plane ;  or  if  its  section  by  every  plaiie 
passing  through  ^<r  be  symmetrical  to  Ax^  supposing  it  ex- 
tended in  three  dimensions;  its  center  of  gravity  will  be  in 
the  line  Ax\  and  hence,  to  determine  its  position,  it  is  suf- 
ficient to  find  the  value  of  GH. 

If  the  body  be  not  thus  symmetrical  with  respect  to  A  ar, 
its  center  of  gravity  will  not  necessarily  be  in  that  line.  In 
this  case  it  will  be  necessary,  if  the  body  lie  in  a  plane,  to 
find  the  distance  of  the  center  of  gravity  from  some  other  line 
besides  Ay\  for  instance,  to  find  GF  its  distance  from  Am\ 
this  may  be  found  in  the  same  way  as  GH,  If  the  body 
have  three  dimensions,,  it  will  be  necessary  to  find,  by  similar 
methods,  the  distances  of  the  center  of  gravity  from  three 
known  planes,  which  will  determine  its  position. 

We  shall  consider  the  cases  separately. 


1.     A  Sywmetricdl  Area. 

34.  Let  PAf^  fig.  110,  be  a  curvilinear  area  symmetrical 
with  regard  to  AM»  We  may  suppose  it  to  be  a  lamina  of 
matter  whose  thickness  may  be  neglected ;  or,  if  the  thickness 
be  supposed  finite  and  constant,  the  position  of  G  will  be 
the  same.  It  is  manifest  that  the  weight  or  quantity  of 
matter  of  any  part,  supposing  the  density  uniform,  will  be 
as  the  magnitude,  or  as  the  area  of  that  part,  and  may  be 
represented  by  the  area. 
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Now  if  the  abscissa  AM  (fig.  110,)  »  x^  and  the  ordinate 

MP^y^   -7-  is  the  differential  of  the  area  P-4p,  or   2y; 
dx 

hence,  if  GA  =  A,  we  have,  by  Art.  33, 

fs^y     fsy 

We  shall  give  some  instances  of  the  application  of  this 
formula. 

Ex.  1.     The  equation   to  a  curve  is  y  = ;   to 

a 

find  the  center  of  gravity  of  its  area. 


J'^'  i — ;; 

J*         a 


=  c-. 


3a 


C  being  an  arbitrary  constant ;  and  if  we  suppose  the  area 
to  be  taken  from  the  point  where  x  and  y  ^Oy 

Ly  = —. 

^^  Sa 

a^  (a*  -  or*)*      ^^ .  ^ .  (a*  -  a?*)* 


-  far  I  a-  —  ari- 

/,,vy=  / L. 

"  ja  a 


a 


But  jicr.<r(a^-^)i= ^ -^      ^ 

3  •'*  3 

i  Jm         i  J,        i         ' 

.-.  4jr  iB«  (a«  -  a^)i  =  -  ar .  (a*  -  d7«)«  +  o» ./.  (o*  -  a^* 
-  .1? (o*  - ai*)*  +  —  .  lar.  (<^ -«*)*  + o* .  arc  (sin.  =  -|>  +  (7; 


dv  fill 

*  By  the  formula /•«^  =  «t7^/'0^;   see  Lacroix's  Elementary  Treatise, 

&c.  No.  14& 
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X  a 

ft 

=  — .|(a*-a7'^)*.a?[a®-2(o^-a7*)]  +  o*.arc(sin.  =  -H+  C 

=  — .<!(o*-ir^)^.(2a?^-a^)  .^+ a* .arc (sin.  ==  -J  1  +  C: 

and  the  integral  being  taken  from  a?  =  0,  and  j/  =  0,  we  have 
C  =  0. 

(c?  -  a?*)i .  (2a?'  —  a*)  .  a?  +  a* .  arc  ( sin.  =  - ) 

^'^^  *  =  i a3-.(a^^^)i 

If  we  take  the  whole  curve,  that  is,  make  a?  =  a,  we  have 


a*.- 


,3  2        Stt 

^  =  -.       .     =  — -  .  a. 
8       a*         16 

Similarly,  we  should  obtain  the  following  results : 

Ex.  2.     If  PApi  fig.  110,  be  the  common  parabola^ 

AG^-  AM, 

5 

Ex.  3.     If  PAp  be  any  parabola  whose  equation  is  y*"^* 
=  a"  J?", 

nh  +  2^ 
2m  +  3n 

Ex.  4.     If  P^p  be  a  segment  of  a  circle  whose  center  is  Cy 

PUP 


CG  = 


3  area  AMP 


Ex.  5.     If  BAb  be  a  semi-circle;  center  C;  (fig.  HO.) 


CG  =  —  AC. 

3w 
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Ex.  6.     If  PJp  be  any  segment  of  an  ellipse,  whose  semi- 
axes  are  CA  =  a,  and  CB  «  b ; 

CG 


b     3  area  AMP 


Ex.  7.     If  BA  6  be  a  semi-ellipse,  with  center  C ; 

CG  =  —  AC. 

Sir 

Ex.  8.     If  PApi  fig.  112,  be  any  segment  of  a  hyperbola 
whose  semi-.axes  are  CA^a,  CB=:b; 

a*  PM^ 


fe*    5areaJJIfP 


Ex.  9.  If  PBbp'  be  a  segment  of  the  area  contained 
between  the  two  hjrperbolas  which  are  conjugate  to  PAp\ 

Ex.  10.  If  SP^  be  a  rectangular  hyperbola  whose  asymp- 
totes are  CE  and  Ce^  and  if  we  complete  the  parallelogram 
P^Oy  we  have  for  the  area  PPQ!Q; 

„        area  P^O 
®      area  P'Q' 

Ex.  11.  If  PAp,  fig.  110,  be  a  cycloid;  axis  AC;  we 
have  for  the  whole  cycloid, 

AG^  —  AC. 

12 

Ex.  12.     If  PApC  be  a  sector  of  a  circle ;  center  C; 

2  AC .  Pp      2   rad.  chord 

CCjt  =  —  . -; —  =   —  • . 

3  arc  Pp       3         arc 


2.     A  Curvilinear  Area  not  symmetrical. 

36.     Let  BCQPy  fig.  ill,  be  a  curvilinear  area  bounded 
by  two  curves.  BPy  CQ^  and  their  ordinates.     Let  G  be  its 
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center  of  gravity,  and  GKy  GH  the  co-ordinates  of  this  point 
parallel  to  the  known  lines  Aw  and  Ay.  Then  we  may  find 
GH  as  before,  by  the  formula 

.    dm 
^     •''    dai 

h  =  , 

m 

dm 
where  the  value  of  — —  is  the  differential  coefficient   of  the 

dtV 

area  BCQP. 

If  AM  =  aff  MP^Vy  MQ^y\  we  have  -7-  =  v-v'; 

dw 

••*  =  T(r^ ^'^- 

But  if  we  take  the  integral  of  1  with  respect  to  y,  sup- 
posing the  integraj^  to  begin  when  y  is  y,  it  will  be  y-^y: 
or  y-y=fy^'     Hence  we  have  for  A, 

A=-^f^ (2). 

When  an  integral  is  to  be  found  by  two  integrations, 
thus  indicated  by  the  double  sign  j(^j^,  the  first  integration 
is  to  be  performed  considering  y  as  the  variable  quantity, 
and  Off  as  constant.  We  must  then  substitute  for  y  the  value 
which  it  has  as  a  function  of  ^,  according  to  the  manner  in 
which  the  integral  is  limited,  and  must  integrate  the  resulting 
expression  considering  w  as  the  variable  quantity. 

Now  if  we  perform  the  integrations  with  respect  to  y 
and  <r  in  a  reverse  order,  we  shall  evidently  obtain  the  same 
result. 

Hence,  instead  of  J^^^l,  we  may  use  fyfxW;  and  f^^l 
instead  of  ^1. 

-/y— 5— 
where  w'  is  the  value  of  x  when  the  area  begins^  and  w  the 
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value  where  it  ends,  corresponding  to  a  constant  value  of  y. 
Hence 

*-^Itr- ('>• 

In  the  same  manner  if  Af  be  the  ordinate  GK^  we  shall 
have 

kJ-MfVH (4). 

where  y  and  y  are  the  first  and  last  values  of  the  ordinate 
corresponding  to  a  given  value  of  w. 

The  value  of  k  may  be  found  by  formulae  corresponding 
to  any  of  those  which  we  have  obtained  for  k :  and  by  taking 
a  value  of  h  and  a  value  of  Ar,  we  determine  the  position  of  the 
center  of  gravity. 

Thus  we  may  take  formulae  (l)  and  (4),  putting  j!i(y-  y^) 

for  j;^i. 


(5). 


In  these  formulae  the  value  of  y  in  terms  of  as  is  to  be 
substituted,  after  which  the  integration  is  to  be  performed 
with  respect  to  x^  and  to  be  taken  between  the  limits  corres- 
ponding to  the  extremities  of  the  curve. 

If  the  curvilinear  space  be  bounded,  as  ADB^  fig.  113,  by 
the  abicissa,  the  ordinate  and  the  curve,  we  shall  have  j/=  0. 

hJ^;     k^Iff. (6). 

If  the  curvilinear  space  be  bounded,  as  ACD,  fig.  114,  by 
the  lines  Aw,  Ay,  and  by  the  curve,  ve  might  use  the  fbrmuke 

hJi^;    kJj!^ (7). 


N 
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the  integration  in  the  first  beginning  when  w  =  0,  and  in  the 
second  when  y  =  0. 

Ex.  13.  Let  AB^  fig.  113,  be  a  parabola  whose  axis  is 
AD :  to  find  the  center  of  gravity  of  the  space  ADB, 

Let  j^=  cw ;  and  by  formula  (6), 

Now    f,y  =  ^cia?i  =  |c*^p  , 

Hence,  if  we  take  AH  =  -f-  AD^  and  ^JT  =  |-^C,  by  com- 
pleting the  parallelogi*am,  we  have  G  the  center  of  gravity  of 
ABD. 

3.     A  Solid  of  Revolution. 

36.     In  a  solid  of  revolution,  whose  axis  is  A  a?, =  x  y* ; 

djff 

hence 


A  = 


•  «  • 


/^-wy^        i^y" 


And  the  center  of  gravity  will  be  in  the  axis  Aa^ :  hence  if  we 
measure  this  value  of  h  along  Aw^  we  have  the  center  of 
gravity. 

Ex.  14.     Let  PAp,  fig.  110,  be  a  segment  of  a  sphere  whose 
center  is  C;  AC  =  a,   AM  =  a?,    AG  -  A, 

8aa?  -  3<r* 

A= -. 

4(3a-  a;) 

And  for  the  whole  hemisphere,  when  ^  s  a, 
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Ex.  15.  Let  the  body  be  a  segment  of  a  spheroid  gene- 
rated by  the  revolution  of  an  elliptical  segment  PAp;  the 
center  of  gravity  will  be  the  same  as  that  of  a  segment  of 
a  sphere  with  the  same  axis  and  center  C;  or,  as  before, 

h  Jpa  — ■  » 

4(80-07) 

And  for  the  hemispheroid,  A  «  — . 

Ex.  16.  Let  PApj  fig.  112,  be  a  hyperboloid  with  center 
C;  (}A^aj  AM^w^  AG^h; 

h  =  —7 . 

4(3a  +  ^) 

As  as  becomes  very  great,  the  value  to  which  this  tends  is 

which  agrees  with  the  expression  for  a  cone. 
Ex.  17-     If  PAp  be  a  paraboloid ; 

3 

Ex.  18.  If  the  figure  be  a  frustum  of  a  paraboloid,  of 
which  the  radii  of  the  less  and  of  the  greater  ends  are  a  and  6, 
and  the  length  of  the  axis  07,  the  distance  of  the  center  from  the 
smaller  end,  h; 

a^4-26"  w 
h  = 


•         • 


Ex.  19.     If  PAp  be  a  solid  generated  by  the  revolution 
of  any  parabola  whose  equation  is 

j^+»=o"07*; 

h  =  .  07. 

G 
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4.     Any  Solid. 

9fJ,  Let  PJ8Q,  fig.  115,  represent  ony  solid  bounded  by 
a  surface  to  which  we  have  an  equation  in  terms  of  three  rect- 
angular co-ordinates  w^  y,  ^.  Let  A  a;  he  the  direction  of  one 
of  the  co-ordinates,  and  let  the  body  h  be  cut  by  a  plane  FM 
perpendicular  to  A  x.     Let  A  be  the  area  of  the  section  of  the 

dfn      - 
body  made  by  this  plane.      Then  —-  will  =  A, 

Now  the  boundaries  of  the  plane  A  perpendicular  to  AM 
will  be  determined  by  the  co-ordinates  y  and  ^,  which  are  per- 
pendicular to  AM^  and  in  the  plane  A.     Hence  we  shall  have 

A  =  fyX,  or  as  before  A  =  ^/«1.     And  -—  =  j^Jgl ; 

Or,  since,  as  in  Art.  35,  the  order  of  the  integrations  is 
indifferent*. 


similarly,  h  =  f  Jc^  > 


Uiyjx 

A;,  I  being  the  co-ordinates  of  the  center  of  gravity  parallel 
respectively  to  y  and  to  %. 

If  we  suppose  the  integration  in  «  to  be  performed,  we 
shall  have 


*  The  ezpression  for  the  solidity  of  a  body  is  fgffX*  Similarly  it  is  y^/sor, 
and  fgfjty.  The  expression  fsffft  1  eMspreheads  all  diese  three.  For  the  order 
of  the  integrations  is  indifferent  as  in  p.  46 ;  and  if  we  make  the  first  integration 
with  respect  to  Zy  we  obtain /jry^Jir :  if  with  respect  to  ^,  we  have  f$ftx\  if  with  re- 
spect to  y,  we  have  /s/mI'  Similarly  fx/pfi  1  is  the  same  as  fsffS%x\  and  so  of 
the  rest. 
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^  ^  fjg'^^ 


k  = 


1  = 


2/4 


Z 


And  %  being  known  in  tenns  of  «,  y,  its  value  may  be 
substituted,  and  the  integrations  in  y  performed,  between  the 
proper  limits.  Then  the  value  of  y  in  terms  of  <v  may  be 
substituted;  and  the  integrations  performed  with  respect  to 
«  will  give  the  value  of  A. 

Ex.  20.  Let  the  body  be  a  fourth  part  of  a  paraboloid 
of  revolution;  as  ABCD^  fig.  115;  cut  oflF  by  a  plane  BAC 
perpendicular  to  the  axis,  and  by  two  planes  BAD^  CAD, 
perpendicular  to  the  preceding  and  to  each  other ;  to  find  its 
center  of  gravity. 

Let  A  be  the  origin,  and  AB^  AC,  AD  the  axes  of  the 
rectangular  co-ordinates  <i?,  y,  «r,  respectively.  If  AM  =  a?, 
AN  =  MO  =  y,  OP  =  »,  the  equation  to  the  surface  will  be 

^+  y*-H  bz  =  a\ 

where  AB  or  AC  =  a,  and  the  axis  AD  =  --  , 

b 

Aud,  integrating  first  for  y, 


■W'-'^-i) 


The.  limits  of  the  integration  for  y  are  determined  by  the 
nature  of  the  part  considered ;  if  it  is  to  be  bounded  by  a 
plane  if  JVO  parallel  to  the  plane  of  ^sf  at  a  distance  ANy 
y  must  be  taken  from  o  to  AN ;  and  in  the  next  integration 
must  be  supposed  constant.     Hence  we  have 
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«'-K---v-¥)- 


Where  the  limits  of  the  int^ration  for  x  are  determined 
in  the  same  way  as  for  y.  If  the  solid  be  bounded  by  a  plane 
QMO  parallel  to  the  plane  of  yz^  at  a  distance  x  =  AMj  the 
quanti^  now  found  expresses  the  solid;  or 


soKd^P^f  (a^-^)  = 


Sh 


If  the  solid  be  not  bounded  by  a  plane  RNO,  but  con* 
tinued  till  its  surface  meets  the  plane  CAB  in  Cm,  we  must, 
after  the  integration  for  y^  put  for  y  the  value  which  it  assumes 
by  making 

«  ss  0,  or  a^+  y*=  a*,  whence  y*=  af^a^. 
Hence 

which  (taken  from  ^  s  0)  gives  the  solid  ACmQD 
= 7  |2i»(a*-  a^*+  3a^x(€^-  a!*)*+  Sa*.  arc  I  sin.  =  -)  [ • 

And  if  we  take  the  whole  solid,  x  must  be  taken  s  a ;  in 


TT 


this  case  the  arc  will  become  — ,  and  we  shall  have 

whole  solid  ABCD^ .Sa^.—  =  — r-. 

S.^.b  2        Sb 

The  solidity  of  the  whole  might  be  more  simply  foimd ; 
for  it  will  manifestly  be  ;|^  of  the  whole  paraboloid;  and  a 
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paraboloid  is  ^  the  cylinder  on  the  same  base  (rad.  »  a),  and 
with  the  same  altitude ;  hence 

11  €?        TTfl* 

whole  solid  « -. -ira*.—  =  — — ,  as  before* 

4   2  b        8b 

We  now  proceed  to  find  f,f^^Xy 

the  limits  of  y  as  before.     On  the  first  supposition,  that  the 
body  is  bounded  by  planes  RNOj  QMO,  we  have 


1  ((^a^y     a/^y     a^y^ 


af'y(6a'^^Saf-2f) 
*  126  ' 

hence,  for  AP^ 

4  *    3o^—  a^—  y* 

If  we  suppose  AMON^  the  base  of  the  figure,  to  be  a 
square^  or  y  =  a^;  this  becomes 

""4  *3a*-2a?*' 

If  we  suppose  the  quadrilateral  curve  surface  DQPR  to 
have  its  angle  P  in  the  circumference  of  the  base  BC9  as  at 
m^  we  shall  have  «=s  O;  and  hence 
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^+  y^=* «%  or  y*=  a*-  ^ ;  and  hence  for  the  solid  Afr, 

A  =  -    . T . 

4         2o^ 

On  the  second  supposition,  that  the  surface  of  the  solid  is 
to  be  continued  till  it  meets  the  plane  ABCy  we  must,  after  the 
integration  for  y,  substitute  for  y  its  value  in  that  plane,  that 
is,  y  =  \/{(^—  ^^)  ;  hence  we  have 


fj„a>z  =  -fdtdw  [a^y  -  j^y  -  - j 


a^-^" 


^hf,^fa*-a^-^y^(a^-a>^) 


2 

ft 

'  Sb'\5  I        )' 

taking  the  integral  from  a?  =  0 ;  and  for  the  whole  solid  A  BCD, 
or  when  a?  =  0,  it  becomes 


Sh    5       156 

Hence,  for  the  whole  solid  ABCD, 

^      2a*     86       l6a      a 

h  =  — - . — J  = =  - ,  nearly. 

156   -Tra*       157r       3  ^ 

In  the  saiQe  way  it  might  be  shewn  that,  for  the  part  of 
the  solid  bounded  by  planes  parallel  to  the  planes  of  x%  and 
tvy,  we  have 

A?  =  —  •  *• 


4*    3a^-y*— 0?* 


26.  (3a''- a7«-y^) 
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And  for  the  whole  aolid, 

.      I6a 
A?  = , 

y      axis 
which  last  result  also  follows  from  Ex.  17. 


3.    A  Plane  Curve. 

38.     When  the  body  is  a  curve  lying  in  one  plane^  if  we 
suppose  it  to  be  a  physical  line  of  inconsiderable  thickness,  ds 

being  the  differential  of  its  length,  —  will  be  as  —  . 

dof  dw 


Hence, 


-    ds 

.  ds 
^'dZ 


But  we  have  -^  =  V  (l  +  ^)  (Lacroix,  Elementary 
Treatise^  Art.  75.).     Therefore 


A  = 


»y 


da 
Similarly,  k  =  ; 


or,  k  « 7- TST' 
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If  the  curve  be  symmetrical  with  respect  to  Aw^  it  will  be 
suflScient  to  find  &,  since  the  center  of  gravity  will  he  in  Aw. 

Ex.  21.     Let  PAp^  fig.  110,  be  a  circular  arc,  center  Cy 
radius  =&  a. 

Let  arc  AP  =  « ;  .*.  CM  =  a?  =  o .  cos.  — ; 

a 

^     ds        f         8   ds        «  .     * 
•'•  J*^  "7"  =  ^jM  cos.  - .  -—  =  cr  sm.    . 
'^    da?  a  dor  a 

And  if  the  whole  arc  be  22,  and  its  middle  point  Ay  the  inte- 
gral must  be  taken  from 

«=-Zto««Z;  .-.  ta?—- =5  2o*.  sin.- . 

dw  a 

2a*.  sm.-              .     w    1 
^^     ,                   a      a.2sm.  2(rad.  sa) 
Hence  CG=h^ : = i^ i 

2Z  2Z 

radius .  chord 


arc 

2a 
CoE.     Hence  for  the  semi-circle,  A  =  —  . 

IT 

Ex.  22.  Let  APB,  fig.  113,  be  a  semi-cycloid  with  axis 
AD. 

An  2 

AH^hr."^,  HG^k^DB-'AD. 

3  3 

CoE.     Hence  CJT  =  DH. 

Ex.  23.  Let  PApy  fig.  110,  be  a  catenary  of  which  A  is 
the  lowest  point.  Take  AD  vertical  and  equal  to  a  length  of 
the  string  equivalent  to  the  tension ;  then 

^^     1  T.,^     DA.  MP 
DG^^iDM^^^-yj^. 
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6.    A  Curve  of  double  Curvature. 

39*  Let  8  be  the  length  of  the  curve ;  and^  as  before, 
— — -^  — .  Then,  if  w^y,  «  he  the  rectangular  co-ordinates 
to  the  curve, 


^:-^/( 


d«*      ds?\ 


f.    ds  ^    ds  .    ds 

^ds  ^ds  ^ds 

^di  ^'di  ^d^ 

Ex.  24.     Let  the  curve  be  the  thread  of  a  screw,  of  which 
the  axis  is  Ax. 

This  thread,  projected  on  the  plane  afy^  will  become  a  circle; 

and  if  a  be  the  radius  of  this  circle,  a*=a^+  ^,     Also  -  will 

a 

be  the  cosine  of  the  arc  of  this  circle,  corresponding  to  any 

point  in  the  curve,   and  %  wiU  be  proportional  to  this  arc. 

Hence  the  equations  to  the  curve  are 

y  =  \/(«*  -  ^)y 


X  =^m .  arc 


(cos.  =  I)  , 


m  being  a  constant  quantity,  and  the  thread  of  the  screw  being 
supposed  to  begin  in  the  line  Aof. 


Hence  -r"  = 

OS 

A/(a'-^)' 

dx 

m 

doe 

~  y/{a*-a?y 

ds 

•         

doD 

/[       dtf"     dx? 

yv^da^u^ 

H 
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=  -  O' 


Hence  also 


ds  '    y/{€?-¥  m^)  dx 
dx  m         doQ 


and  8  = %. 


m 


which  begins  when  w  ^  a. 

Also /.|i  =/.--/(«*+ mO 


=  (a-w)^(a^'{'m% 

which  also  begins 

when  w=  a. 

And  f,z 

ds       r\/(a*+w')^ 
do?      J*         m 

m           2 

Hence 

m  (a  -  a?) 
*  = ^; 

X 

2 

If  d?  =  a,  that  is,  if  the  spiral  consist  of  a  complete  nmn-' 
ber  of  revolutions,  &  =  0,  Ap  =  0.  In  this  case  the  center  of 
gravity  is  in  the  axis^  and  in  the  middle  of  its  length. 
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If  07=0,  A  = ,  fc  = :  in  this  case  the  spiral  con- 

sists  of  a  complete  number  of  revolutions  together  with  a 
quarter  of  a  revolution. 


7.    A  Sufface  qf  Revo^tion. 

40.     If  «  be  the  length  of  the  curve,  2  iry  —  is  the  differ- 
ential coefficient  of  the  surface  with  respect  to  w^   and,   as 

tint 

before,  this  may  be  put  for  —- .     Also  the  center  of  gravity 
will  be  in  the  axis  of  revolution.     Hence 


A  = 


Ex.  25.     If  the  surface  be  a  cone,  and  h  the  distance  from 
the  vertex, 

Ex.  26.     If  the  surface  be  a  sphere,  and  h  measured  from 
the  vertex, 

w 
A  =  -. 

2 


8.    Any  Surface. 

41.     Let  the  surface  be  defined  by  any  equation  t^  =  0, 
between  a?,  y, « ;  whence  we  may  find  %  in  terms  of  w  and  y. 

_       d%  dz 

Let  3-  =  ^,  3~  =  g ;  A,  *,  Z  as  in  Art.  37.     The  differ- 
ilx  ay 
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ential  coefficient,   taken  with  regard  to  iv  and  y  successively, 
of  the  surface,  is  (l  +|>* +?*)*;  hence  as  before, 

/-/,(! +!>•+ 9')*' 
r     /Jy^O+P'  +  g*)* 

1 

Ex.  27.  Let  a  conical  surface  be  divided  into  four  parts 
by  two  planes  perpendicular  to  each  other,  passing  through 
the  axis.  To  find  the  center  of  gravity  of  one  of  these  parts : 
as  BCD 9  fig.  115 ;  DB  and  DC  being  supposed  to  be  straight 
lines. 

If  we  make  the  vertex  D  the  origin  of  co-ordinates,  the 
axis  the  line  of  x^  and  measure  z^  y,  parallel  to  ABy  AC, 
respectively,  we  have 

Where  m  is  the  tangent  of  the  angle  which  the  slant  side 
makes  with  the  base. 


Hence 


P  = 


dw     'v/C^  +  y*)' 

d%  my 

And  if  the  curve  surface  be   a  quadrilateral   figure  DQPR 
bounded  by  planes  parallel  to  those  of  the  co-ordinates, 

this  =  (1  H-  m^)^  wy. 
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But  if  we  take  the  surface  as  bounded  by  a  plane  BAC 
perpendicular  to  the  axis  at  the  distance  a  =  DA^  we  must 
have,  after  the  integration  for  y^  «  —  a^  the  axis ; 

Now  a'-m'^=i»*jr,  y^-^^—^ -^ 

tn 
(1  -H  m«)* 


2m 


Ua^-fn*a^)^ .  w  H — .  arc  (sin.  = j  >  +  const. 


and,  from  of  =  0  to  w  =  AB  =  — 

m 

(1  H-  m^)i    g^x      (1  +  m^)^  .  ir€? 
2f»  2m  4m* 

which    might  be   deduced  also  from   the  known  method   of 
finding  the  surface  of  a  cone. 

To  find  the  numerator  of  A,  we  have  it 

-  (1  +  mO*  UyX  =  (1  +  w')*/.ya?, 

(1  +  m*)i 
and,  for  the  quadrilateral  DPQR^  =* yo?^. 

But,  for  the  whole  surface  DBC^ 

(1  +  m«)4 


m 


fg{a^  -  m*a7*)4a? 


(1  -Hm2)4  a 

-  -  -^ —^  (a*  -  mrary  +  constant : 

3m*  ^ 


and,  taken  from  a?  =  0  to  <2?  =  -45  =  — 

^  m 


(l+m«)4o3 
3m' 
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The  numerator  of  k  will  manifestly  be  the  same. 
Similarly,  for  the  numerator  of  l^ 

=  (1  -^  ^')* .  ^  ■ /{^^  -^  yO*y  ^  ^  1  y  -^  V^f  ^  y')} , 

in  which  the  denominator  a?  is  given  to  the  quantity  under  the 
logarithmic  sign  that  the  integral  may  begin  when  ^  =  0. 
For  the  quadrilateral  surface  DPQRy  we  must  now  integrate 
for  Wy  supposing  y  constant ;  and  the  double  integral  becomes 

o  [  ^ 

y        f 

For  the  whole  surface  DBCy  we  must,   after  integrating 
for  y,  put  for  y  the  value  ^^^-^ -%  and  it  becomes, 


+ 


2 


a 
and  the  integral  being  taken  from  0?  =  0  to  ^=  —  ;  this  becomes 

m 

(1  +m*)i.  Tra* 

Hence,  for  the  whole  conical  surface, 

(l  +  m*)i .  o'  4m*  4a 


A=rft== 


/« 


Sm^         '  (1 +m*)i.7ra*      S^rm' 

(H-m*)i.ira'  4m*  2  a 

6^         •  (1  -+.  my .  Tra*  ^T' 

which  last  agrees  with  Ex.  33,  as  it  should. 

For  the  center  of  gravity  of  the  quadrilateral  surface 
DPQBy  where  AM^w^  AN-y^  we  have  for  A,  A,  Z,  other 
expressions  which  are  easily  deduced  from  the  results  given 
above. 
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9.     Guldinus's  Properties*. 

42.     Peop.     If  any  plane  Jlgure  revolve  about  an  awis 

in  its  own  plane,  the  content  of  the  solid  generated  by  this 

figure  in  its  revolution  is  equal  to  a  prism  whose  base  is 

the  revolving  figure,   and  its  height  the  length  of  the  path 

described  by  the  center  of  gravity  of  the  plane  fgture. 

The  figure  may  either  be  bounded  by  straight  lines,  or 
curves ;  or  by  a  combination  of  the  two ;  and  the  revolution 
may  take  place  either  through  a  whole  circumference  or  any 
part  of  it. 

We  shall  suppose  the  whole  of  the  revolving  figure  to 
be  on  one  side  of  the  axis. 

Let  AB,  fig.  116,  be  the  axis  of  revolution,  PQR  the 
figure ;  G  its  center  of  gravity ;  GK,  PQM9  ordinates  per- 
pendicular to  AB.  And  let  the  figure  revolve  into  the 
position  PQ[B!\  the  angle  PMP  being  =b0.  Also  let 
AM^x,  PM^y,  MQ^y\  GK^k. 

The  sector  PMP^^if^e,   and   QJIfQ'=iy*0.     Hence 

PQdP^W-y")^'^ 

and  hence  the  small  increment  of  the  solid  PB!  corresponding 
to  lt€  is  ^(y*  -  y'*)0S^»     Hence  the  solid 

Also  the  prism  whose  base  is  PQR,  and  altitude  the  arc 
GG\  is  =  PQR .  GG';  and  area  PQR  =  /,(y  -  j/),  GG'=  &0. 
Hence  this  prism  -  kO  fg(y  —  y). 

But  by  formula  (5)  for  k,  in  Art.  35,  we  have 


*  The  propositions  known  by  this  name  were  discovered  by  Pappus,  and  re- 
published about  1640,  by  Guldin  or  Guldinus,  a  Jesuit,  who  was  Professor  of 
MaiheEiiatics  at  Borne. 
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Therefore  the  figure  described  by  the  revolution  of  PQR  is 
equal  to  the  prism  mentioned  in  the  Proposition. 

If  the  figure  be  composed  of  several  curves,  or  of  straight 
lines,  both  the  numerator  and  denominator  of  k  will  consist  of 
several  integrals  added  together,  corresponding  to  the  different 
parts  of  the  figure.  Also  both  the  area  of  the  figure,  and 
,  the  content  of  the  solid  will  consist  of  parts  corresponding 
to  these;  and  the  solid  and  the  prism  will  be  found  to  be 
equal  in  the  same  manner  as  before. 

43.  Peop.  If  any  plane  ^figure  revolve  about  any 
ams  in  its  own  plane^  the  area  of  the  surface  generated 
by  the  perimeter  of  this  figure  in  its  revolution  is  equal  to 
a  rectangle^  one  of  whose  sides  is  the  perimeter ^  and  the 
other  the  length  of  the  path  described  by  the  center  of  gravity 
of  the  perimeter. 

The  denominations  remaining  as  in  last  Article,  let  Ss  be 

the  small  increment  of  the  length  of  the  curve  corresponding  to 

Sw;  and  since  yO  is  the  length  of  the  path  described  by  P, 

yO.^s  is  the  increment  of  the  surface  described  by  the  re- 

ds 
volution;  and  6  Ly-z- is  the  whole  surface. 

dw 

Also  the  whole   perimeter   is  f^;   and   if   G  be  now 

its  center  of  gravity  of  the  perimeter,  k9  is  the  path  described 

f—  is  the 
'  a*Xf 

rectangle  mentioned  in  the  proposition.  , 

But  by  Art.  38, 

y   fds       -     ds 

Jx  dx  dx 

whence  the  proposition  is  manifest. 

44.  Hence  we  may  find  the  contents  and  areas  of  surfaces 
of  revolution  whenever  we  can  find  the  area  or  perimeter  of  the 
revolving  figure  and  its  center  of  gravity. 

Ex.  28.  Let  the  figure  be  a  circle  which,  revolving  round 
an  axis  without  it,  generates  a  solid,  resembling  a  cylinder 
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bent  so  as  to  return  into  itself,  or  the  ring  of  an  anchor. 
The  center  of  the  circle  will  be  the  center  of  gravity  both 
of  the  area  and  of  the  perimeter.  Hence,  by  Article  42, 
the  solid  content  of  such  a  ring  is  equal  to  the  cylinder  whose 
base  is  the  revolving  circle  and  its  length  the  circle  described 
by  the  center  of  the  circle.  Also  by  Article  43,  the  surface 
of  the  ring  is  equal  to  the  rectangle  contained  by  the  cir- 
cumference of  the  revolving  circle  and  the  path  of  its  center ; 
that  is,  it  is  equal  to  the  surface  of  the  cylinder  before- 
mentioned.  Hence  if  we  could  suppose  that  the  ring  was 
cut  through  in  some  part,  and  unrolled  into  a  cylinder  so 
that  its  axis  should  remain  of  the  same  length  as  before, 
both  the  solidity  and  the  surface  would  continue  unaltered. 


CHAP.   V. 


THE    EaUILIBRIUM    OF    A    FLEXIBLE    BODY. 

46.  The  equilibrium  of  a  flexible  body  depends  upon 
the  same  conditions  as  that  of  a  rigid  one,  and  may  be  de- 
duced from  the  principles  already  laid  down.  These  principles 
may  be  applied  by  observing  that,  in  all  cases,  a  fleooihle 
body  may  be  supposed  to  become  Hgid  after  the  equilibrium 
is  established:  or,  that  the  forces  which  keep  a  flexible  body 
at  rest  would  keep  at  rest  a  rigid  body  of  the  same  form. 
For  after  the  body  has  assumed  the  form  which  the  forces 
produce  in  it,  there  is  no  tendency  to  change  the  form ;  hence 
it  makes  no  difference  whether  we  suppose  the  body  to  have 
the  property  of  resisting  a  change  of  form  or  not :  that  is, 
it  makes  no  difference  whether  we  suppose  the  body  to  be 
rigid  or  flexible. 

We  shall  suppose  the  bodies  to  be  perfectly  flexible,  that 
is,  to  offer  no  resistance  to  any  change  of  figure. 

I 
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The  Tension  of  a  string  or  chain  is  the  force  exerted 
by  one  part  upon  another  contiguous  part  in  the  direction  of 
its  length.  £yery  point  of  the  string  must  be  acted  upon 
by  equal  and  opposite  forces  of  this  kind :  and  a  force  of 
the  same  kind  is  exerted  upon  any  fixed  point  to  which  the 
string  is  attached. 

We  shall  consider  the  equilibrium  of  a  flexible  line*, 
acted  on  by  various  forces.  This  line  may  be  supposed  to 
be  a  cord,  indefinitely  slender  and  perfectly  void  of  stiffness ; 
or  a  chai/n  composed  of  indefinitely  small  links.  On  this 
account  the  curve  formed  by  the  line  is  called  the  Catenary, 

1.     IZ%e  Catenary,  when  a  uniform  Chain  is  acted  on 

by  Gravity. 

46.  Prop.  To  find  the  equation  to  the  catenary  between 
z  and  s,  begirmi/ng  at  the  lowest  point. 

Let  AB,  fig.  117,  represent  the  catenary.  Let  C  be  the 
lowest  point,  CM  vertical  =  ^,  MP  horizontal  =  y,  CP  =  8. 
The  portion  CP  may  be  supposed  to  become  rigid  after  it 
has  assumed  the  form  of  equilibrium;  and  since  its  weight 
and  figure  remain  the  same  as  before,  it  will  be  supported 
in  the  same  manner.  Now  the  forces  which  act  upon  the 
portion  CP  are,  besides  its  own  gravity,  the  tension  at  C 
and  the  tension  at  P:  and  these  three  forces  must  keep  CP 
in  equilibrium.  Also  the  tensions  are  in  the  directions  of 
the  tangents  RC  and  RP  at  C  and  P. 

Let  PR  meet  MC  in  T,  PM  will  be  parallel  to  RC, 
and  hence  the  three  lines  MT,  PM,  TP  are  parallel  to 
the  directions  of  the  three  forces  (gravity,  tension  at  C, 
tension  at  P),  which  keep  CP  at  rest,  and  hence  {Elem.  Tr.) 
the  forces  will  be  as  those  three  lines.     Hence 

tension  at  C       MP 


weight  of  CP      TM 


*  Flexible  bodies  may  be  lines,  surfaces,  or  solids.  A  flexible  line  can  in  aU 
cases  be  extended  into  a  straight  line.  A  flexible  surface  is  not  necessarily  sus- 
ceptible of  being  unrolled  into  a  plane,  without  stretching  or  tearing;  if  it  be 
capable  of  this,  it  is  caUed  a  developable  surface. 
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Let  the  tension  of  the  string  at  C  be  equal  to  the  weight 
of  a  length  c  of  the  string;  the  weight  of  the  length  CP 
will  be  as  CP  or  8 ;  and  the  first  side  of  the  above  equation 

will  be  -.     Also  -—  will  be  equal  to  the  second  side. 
8  aw 

Hence  -  =  -7^ (l); 

8     dm 

from   which   equation   the  properties  of  the   curve   may  be 
deduced. 

If  we  square  both  sides  of  equation  (l)  and  add  unity 
to  them,  we  have 

xdwj        \dw} 


dw  8 

■■  di"  vv+^ ^ 

and  integrating  with  respect  to  «,  supposing  «  =  0  when  a^^O, 

d7H-c=  v^(c^  +  «*) (3). 

Hence  also  we  find 

««  V^(a?*  +  Qcw) (4). 

CoE.  1.     If  the  angle  which  the  curve  makes  with  the 
vertical  be  called  a,  we  have 

dy      c 
tan.  a  =  -7-  =  -; 
doj      8 

dw  s 

cos.  a  = 


d8       v^(c^  +  ^) ' 

CoE.  2.     For  the  tension  at  any  point  P, 

tension  at  P       TP      ds  ^  y/{&  +  Q 
weight  of  CP  "  'TM  '^Ice'  's  ' 

and  weight  of  CP  =  s;   .*.  tension  at  P  =  ^{(?  +  «*)  =  a?  +  c. 
Hence,  and  from  the  last  Corollary,  it  appears  that 

8 


tension  at  P  = 


cos.  a 
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Cob.  3.     If  we  take  CD  »  c,  and  draw  DQ  horizontal, 
and  PQ  vertical,  PQ  =  DM  ^w-k-c^  tension  at  P, 

Cob.  4.     If  we  put  DM  ^Uy  w^u-a^  and  hence 

47.     Pbop.     To  find  the  equation  between  y  ands. 
As  in  last  Article, 

$      dw  .  . 

-T, (■) 

= 1+ '       ^       ' 


(dafy^  (day 


\   dy  ^  1 

Integrating  with  respect  to  «,  supposing y^O  when  «  =  0, 

?=if±vv±^ 

c  c 

Hence,  .^  =  1±VV±£!), 


Subtracting,  and  reducing 

8 


-W-^) <•)• 


Cor.     We  have 

tension  at  P  __  TP  ^  d8  ^  \/(«*+  ^) 
.    tension  at  C      TM      dy  c 

c 

Also  as  before,  tension  at  P  =  -; . 

sm.  a 


/ 
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48.     Prop.      To  find  the  equation  between  x  and  y. 

If  in  the  equation  (l)  of  last  Article  we  put  the  value  of  s 
from  (4),  we  have 

dw     ,  /  ^        -A 
Integrate  with  respect  to  y  (a?  =  0  when  y  «  0), 


^  +  c 


2  (€^  +€^) (2). 


Again,  if  in  equation  (l)  of  Art.  46,   we  put  for  s  its 
value  from  (4)  of  that  Article,  we  have 

^  = ^  (S\ 

dw      y/{3f-{^5tcai) ^^ 


Integrate  with  respect  to  ^, 

•*•  y  —  ^*  1 ■ 


w- 

49.  Prop.  To  fi/nd  the  equations  to  the  catenary  be- 
ginning from  any  point 

Let  A,  fig.  118,  be  a  point  which  is  considered  as  the 
beginning  of  the  catenary,  AP  any  arc.  Let  the  curve  of 
equilibrium  be  continued  if  necessary,  and  let  C  be  its  lowest 
point.     Let  AN  vertical  =  Wy  NP  horizontal  =  y,  AP  =  s. 

The  portion  AP  will  be  kept  in  equilibrium  in  the  same 
form  whether  we  suppose  it  to  be  acted  on  at  A  by  the  tension 
of  CA,  or  by  the  re-action  of  a  fixed  point.  But  if  we  sup- 
pose AP  to  be  a  portion  of  CAP,  its  form  will  be  determined 
as. in  the  preceding  Articles.  Let  c  be  the  tension  at  the 
lowest  point  C,  CP  «=  « ,  and  we  have  as  before, 

%^ (1), 

s      dw 

d'u 
for  3—  is  the  same  whether  x  and  y  be  CMy  MPy  or  JiV,  NP. 
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Let  the  tension  at  ^  ^  a,  and  the  angle  which  the  curve 

makes  with  the  vertical  =  a.      Also  let  CA  =  m.      Then  by 

Art.  46,   Cor.  2,    acos. a  =  w.      Also  «'=m  + «  =  acos.a +  «, 

dft       ds 
and  —  =  T-  •     -And  by  Cor.  to  Art.  47,   a  sin.  a^c. 
dw      dw 

By  equation  (l), 


fdyy  ^  fd£\  ^ 
\diff)        \dw) 


g'                \a(ffj        \awj       \di€ ) 
dx 8 

'*d7"  >v/(^+s'») ^^\ 

0?  +  C  =  \/(c  +  «'^)9  and  putting  for  c  and  «'  their  values,  ob- 
serving that  a?  =  0  when  «  =  0. 

a?  +  a=  ^y{c?-v  2a«  cos.a  +  i) (S). 

Hence  we  find 

«=  ±^(a?^+2aa?H-a*  cos.^o)  -a. cos. a  .••.(4). 

The  double  sign  indicates  that  there  are  two  arcs  cor- 
responding to  the  same  value  of  oo^  as  AP  and  AP'  in  the 
figure. 

In  the  same  manner  if  we  take 

s'      dx 
c^  dy^ 

we  shall  find 

1  dy  1 


cds'      v^(c«+0 

y_  I  g'+\/(c^+g'0 


(5), 


,  «  +  a  cos.a  + /v/(«*  +  2a«  cos.a  +  a^)      ,^v 

y  =  asin.  o  1 7^-^^ ; ...(6). 

a  (1  +  COS.  a) 

And  hence 
a  (1  -  COS.  a)  €«"*"^  =  V  («^  +  2a«  cos.  a  +  a^)  +  «  +  a  cos.  a, 
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whence 

0(1  -  COS.  a)  €"««*»•«  =  ^(^+  2a«  cos.  a  -I-  a*)  —  («  +  a  cos.  a), 

as  appears  by  multiplying  the  equations.     Hence,  subtracting 
and  dividing  by  2, 

8  +  a COS.  a  =  -h  +  cos.  a)  6***^"  -  (l  -  cos.  o)  6  "'^^"[...(T). 

Now 

,       dw  dw 

8  +  a  cos.  a=  «  s=  c  --—  =  a  sin.  a  -7—  9 

dy  dy 

Hence  integrating  both  sides  with  regard  to  Wj  and  dividing 
by  a  sin.  a, 

a^  +  o  =  -|(l  +  cos.  o)  €"^*^  +  (1  -  COS.  a)  c"""^^} (8) 

And  in  nearly  the  same  manner  as  before,  we  should  find 

,  ^  +  «  =*=  a/ (^F*+ 2oa?  +  ff*co8.*a) 

y  =  acos.al \ -^ (9). 

a  (1  ±  COS.  a) 

^  _  y      dy         a  sin.  a 

Cob.     It  appears  that 


dx      a  COS.  a  +  6 

50.  By  means  of  the  formulae  thus  obtained  we  may 
solve  the  following  Problems. 

Prob.  I.  A  chain  of  given  length  BCB'  =  2l,  ^.  118, 
hangs  from  two  given  points  B^  ff  in  the  same  horixontal 
line,  of  which  the  distance  BB'=2h  is  given;  to  Jind  its 
position. 

The  middle  point  will  here  be  the  lowest,  and  the  chain 
will  form  a  symmetrical  figure  with  respect  to  the  axis  CE\ 

CB^CB'^l,   EB^Eff^h. 

Let  a  be  the  angle  which  the  curve  at  B  makes  with  the 
vertical  line ;   and  by  equation  (3)  Art.  47, 


c  \c  c         ) 
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1 


{dw       dsy 
dy      dyj 

(sin.  a      sin.  a} 

dp 
Also  c  =  «  — -  =  Z  tan.  a,  and  y  =  A ; 
diV 

,\  hz±i  Ian.  a  1  — : =  tan.  a  1  co-tan.  - ; 

sin.  a  9. 

h  «         a 

.'.  -  =  —  tan.  a .  I  tan.  -  . 

From  this  equation  we  have  to  determine  a.  This  cannot 
be  done  directly,  but  it  is  easy  to  approximate  to  it  with  suf- 
ficient rapidity.  For  this  purpose  it  will  be  proper  to  adapt 
the  formula  last  found,  which  is  calculated  with  Napierian 
logarithms  and  a  radius  =  1,  to  the  common  tables.  Let 
Tan.  be  the  tangent  and  R  the  radius  of  the  tables  ;  the  Na- 
pierian logarithm  of  10  =  2.3025851  =  M ;  and  making  log. 
signify  the  logarithm  to  base  10,  we  have 

h  Tan.  a     _  _  ,  '  i 

_.__.3f.log.-^; 

Tan.  a    ,^  ,  R 

.M.  log. 


Co-tan. 

2 


Tan. 


.  ilf .  [log.  Co-tan.  —  log.  R  j  ; 

.•.log.-=log.Tan,aH-log.  (log.  Co-tan. — log.iJ  |  +log.Jlf-log.iZ, 
where  log.  iZ  =  10,  log.  JIf  =  .3622157. 

Assuming  values  of  a,  we  may  calculate  - ,  and  by  observ- 
ing  the  error  of  the  result  obtain  a  more  accurate  value  of  a. 
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Ex.     Let  the  string  BCff^  2  Bffy  to  find  the  position. 

A  1       —  ^ 

We  have  log.  -  =  log.-  =  1.6989700. 

By  a  few  trials  we  shall  find  that  a  »  13®  will  nearly  give 
this  value  by  the  formula. 

h      - 
13®  would  give  log.  -  =  1.7002484;  therefore  13®  is  too  large : 

V 

h 
12®.30' log.  -  =  1.6904752;  therefore  12®.S0' is  too  small. 

Hence,  since  the  difierences  of  the  results,  when  very 
small,  are  nearly  proportional  to  the  difierences  of  the  suppo- 
sitions ; 

7002484-6904752  :  7002484-6989700  ::  SO':  4',  nearly. 

Therefore  a  «  13®-  4'=  12®.  56^  very  nearly ;  and  by  repeat- 
ing the  process  we  might  obtain  the  value  of  a  still  more 
accurately. 

Knowing  a,  we  know  a  ^  =  I  sec.  a. 

cos.  a 

To  find  the  depth  EC,  to  which  the  vertex  hangs,  we 
have,  by  Art.  49, 

EC  =s  BF  -  CD  ^a-^a  sin.  a^l.  (sec.  a  -  tan.  a). 

For  c,  the  tension  at  the  point  C,  we  have,  by  the  same 
Article, 

c  ^  a  sin. a^l tan. a. 

Iji  the  case  just  mentioned,   where  Z  «  2  A,  we  shall  have 

a  =  2.152A; 

c«    .459 A; 

EC  =  1.693A. 
K 
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If  it  were  required  to  find  the  form  of  the  curve  when 
a  is  45^,  it  might  be  obtained  directly  from  the  formula; 
which  gives  in  this  case 

-  =  1.1S46. 
h 

61.  Prob.  II.  A  chain  of  given  length  APBy  fig.  118, 
is  stispended  from  two  given  points  Ay  B,  not  in  the  swme 
hoHxontal  line  ;  to  find  its  position. 

Let  s  represent  the  whole  length  of  the  chain,  and  of  and 
y  the  ordinates  of  the  point  B,  measured  from  A ;  and  there- 
fore given  quantities.     By  equation  (S),  Art.  49,  we  have 

a*+2a«.cos.  a  +  ^^(a-^  aif^  a^+2aw  +  a?*; 

,'.  a  = . 

2  (a?  —  «  cos.  a) 

TT  ••  «    «  «v  «*— 2«^r  .COS.  a  + 

Hence  ^{ar-^^as .  cos.  a  +  «*)=  a  +  a?  =  - 


a  cos.  o  +  «  = 


2  («r  —  «  COS.  a) 
2«a?  —  ^.  COS.  a  —  a^  cos.  a 


2  (a?  -  «  cos.  a)   . 

But  by  (6)  Art.  49, 

1  \/W-^  2a«  .  COS.  a  +  ^)  H-  (a .  cos.  o  +  «) 

y  =  a .  sm.a  I  -2^— ^ '—-^ , 

a(l  +COS.  a) 

{jf  —  cf).  sin.  a  ^  («*+  2«/p  +  a?*) .  (1  -  cos.  a) 
2  (^r  -  « .  COS.  a)  («*-  <r*)  .  (l  +  cos.  a)       ' 

(^  —  07*)  .  sin.  a  I «  +  ^    1  —  cos.  a 
2(^  — «.cos.  a)    «  — tV    1+cos.a' 

whence  a  must  be  determined  by  approximation,  as  in  the  last 
problem.  The  approximation  may  be  facilitated  by  the  fol- 
lowing artifice.     Let  w^s  . cos. (i ;  hence 

y         sin.*)3 .  sin.  a       ,  1  +  cos.  )3   1  -  cos.  a 
s      2(cos.  /3  —  COS.  a)  *     1  -  COS.  )3    1  +  cos.  a 
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sin.*p .  sin.  a  |         2 


^   ,     a  +  fi     .     a^fi\      /3' 

4  sm. .  sm. ^  tan.  — 

2  2  2 


Sin.«)3 .  Sin.  a 


^  ■   A .  M .  hog.  Tan.  -  -  log.  Tan.  ^l, 

2  2 

£  being  the  radius,  and  Sin.  &c.  the  sine,  &c.  of  the  tables. 

Hence 
log.  -  =  2  log.  Sin.  /3  -I-  log.  Sin.  a  -  log.  Sin.  — ^  -  log.  Sin. 

-I-  log.  |log.  Tan.  -  -  log.  Tan.  -  >  +  log.  M  -  log.  4  -  10, 

and  by  assuming  values  of  a,  and  comparing  the  resulting 
with  the  true  values  of  log.  - ,  we  may  obtain  as  before  an  an- 
swer nearly  correct. 

r 

52.  Pros.  III.  A  chain  of  given  length  FBCffP^  2/, 
hangs  freely  over  two  given  points  B^  S^  in  the  same  hori^ 
xontal  line,  its  ends  BF^  B!F'  hanging  vertically :  to  find 
the  position  in  which  it  tvill  sv/pport  itself 

It  is  manifest  that  there  cannot  be  an  equilibrium  except 
the  two  vertical  parts  BF^  B!P^  are  equal.  Also  each  of 
these  must  be  equal  to  the  length  which  expresses  the  tension 

at  5  or  ^ ;  that  is,  BF*^  BF  =  -^—. 

cos.  a 

Let  5S'=  2  A,  CB  =  CB'=  «,  the  angle  at  £  =  a,  and  we 
have,  as  before,  Art.  50, 

I  1  +  cos.  a 

h  ^  s  tan.  a  1  — ; . 

sm.a 


«      *    ^ 


1 
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Also  by  Cor.  2,  Art.  46,  tension  at  S  = =  BF; 

COS.  a 

^  s  1  +  COS.  a 

.-. /=CB  +  BF=«+  ^ =« ; 

COS.  a  COS.  a 

h  sin.  a     i  ^  +  cos.  a 


/       1  +  COS.  a        sin.  a 

h      ^       a  t       ^       a         ^«i^« 
or,  -  «  tan.  - .  1  co-tan.  -  =  —  tan.  - 1  tan.    x 

I  2  2  2  2. 

whence  tan.  -  must  be  found.     And  a  being  known,  we  know 

COS.  a  ,  ,  1 1  +  COS.  a 

s=l, ^:  andA  B  «tan. al — ; ; 

1  +  COS.  a  sm.  a 

and  hence  the  curve  is  known. 

53.  Pbob.  IV.  In  the  last  caae^  to  find,  when  the  equi- 
librium is  possible. 

In   the  equation  --  »  —  tan.  - 1  tan.  - ,  making-  =  Uj  and 

tan.  -  =  /,  we  have  «  = r-  •     And  the  relative  chanires  of 

2       '  tit  ^ 

magnitude  of  t  and  u  will  be  seen  most  easily  by  constructing 

a  curve  of  which  these  shall  be  the  abscissa  and  ordinate.     Let 

6m,  fig.  119,  be  always  taken  «  tan.  -  ^  ^,  and  mp  =  u,  and  let 

2 

us  consider  the  locus  o{  p. 

The  value  of  a  will  be  between  0  and  ^7,  and  hence  the 
value  of  t  will  be  between  0  and  1 ;  and  hence  1 1  will  be 
negative,  and  u  will  always  be  positive 

When  ^  =  0,    /  1  ^  =  0,   and  u  is  infinite. 

As  t  increases  u  decreases ;  we  have 

du      1 +lt 

It  "Jtiiy'" 

which  is  negative  so  long  as  -  U>1. 


EdDILlBRIUM    OF    A    FLEXIBLE    BODY.  77 

1    du 
When  l  +  l/eO,  or^  =  -,---ssO,  aiid  u  h  a  minimum ; 

e    at 

at  this  point  ««  s  - ,  or  2  «  e  A.     Afterwards  u  increases  con- 

e 

tinually  till  /  » 1,  when  u  is  infinite. 

Hence  the  curve  is  of  the  form  pqp\  with  asymptotes  at 
b  and  c,  be  being  b  i.  If  6n  s  .368,  &c.  nq  will  be  the  mini- 
mum ordinate  s  2.718,  &c. 

For  every  value,  as  bo,  of ««  or- ,  there  are  two  values  of 

h 

if  which  may  be  found  by  drawing  opp'  parallel  to  be.  Hence 
there  are  two  positions  of  equilibrium*,  for  given  values  of  h 
and  /.  If  we  make  bA  perpendicular  and  equal  to  6  c,  and 
join  Amy  Arn,  the  angles  a  for  these  two  positions  will  be 
the  doubles  otbAm^  bAm\  respectively. 

Thus,  if  I B  10  A  the  values  of  a  are  3<^  n\  and  83®  36^. 

The  least  value  of ««  or  -  for  which  the  equilibrium  is  pos- 
sible, is  when  u^e^orl^  he,  which  gives  the  minimum  ordi- 
nate nq.     In  this  case  we  have 

/  =  - ;   .-.  co-tan.  -  =  -  =  2.718281824,  &c. ; 
e  2      t 

.-.-«  20^12',  and  a  =  40®  24'. 
2 


lia^BFy  fig.  U8, 

8  I  I 


a  =as 


COS.  a      1  +  COS.  a  o  «• 

2  COS.*  - 
2 


;=i(*-^?)' 


*  In  the  case  when  the  equilibrium  is  possible,  the  higher  position  is  one  of 
stable^  the  lower  one  of  un9iable  equilibrium.  If  the  chain  be  placed  with  its  vertex 
above  the  higher  of  the  two  positions  of  equilibrium,  it  will  descend  towards  that :  if 
it  be  placed  any  where  between  the  two  positions,  it  will  ascend  towards  the  upper.  If 
it  be  placed  below  the  lower  it  will  descend  and  never  come  to  another  position  of 
equilibrium. 
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I 


8 


/-2a=-|l I; 


and  by  Art.  49,  if  k  be  the  depth  of  the  vertex  below  the  hori- 
zontal line, 

/I  -  sin.  a      I  (       ^a  a\ 

k-  a  "  a.  sm.  a  =  - .  '  =  -  (  sec.   —  2  tan.  - 1  ; 

2  ^a         2  V         2  2/ 

COS.'*  - 

2 


2    V       ^     e)      2  V       e/ 


«      e+ 1 

^  ~  6- 1  * 

If  the  chain  be  so  short,  compared  with  the  distance,  that 

-  is  less  than  e,  it  cannot  be  supported :  the  middle  part  wiU 
h 

descend  and  draw  up  the  ends. 

64*     Pbob.  V.     To  find  the  center  of  gravity  of  the  cate- 
nary JPy  fig.   118. 

For  this  purpose  we  must  find 

f     da      f    da 


By  Cor.  Art.  49, 


dy      c         a  sin.  a 


dw      a'      a  COS.  a  +  « ' 

dsD 
.•.  a  COS.  a  +  «  =  a  sm.  a .  -r-  ; 

dy 

dtV 

.*.  fi  =  a  (sin.  a .  -. cos.  a), 

dy 

fyS  ^  aijjo  sin.  a  -  y  cos.  a)  ; 
dy 
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Again,  since  by  (2)  and  (5),  Art.  49, 

dw  s'  dy  c 


ds'  "  >v/(c*+  *'*)  '  ds'      ^(c^+  O  ' 

,      -     .      .       dx    dy  ^     dw     dy 
and  substitutinff  — - ,  •--  for  — -7 ,  --— , ; 

^  ds     ds       da     da 

or,  putting  for  c  and  s'  their  values, 

dof         ,         dy 
^(0*+  2a«  COS.  a  +  «*)  ss  (acos.  a  +  «)  -7-  +  a  sin.  a  .-r-  . 

ds  ds 

Hence  by  (3),  Art.  49, 

jT/p--  =/jA/(a*+  2a«cos.  a  +  «')  -  ai  -— 

-  f  .     v^^  dy         ds\ 

^    {  ds  ds         dw] 

ds 
Add  fgW  —  to  both  sides,  and  integrate,  observing  that 


fs{ 


ds\ 
s  +  Of  —I  =a?*; 


f.     ds 
.-.  2J,w  —  «  aa?  cos.  a-\-  ofs  +  ay  sin.  a  -  as. 

Hence  by  the  formulae.  Art.  34, 

-    ds 

aw     a(<3?cos.  a  + y  sm.  a)      a  — a? 

S  ^S  2 

f  — 

dy             a  (a?  sin.  a  —  y  COS.  a) 
M?  =  ••»«»»  ss  y , 

S  S 


1 
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Cob.  1.  It  may  be  observed,  that  if  we  draw  PO  per- 
pendicular on  the  tangent  at  P, 

AO  =  X  COS.  a  +  y  sin.  a, 
PO  =  w  sin.  a  -  y  cos.  a. 

Cob.  2.  If  we  suppose  A  to  be  the  lowest  point,  we 
have  a  a  right  angle.     Hence 

ay      a  +  w 

which  agrees  with  Art.  34,  Ex.  23. 

Cob.  3.  Let  the  tangents  at  A  and  P  meet  in  T,  and 
let  TU  be  vertical ;  Pf7=  u;  .'.  NU  =  y  -  w,  and  if  PTf^  =  0, 
we  shall  have 

f«  co-tan.  0  -^{y  —u)  co-tan.  a  -  a?. 

dd7      a  COS.  a  +  ^ 


But  co-tan.  9  = 


dy  a  sin.  a 

8 


=  co-tan.  a  +  — -, ; 

a  sm.  a 


U8         9  cos.  a 

4-  —, =  ^, 


U  s= 


a  sm.  a       sm.  a 

a  {w  sin.  a  —  y  cos.  a) 


8 


.*•  A:  +  f«  =  y,  and  the  center  of  gravity  is  in  the  vertical  line 
TU  which  passes  through  T, 

2.     The  Catenary  when  the  force  acts  in  parallel  Unes 

and  the  Chain  is  not  uniform. 

56.  We  may  consider  the  thickness  of  the  chain  or  cord 
to  be  variable,  supposing  it  still  to  be  so  small  throughout 
that  we  may  consider  the  flexible  body  as  a  physical  line.  Or 
we  may  conceive  the  catenary  to  be  a  surface   of  unequal 
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breftdtby  resemUing  a  ribbon,  its  breadth  being  parallel  to 
the  horizon ;  so  that  it  may  be  a  portion  of  a  cylindrical 
surface,  the  curve  of  the  cylinder  being  the  catenary.  We 
may  also  suppose  the  density  to  be  variable.  Or  we  may  con- 
ceive the  force  which  acts  upon  the^  chain,  and  gives  weight 
to  it,  to  be  di£Perent  in  different  parts. 

Upon  any  of  these  suppositions  the  weight  of  equal  por- 
tions of  the  curve  taken  in  different  parts  of  it  will  be  different. 

ds 
Let  -7-  be  the  differential  coefficient  of  the  curve  with  respect 

dy  ^ 

da 
to  iff  and  letw—  be  the  differential  coefficient  of  the  weight ; 

w  being  the  quantity  (thickness,  breadth,  density  or  force)  to 
which  the  weight  of  a  given  element  of  length  is  proportional. 

Hence  j^to  —  taken  between  proper  limits  is  the  weight  of 
any  portion  of  the  chain  or  string. 

Prop.  To  find  the  curve  when  the  law  of  the  thickness 
is  given,  and  conversely. 

In  fig.  117,  let  C  be  the  lowest  point,  and  let  ma  be  the 
tension  there.  Then  iV  and  y  being  CM  and  MP  as  before, 
we  shall  have,  as  in  Art.  46, 

-      ds 

dw      ''^     dy 

T ^ (0- 

dy         ma 

If  we  differentiate  this  with  respect  to  y,  we  have 

^w       w     ds  .  , 

Ti  =  — .:j- (2). 

ay*      ma   dy 

And  w  being  known  in  terms  of  the  other  variable  quan- 
tities, we  shall,  by  integrating,  have  the  equation  to  the 
curve. 

d^w  dy 

-Also  m^ma.-^-T.-j- (S). 

ajf    ds 

L 
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whence,  if  the  curve  be  known,  we  may,  by  differentiating^ 
find  IK}. 

56.  Prob.  VI.  A  jl/emhle  strings  tohase  thickness  at 
every  point  is  inversely  as  the  square  root  of  the  length 
measured  from  the  lowest  paint j  is  acted  upon  by  gravity; 
to  find  its  form. 

Let  m  be  the  thickness  at  a  length  c  from  the  lowest  point; 
hence,  at  the  end  of  a  length  «, 

a/c      -     ds  ta/c  ds 


w  =^m 


■^5    Lw'—^m\'^.—^^my/{cs)% 
^s     •'^     dy         Jyy/s   dy  v  v    ^ 

,      ,  ^  doo     ^A^ics)     fds\^     ^      (day     4^  +  4tes 
a   ds      ^{a^  +  ^cs)  a  2c  2c 


( 


a      2c/        4(C*      e^    c      t?      c' 


H'-lg-(S*;)^M-©}-(^*^)'= 


^'^'-(^^^>^>VK')= 


whence  y  is  easily  found  by  integrating ;  and  hence  the  curve 
is  known. 

67.  Peob.  VII.  AJlewible  string  is  acted  on  by  a  force 
which  iSf  at  every  pointy  as  the  height  above  the  lowest 
point :  to  find  its  form. 

Let  the  origin  be  as  before :  and  at  the  height  c  above 
the  lowest  point  let  the  force  be  m ;  hence,  at  the  height  w, 
since  asteris  paribus  the  weight  of  any  portion  will  be  as 
the  force, 

r       ds 
I   OD  ~^~ 

mw  ,      ^  ^   dw  dy      d?w       x    ds 

w  =  — ;    .-.  by  (1)  —  =  — i,    :ir8  «  —  •  j-; 
c  dy         ca         d'tf      ca  dy 
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dj^  or  dy '  dj^  w    dm 

Integrating  with  respect  to  y^ 

I        \dy/  J      ^ca  dy       ^    \4>(fa*     caf 

dy  2ac  /^(oc) ,  ^(^+4ac)-2-y^(oc) 

When  <r  =  0,  jf  is  infinite  and  negative ;  when  a?  is  infinite, 
y  is  equal  to  the  constant.  Hence  the  curve  has  a  vertical 
and  a  horizontal  asymptote)  and  never  meets  the  horizontal 
line  in  which  the  force  is  »  0. 

58.  Pbob.  VIII.  To  find  the  law  of  thichneas  of  a 
string  that  it  may  hang  in  the  form  of  a  semi^rcle. 

Placing  the  origin  at  the  lowest  point,  as  before,  we  must 
have,  calling  the  radius  of  the  circle  c, 


y 


^(2ea.-^);    ,,  ^  ,  V^(^^^-^)  ^  ^  ^ 


dy  c  —  ^        ^  dy      c  —  w 


d^w         \dy)          \dy)    djf  ^                  dot 

'  dy*          dy              dw       dy  (c- a?)' ^(2cw -a/)  dy 

i?           ,      dy  c-w 

;    also  


(c  -  wy  da  c 

d^w    dy        mac 

whence  by  (3),  w  =  ma .  --T  •  *7~  —  7 \2 ' 

•^  ^  ^'  dy*    d«      (c  •  a;)* 

hence  the  thickness  must  vary  inversely    as  the  square  of 
the  depth  below  the  horizontal  diameter. 

The  tension  will  be  found,  as  before,  by  the  equation, 

ds      mac 


tensKXi  a  ma « 


dy      c  — a? 
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Hence,  at  the  extremities  of  the  horizoatal  diameter  it  is 
infinite. 

If,  instead  of  supposing  the  thickness  of  the  string  to 
vary,  we  suppose  to  be  hung  to  each  point  of  it  vertical 
strings  of  uniform  thickness  whose  lengths  are  proportional  to 

mac 


(c  -  wy 

the  curve  which  it  will  form  will  be  the  same.     And  this 
is  also  applicable  to  all  the  cases  of  this  section. 

59*  PaoB.  IX.  Tojmd  the  law  of  thickneea  of  a  string 
that  it  may  hang  in  the  form  of  a  parabola  with  its  aoA^ 
vertical. 

The  origin  is  at  the  lowest  point  as  before : 
By  (3),    w^ma.—r:.—  , 

JO,  dy      y/c      ds      ^/(af  +  c) 

and  f^^cx',   .\  -— =  .r_.;   —  =  -^ — y ; 

dof      y/m     ay  a/ c 

d^w  1  dx       1 


df^      2  ^(cw)  '  dy      2c' 
ma 


.*.  w  = 


2-y/(ca?  +  c*)* 


When  <v  s  0,  wsz  — ;  and  if  m  be  the  thickness  at  the 

2c 


lowest  point,  as 2c, 

m^c 


w  = 


y^(^  +  c) ' 


So  long  as  x  is  small,  this  is  nearly  constant.  Hence, 
conversely,  if  the  thickness  be  constant,  the  catenary,  within 
a  small  distance  of  the  vertex,  nearly  coincides  with  a  parabola. 
This  is  a  conclusion  to  which  Galileo  was  led  by  experiment. 
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3.     The  Catenary  when  the  Chain  is  acted  upon  hy 
a  central  attractive  or  repuUive  farcef^ . 

60.  Pbop.  To  find  the  eqttation  to  the  catenary  when 
the  force  tends  to  a  center. 

Let  <S,  fig.  12O5  be  the  center  of  attractive  force,  and  at 
any  distance  SP  =  r,  let  the  force  be  =/,  /  being  a  function 
of  r.  Let  AP  =  «  be  the  chain  or  cord,  and  at  the  point  P 
let  the  mass  of  a  small  particle  Ss  he  fiie,  fx  depending  upon 
the  thickness,  density,  &c. 

Let  A  be  the  point  at  which  the  curve  is  perpendicular 
to  SA.  Make  SA  a  line  of  abscissas,  and  let  MP  be  an 
ordinate  perpendicular  to  it:  Py  a  tangent  at  P,  and  Sy 
perpendicular  on  it. 

Put  Sy »  p;  tension  at  A^  a,  tension  at  P  ^t;  angle 
ASP  ^69  ATP^<f>.  The  weight  of  a  particle  d«  at  P  will 
be  ffjL  in  the  direction  PSy  (see  Note :)  and  if  we  resolve 
this  force  in  the  directions  parallel  and  perpendicular  to  ASy 
the  components  will  be  ffi  cos.  0  and  //ui  sin.  0 :  and  hence 
the  whole  effects  of  the  weight  in  those  directions  will  be 
f^ffjL  COS.  Q  and  f^fix  sin.  Q.  The  other  forces  which  act  on 
the  cord  APj  are  the  tension  at  A^a'y  and  the  tension  at 
P^ty  which  may  be  resolved  into  the  parts  t .  cos.  0  and 
^ « sin  ^,  in  the  rectangular  directions.  As  before,  the  forces 
which  keep  AP  at  rest  must  be  subject  to  the  conditions 
of  Art.  22.     Hence, 

Jfflk  COS.  9  ^t  COS.  0  1 

jj//i  sin.  9  ^t  sin.  0  -  aj 
Differentiating  with  respect  to  «, 

//ti  COS.  0  =  —  .  cos.  0  —  ^  sin.  0  -~  , 
da  ^  '^  da 


*  The  force  spoken  of  here  and  in  the  last  Article  is  the  attractive  force  which 
produces  weight  or  pressure  in  the  bodies  on  which  it  acts.  If  other  things  remain 
the  same,  such  attractive  forces  are  a»  the  weight  which  they  produce  in  a  given 
particle  of  matter. 
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dt  dd) 

fn,  sin,  0  w  —  .  si9*  cfr  +  ^  cos*  0  -X. 

Multiply  the  first  by  cos.  0,  and  the  second  by  sin.  0,  and 
add;  and  we  have 

dt 
/m  cos,  (0-0)  =  — (2). 

(is 

Multiplying  the  first  by  sin.  0,  and  the  second  by  cos.  0, 
and  subtract;  and  we  have 

U  sin.  (0  -  0)  =  -  f  ^ (3). 

But  0  -  e  =  ATP  -  TSP^SPy.     Also  if  we  take  PQ 
a  small  arc,  and  draw  Qn  perpendicular  on  SP^  -g-r,  ^jr, 

are  ultimately  as  -—  ,   r  —- .     Hence 

"^        d9        da 

dr  d9 

COS.  (0  -  0)  =  -7-  5     sin.  (0  -  0)  =  r  -— , 

and  (2)  and  (3)  become 

•^'^^-T*'  "'•^'*'57 ^*^ 

_      d0  d<A  -  dd} 

dd     Q»  p 

Now  r  -:-  = 


dB  p 


••■^^■••— ^"^■^^^^■*^^" 


*  *  dr  "  r^(r^-p*)* 
Also  (j}-~9^  arc.  j  sin.  =  -  J ; 

dj) 
d0      d0         ^dr^^ 


dr      dr      r^(r^-p^) 
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dp 


Also  (5)  is  equivalent  to 

^      dd  dd 

Pttttin^  the  values  of  ---  and  *^  in  this,  it  becomes. 


reducing, 


/MP  =  -^g (6). 


Dividing  (6)  by  (4)  we  have 

dr 

dr 

dt      ,  dp 
ar       OtT 

pt^C* (7), 

C  being  a  constant  quantity,  to  be  detennined  by  the  con- 
ditions of  the  question. 

Also  we  have,  by  (4), 

^  =  frffJl" 

C 


Hence  p  « 


frW 


When  /  is  known  in  terms  of  r,  this  equation  gives  the 
curve  APy  by  an  equation  between  the  distance  SP  and  the 


I    ll    I         I         MM 


*  The  property,  that  tbe  perpendicular  is  inyeneljT  M  the  temkn,  appears  ahKr 
fimn  this,  that  AP  is  acted  on  by  the  tensions  at  A  and  P,  and  also  by  central 
forces  all  tending  to  S,  Hence  the  result  of  these  latter  forces  will  also  tend  to  S\ 
and  hence  we  may  suppose  AP  retained  by  a  lever  passing  through  S  as  a.  fulcmm, 
and  the  two  forces  at  A  and  at  P  will  be  inrersely  as  the  perpendiculars  on  their 
directions ;  therefore  tension  at  P.  Sy  =  tension  at  A.SAzza  constant  quantity. 


.  t 


88  EaUILIBBIUM   OF   A   FLEXIBLE   BODY* 

perpendicular  Sy  upon  the  tangent.  And  from  this  equation 
we  may  determine  the  relation  between  r  and  0 ;  and  between 
w  and  y :  unless  this  is  rendered  impossible  by  the  difficulty 
of  integrating. 

The  tension  t^frf/n;  if  the  thickness  and  density  be 
constant,  we  may  make  fi^Hf  and  t^frf;  hence  the  tension 
depends  only  on  the  distance  r,  and  is  not  affected  by  the 
form  of  the  curve.  If  we  suppose  the  end  Pp  to  hang  freely 
over  the  point  P,  and  thus  to  produce  the  equilibrium^  its 
weight  must  be  j^f;  which  is  also  the  weight  of  a  string 
extending  from  a  point  p^  at  a  given  distance  from  S,  up 
to  P,  Hence  at  every  point  P  the  string  Pp  will  hang  to 
the  same  distance  Sp  from  S;  and  the  ends  of  all  the  strings 
will  be  in  a  circle  with  center  S;  in  which  circle  also  is 
the  point  a,  Aa  being  the  length  whose  weight  is  requisite 
to  produce  the  tension  at  A. 

61.  Pbob.  X.  The  farce  va/rying  inversely  as  the  square 
of  the  distance  from  Sy  it  is  required  tojmd  the  form  of  the 
catenary. 

Let  SAy  fig.  120,   =c,   and   the  force  at   A^k\  hence 

•^  *  r«  ' 

r^      rhc^  hc^      ^      w        *^' 

t  ss  t/ =  /  —J-  =  constant =  a-^-kc ; 

j^  T  r  r 

for  when  r^c^   t^  a. 

„                          C  ac 

Hence  p — ^ — -, 

a  +  APC a-^kc 

r  r 

for  when  r  a  c,  p^Cj 

acr 


(a-\'kc)r  -  ki? 

Let  a^nkc\   ko  being  the  weight  of  a  length  of  string 
ASy  acted  on  by  a  constant  force  equal  to  that  at  A;  hence 

ncr 
(n  +  1)  r  -  c 
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To  determine  the  nature  of  the  curve,  we  have 

d6     1  nc 

dr"       //!l.   \  "  r^{(w+l)V-2  («+ 1)  cr^d'^-n^'c?']  ' 

which  will  give  different  forms  as  n  is  greater,  than,  equal 
to,  or  less  l^n  unity. 

(l.)   Let  »>1;  therefore 
d$  nc 


dt 

-.2 


/v/((«  +  i)»-2(n+l).^-(«»-i)^' 


M   _  1  C  1 

which  may  be  integrated  by  making .  -4.— =  «*,  and  gives 

^_         n  /  (w-l)c  +  r> 


n  f  (w  -  1 1  c  +  ^\ 

-^— — .arc.  (cos.  = ; 

TT—l)  \  nr        J 


0  being  measured  from  the  line  SA. 
If  we  make  r  infinite,  we  have 

e  =  -77-g — TT-  arc.  (cos.  =  -) ; 
^(n^  - 1)  V  nj 

which  gives  the  position  of  the  asymptotes  of  the  curve. 

The  angle  which  the  asymptotes  make  with  SAy  is  greater, 
as  n,  and  consequently  the  tension  at  A,  is  greater.  When 
n  is  infinite,  it  is  a  right  angle,  and  the  curve  becomes  a 
straight  line  perpendicular  to  SA.  As  n  diminishes  to  unity, 
9  diminishes  to  the  value  which  it  has  in  the  next  case. 

(2.)     Let  w  =  1 :  hence 

d9  c  c 


dr     ^T^(f-CT)      ^^^L^cy 
which  gives,  by  integrating, 


M 
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e=  V  (l  -  ^)  +  const.  =  \/(l  -  ^)  ; 

because  0  =  0  when  r  =  c. 

When  r  is  infinite  0=1.  Hence  the  angle  which  the 
asymptotes  make  with  SA  is  that  whose  arc  is  equal  to  the 
radius;  or,  if  RO  be  the  asymptote, 

ARO  =  57'  14'  44"  48'". 

In  every  case  we  may  find  the  position  of  the  asymptote 
by  making  r  infinite  in  the  value  of  p ;  which  will  give 


n  +  i 

(3.)     Let  «  <  1 :  hence 

dQ  nc 


dr 


»*\/((l  +  «)*  -  2  (1  +  n)j  +  (1  -  «!>)  ^) 


which  may  be  integrated  by  making  1  -  (l  -  n)  -  =  w ;   and 

gives  0  = 

n         ,  r-(l-n)c-i>v^{(l-n^)y^-2cr  +  (l-n)V^ 
^(1-n*)  Tir 

the  integral  being  corrected  so  as  to  vanish  when  r  =^  c. 

When  r  is  infinite,  0  =  — yr rr .  1 ^^ ^  >  which 

^(1  -  n^)  n 

gives  the  position  of  the  asymptote.  When  w  =  1,  0=1,  as 
may  easily  be  shewn,  agreeably  to  the  last  case.  As  n  di- 
minishes, the  angle  which  the  asymptotes  make  with  SA 
diminishes,  and  when  n  becomes  0  this  angle  vanishes. 

The  tension  at  A  is  equal  to  the  weight  of  a  string  whose 
length  is  nc,  acted  upon  by  a  constant  force  equal  to  that 
at  A.     But  if  Sassbf   the  weight  of  the  portion^ a,  acted 
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on  by  the  variable  force  (which  weight  expresses  the  tension 
at  A)  will  be 

=  /-— ,  the  integral  taken  from  r  =»  6,  to  r  =  c 

= =  nkCy  by  supposition ; 

.-.6=     ' 


1  +n 


Hence  if  a  circle  were  described  with  a  radius  Aa^h^  the 
string  hanging  down  from  any  point  of  the  curve,  must,  in 
order  to  produce  the  tension  at  that  point,  reach  to  the 
circumference  of  this  circle. 

62.    Pbob.  XI.     Let  the  fwce  vary  as  the  m*^  power  of 
the  distance  from  S :  to  find  the  curve. 

Retaining  the  notation  of  the  last  Problem,  we  have 
force  at  P  =  -— ;  .'.t=  /-—  =7 — rT^-^  ^®^^*- 


kc  kr^ 


+1 


=  a + 


m+l      (w  +  l)c"' ' 


a  being  the  tension  at  A.     Let  a  «= ;  therefore 


kc     (  r*+^ 


Hence 


nc  ntf*"^^ 


Jr  ■"  it^+l  /^         i\  .JII4-1    .    ..^  + 1 


/ 

I 
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and 

dO  1  72C™  +  2 


dr  /  (r"       \      r>x/[{r^+2+(w-l)c"*+V}^-wV«+*]' 


^/(5-) 


which  cannot  be  integrated  generally  except  n  =  1. 

In  the  case  of  n  =  1, 

dQ  c^  +  ' 


dr      rv^{r^"»+*-c«"*  +  *}' 

which  may  be  integrated  by  making  c*"+^«^  =  r"*  +  ^:  this  sub- 
stitution gives 

.--  =  (m  +  2)  w-x/(«*-  1)  ; 

.-.  Q .  arc  (sec.  =  u) 

m  +  2         ^  ^ 


1  /  r'^^^ 

=  -; arc  (  sec.  =  — -^    ; 

(w  +  2        \  c«+V 


y«  +  2 


— ^=  sec.  (w  +  2)0 ;  r*+^  cos.  (w  +  2)  0  =  c^  +  ^ 

If  we  make  r  infinite,  we  have  for  the  inclination  of  the 
asymptotes  to  SA<, 

0=   '^ 


2w  +  4 


63.     We  may  find .  the  equation  between 

SM  « (V  and  MP  =  y. 
For  r  =  \/(a?^  +  yO, 
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Hence 

=  r«-^  f  cos  -  ■*■»  e  ,  (m  -f  8)  (m  4- 1)  ^^, 

\  1.2 

+  -^^ ^cos.*"  *0.  sin.*0 I 


1.2.3.4. 


=  r"- COS.— 0.  fl  -  ^:!i±^>(!!^±l>  tan.'0 

\  1.2 

^(m  +  2)_,>»-0^^,^_ N 

1.2.3.4.  / 

/       (m  +  2)(m  +  l)   f  ,  (m  +  2),„(w-l)   j^        \ 

11 .  —L  +  ■  .  — :— »»>  I  . 

\  1.2  0^  1.2.3.4  a?*  / 


Cor.  1.     If  m  =:  0,  or  the  force  be  constant, 


c*=^(l-5)=^-j/». 


Hence  the  curve   is    the   rectangular  hyperbola.      The 
asymptotes  make  angles  of  4i5^  with  SA. 

Cor.  2.     If  m  a=  1,:  or  the  force  be  as  the  distance, 

3y^> 


0^=^(1-^]  =^-3^3. 


In  this  case  the  angle  which  the  asymptotes  make  with  SA 
is  34P  4.4'. 

64.    Prop.      To  find  the  catenary  when  the  central  force 
is  repulsive. 

The  process  for  finding  the  curve  of  equilibrium  in  this 
case  will  be   nearly    the   same   as   before,    with   the   excep- 
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tion  of  the  signs  of  some  of  the  quantities,  and  the  results 
will  be 

dt 

dp      dt 
.-.dividing,     ^^g  ^^ 

P  t  t 

c 

and  ^  =  jrffji ;  .••  p  =  ZTfTZ ' 

66.  Pkob.  XII.  S,  Jig.  121,  is  a  center  of  repulsive 
force  varying  inversely  as  the  square  of  the  distance 
from  S:  to  find  the  form  of  the  curve  AP,  formed  by  a 
jleanble  string. 

Retaining  the  notation  of  Prob.  X, 


i 


a  being  the  tension  at  J  :  let  o  =  nftc; 


..t^kcUn-i)  +  ^^- 


Hence  p  =       _**^- ^,  supposing  the  curve  at  A  per- 

pendicular  to  SA; 

d0  1 

dr 


VJf') 


p 

nc 


~     r^/|(»-l)V  +  2(n-l)cr  +  c*-«V}' 
which  may  be  integrated  nearly  as  in  Prob.  X. 
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If  we  suppose  the  curve  not  to  be  perpendicular  to  SAy 
but  to  make  with  it  an  angle  a,  we  shall  have  at  that  point 
p  s  c .  sin.  a ; 

ncr.  sin.  a 

(n  -  1)  r  +  c 

If  n  =  1,  this  becomes  p  s  r .  sin.  a,  and  the  curve  is  the 
logarithmic  spiraL 

66.  Peob.  XIII.  Let  the  force  be  inversely  as  the  m*^ 
power  of  the  distance :   to  find  the  curve* 

Jrkd^              kc               kcf^ 
I  — -  s  a +  7 --—-, ; 
r  r"             w  -  1      (m  -  l)r~"* 


kc       I  c"-^ 

m  -  1    V  r*  V 


nke 
putting  a  = 


,m-l\  » 


W-1 


Take  the  case  when  n^  1,  and  we  have 

^  = ;  and  let  o  =  c .  sin.  a,  at  ^ ; 

(m  -  1)  r"-^  ^ 

C      r^~^sin.  a 
d0  1  r"'"*sin.a 


dr  //r*      \  r<v/(c«"-*-r*"-*sin.»a) 


^(.--) 


r""^  sin. a 


^(c*"»-*-r^'"-*sin.«a) 


r"  ~  *  sin.  a 
To  integrate,  put  — ^^^^ —  =  u ; 


c 


d0 


du         (m  -  2)  v^(l  -  «*)  * 
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-««; 


1                                    1             /           r™-»sm.o\ 
d  5= arc  (cos.  =  w)  = arc  I  cos.  = z —  I  - 

ffn-2  /  ^-«\ 

Or,  if  -7 =  a^'K  (m  -  2)0arc  (cos.  = -)  . 

sin.  a  \  a"*"^/ 

Here  a  is  the  value  of  r  at  the  point  A. 

To  find  the  angle  to  2AS0  which  comprehends  the  whole 
curve,  make  r  «=  0  ; 

.-.0=—^!^;     .-.2^,90  =  20=      "*■ 


2m  -  4  w  —  2 


We  may  find  the  equation  between  SM  =  «r,  sgid  jJf-4  =  y, 
as  before, 

For  r"-^  =  a'"  -  *  cos.  (w  -  2)  0 
-  a™-^  (cos.--^0  -  ^^^-I^l^^^^^  cos.«-^ 

...  r«~-*=a"-i^"*-^cos.'"-«0fl-^ ^ -^tan.20 +...); 

«  /        (m  -  2)  (m  -  3)    y^  \ 

or  (^+s^r-»=  a-^^-  (^1  -  ^ j^ ^.5+  ...j  . 

Cor.  1.  If  w  =  3,  ^  =  arc  (cos.  =  - 1  ;  hence  APS  is  a 
circle  on  the  diameter  AS* 

Cor.  2.  If  i»  =  4,  20  =  arc  (cos.  =  -  j  ;  hence  APS  is 
the  lemniscata  with  its   knot    at  S. 

Cor.  3.  Hence  if  there  be  a  centre  of  repulsive 
force  which  varies  inversely  as  the  cube  of  the  distance, 
and  if  the  two  ends  of  a  string  be  fastened  at  this  center, 
it  will  form  itself  into  a  circle:  If  the  force  vary  inversely 
as  the  fourth  power,  the  curve  will  be  a  lemniscata,  and 
so  on. 
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4.     The  Catenary  when  the  Chain  is  acted  upon  hy  any 

Parces. 

67*    Fkof.     Let  forces  to  act  upon  the  Jleanble  body  AP9 
Jig.  122,  in  the  same  plane,  aCcordingto  any  law  whatever ; 
it  is  required  to  find  its  form. 

Let  the  force  at  any  point  P  be  represented  by  /,  and 
act  in  the  direction  PF^  which  makes  with  the  line  of  ab- 
scissas AM  an  angle  >^.  The  reasoning  is  exactly  the  same  ' 
as  in  Art.  60.  The  effect  of  the  force /at  P  is  fds^  and  this, 
resolved  parallel  and  perpendicular  to  AMy  gives  /  cos.  ^, 
and  f  m.yjr.  Hence  the  whole  effects  on  AP  are  fsf  cos.  yjfj 
and  fgf  sin.  yf/.  The  riemaining  forces  are  the  tension  at  P, 
which  is  represented  by  t^  and  makes  with  AM  an  angle  0, 
and  the  tension  at  Ay  which  is  represented  by  a,  and  is  sup- 
posed to  be  perpendicular  to  AM.  Hence  the  conditions  of 
Art.  23,  give 

ftf  COS.  yjft  COS.  ip^Oy 

^/sin.  >|r  +  #  sin.  ip^a. 

Differentiating, 

,      dt         ^         .      ^    dd> 
/cos. y—T' COS. ip-^t sm. 0 . -p  «s 0. 

as  as 

J.  .      f       dt  ^      .  dd> 

/sm.  y  +  -7-  sm.  (p  -^-t  COS.  <p .—-  =  0. 
as  as 

Multiply  the  first  by  cos.  <p  and  the  second  by  sin.  (p^  and 
subtract :  also  multiply  the  first  by  sin.  <p  and  the  second  by 
COS.  (py  and  add :  we  shall  thus  get 

/(cos.  <p .  COS.  \j/  —  sin.  0  .  sin.  yf/)  —  —  =  0 ; 

as 

f  (sin.  (p .  cos.  -^  +  COS.  0 .  sin.  yj/)  +  *-~-  =  0 ; 

dt 
or,  /cos.(0  +  >/r)  =  — , 

/sin.  (0  +  ^)  « -f-^. 

N 
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The  angle  0  +  >//  is  FPT^  the  angle  which  the  force 
makes  with  the  tangent.  This  angle  and  the  force  /  being 
expressed  in   terms  of  w  and  y  and   their   differentials,  t  is 

known  from  the  first  equation :  and  this  value  of  tj  and  — ^ , 

da 

being  substituted   in    the   second,    we  have  the  equation  to 

the  curve.      For  -— ,  we  have 

as 

df 


<^  =  arc(tan.=^); 


cPy    da;  d^y 

dip      dff)  dw         dx     da  doB^ 


ds      dw  da  fdy\^       /da\^ 

the  differentiations  being  performed  with  respect  to  .r. 

68.  Peop.  If  the  force  be  at  every  point  perpen- 
dicular to  the  curve,  to  find  the  form. 

We  shall  have  ^  +  >/f  =  ^  tt  ;  hence  cos.  (^  +  >^)  =  0, 
sin.  (0  +  >//)=:  1 ;  and  our  equations  become 

da^ 

or   t  =  a; 

-  d<r*        a 

[da] 
p  being  the  radius  of  curvature. 

Hence  when  the  force  ia  perpendicular  to  the  curve,  the 
tenaion  ia  conatant ;  and  is  at  every  point  equal  to  the  weight 
of  a  portion  of  the  cord,  whose  length  is  the  radius  of  curva- 
ture, acted  on  bj  the  force  at  that  point.     If  curvature  be 
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supposed  inversely  proportional  to  the  radius   of   curvature, 
the  curvature  at  every  paint  wUl  be  as  the  farce. 

69.  Peob.  XIV.  A  Jleanble  line  AP^  Jig,  122,  is  acted 
upon  at  every  paint  P  by  a  farce  f,  which  is  perpendicular 
ta  the  line^  and  which  is  as  the  square  of  the  sine  af  the 
a/ngh  EPV ;  ta  find  the  curve  AP. 

dy 
The  sine  of  EPV  =  sin.  0  =  -^;  hence  the  force 

^      ds 

k  being  its  value  at  A ; 


dsV  (ds^^ 


\daf 


) 


a 
,  ds  doD^ 

k 


dw  ( dy\ 


\dw) 


I  dw  dw 

.•.  ks  +  const.  =  a  .  ——  =  a  -—  ;     also  at  -4,  «  =  0,  •—-  =  0 ; 

dy         dy  dy 

dw 

.-.  const.  =  0 ; 

ks      dx 

.    ^^^  ,^  ^^,^_ . 

'      a        dy ' 

which  coincides  with  the  equation  to  the  common  catenary 
when  the  origin  is  placed  at  the  lowest  point  and  <r  taken 
vertical.  Hence  this  is  the  same  curve  as  when  the  force  is 
parallel  and  constant*. 


*  Soon  after  the  time  (1691)  when  the  Problem  of  the  figure  of  a  chain  acted  upon 
by  gravity  was  proposed  and  solved  by  the  Bemoullis  and. Leibnitz,  the  attention  of 
these  geometers  was  directed  to  other  curves  which  flexible  bodies  may  assume  under 
various  circiunstances.  In  particular  the  ..action  of  a  fluid,  whether  by  elasticity, 
weighty  or  impact,  was  considered ;  and  as  this  action  must  be  perpendicular  to  tlie 
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70.  Frob.  XV.  AP  is  €U)ted.tipon  by  forces  which  are 
every  where  perpendicular  to  the  curve,  and  which  are,  at 
every  point  P,  proportional  to  the  distance  PE  of  P  from  a 
given  line  BE  ;  to  find  the  curve. 

Let  BE  be  perpendicular  to  AB,  AB  =  c ;  PE  ^a^; 
k  =  the  force  at  A ; 

d?y 


kw  dc^ 

=  -  a 


c  (ds\ 


i-] 


'6 


which  coincides  with  the  equation  to  the  elastic  curve,  as  will 
be  seen  in  the  next  Qhi9,pter,  where  that  curve  is  considered. 

We  might  now  proceed  to  consider    more  complicated 
cases,  as  for  instance  when  the  flexible  string  rests  upon  any 


surface  on  which  it  acts,  this  i;as^  comes  under  Art.  68.  of  the  text.  One  of  their 
problems  was,  To  find  the  figure  of  a  rectangular  sail,  with  two  opposite  sides  fixed, 
inflated  by  the  wind :  and  as  the  figure  of  a  chain  or  cord  had  been  called  the 
Caienaria  or  Funicuiaria,  this  was-  called  the  Velaria,  The  weight  of  the  sail 
itself  being  neglected,  the  problem  may  be  solved  on  either  of  the  following  hy- 
potheses : 

1st,  That  the  air  which  immediately  presses  the  sail  is,  relatively  to  the  siaU,  at 
rest ;  and  of  course  kept  m  its  place  by  the  pressure  produced  by  the  wind  behind.  On 
this  supposition  it  is  the  elasticity  of  the  air  which  acts  upon  the  curve ;  and  since  this 
force  is  the  same  at  every  point,  the  radius  of  curvature  will  be  constant,  and  the 
curve  will  be  a  circular  arc ;  consequently  the  surface  will  be  a  portion  of  a  common 
cylinder. 

2nd,  That  the  air  acts  by  impact,  and  produces  no  effect  by  pressure  after  the  first 
impulse.  This  may  be  nearly  the  case  when  a  single  thread  is  stretched  by  a  cuirent 
of  fluid,  which  can  after  the  impact  escape  past  it.  In  this  case  the  force  is  as  the 
square  of  the  sine  of  the  angle  of  impact,  as  appears  from  hydrodynamical  principles. 
Hence  this  is  the  case  of  Prob.  xiv,  of  the  text,  in  whidi  as  is  shewn,  the  curve 
is  the  commpn   CatenaHa. 

It  appear^  to  hf^y^  been  supposed  that  the  actual  curve  of  the  sail  would  be  some- 
thing compounded  of  both  these  forms. 

Another  problem  of  the  same  kind  was.  To  find  the  form  of  a  rectangle  of  cloth,  &c. 
which  having  two  opposite  sides  supported  parallel  to  the  horizon,  is  pressed  by  the 
weight  of  a  fluid  which  is  contained  in  it,  and  of  course  supposed  to  be  prevented  from 
running  out  at  the  ends.  The  curve  of  this  problem  was  called  the  LiiUearia ; 
if  ^C,  fig.  122,  be  the  surface  of  the  fluid,  the  pressure  on  any  point  P  will  be  as  the 
depth  EP ;  hence  the  curve  is  the  one  found  in  Frob.  xv ;  which,  as  is  mentioned  in 
the  text,  is  the  same  with  the  Elastica, 
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curve  surface  or  surfaces.  We  might  also  investigate  the 
conditions  of  equilibrium  of  a  flexible  surface  acted  upon 
by  gravity  or  by  any  forces.  The  mechanical  principles  of 
such  problems  would  not  present  much  difficulty  after  what 
has  preceded,  but  the  analytical  results  to  which  they  would 
lead  would  in  most  cases  be  too  complicated  for  an  elemen- 
tary work  like  the  present. 


On  Suspension  Bridges. 

71.  The  curve  formed  by  the  chains  or  cords  by  which 
the  road-way  of  a  suspension  bridge  is  supported  will  be  a 
catenary  if  the  weight  supported  by  each  part  of  the  chain 
(namely  the  suspension  rods,  road-way,  &c.)  be  proportional 
to  the  length  of  that  part  of  the  chain.  We  shall  first  con- 
sider the  case  of  a  suspension  bridge  on  this  supposition. 

The  tenacity  of  iron  is  such  that  a  rod  of  1  inch  section 
will  support  the  weight  14800  feet  of  the  same  rod ;  and  the 
same  is  true  for  any  other  section:  hence  14800  feet  is  the 
modultis  of  tenacity  of  this  substance,  and  in  like  manner 
the  tenacity  of  any  other  substance  may  be  expressed  by  the 
length  of  the  rod  of  the  material  of  uniform  thickness  which 
the  tenacity  will  support;. and  this  length  is  the  modulus 
of  tenacity  for  that  material. 

The  tension  of  the  catenary  at  its  vertex  is  represented 
by  a  length  e,  (Art.  46.)  of  the  chain  or  cord,  such  that  the 
weight  of  this  length  is  equal  to  the  force  of  the  tension, 
And  if  the  chain  be  loaded  with  additional  weights  distri- 
buted uniformly  along  its  length,  the  tension  at  the  vertex 
and  at  every  other  point  will  be  increased  in  a  constant  pro- 
portion, that  is,  in  the  proportion  of  the  augmented  weight 
of  any  part. 

72.  Peop.  Given  the  width  of  a  sus'pension  bridge^ 
to  find  its  dimensions^  so  that  the  chains  shall  nowhere  be 
loaded  with  more  than  a  given  fraction  (n)  of  the  weight 
they  are  able  to  sustain. 
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Let  c  be  the  tension  at  the  vertex,  supposing  the  chain  to 
support  only  its  own  weight ;  a?  the  vertical  abscissa  from  the 
vertex,  y  the  horizontal  ordinate :  then  the  tension  at  any 
point  is  a?  +  c.  But  if  the  weight  of  the  chain  be  increased 
at  every  point  (by  the  rods,  road,  &c.)  in  a  constant  ratio 
1+w  :  1,  the  tension  at  the  vertex  will  be  (l  +  i»)c,  and 
at  any  other  point  (l  +m)  (a?  +  c).  Let  /  be  the  modulus  of 
tenacity  of  the  substance;  the  rods,  road,  &c.  are  supposed 
to  add  nothing  to  the  tenacity  of  the  chains.  Hence  I  is  the 
ultimate  limit  which  the  tension  can  attain,  and  nlh  the  limit 
which  is  prescribed  in  the  proposition.     Therefore 

(l  +  m)  (/p  +  c)  must  be  less  than  nl. 

Now  y  is  given,  being  the  half  width  of  the  bridge.      And 
(Art.  48.) 


^  (   T         '7\ 


Let  N  be  the  number  of  which  -  is  the  natural  logarithm. 


Hence 


and  e'^  =^N (l.) 


2\         N  2N  ^  ^ 


A  simple  mode  of  finding  w  from  this  is  the  following. 

Assume  y  =  100,  and  c  equal  to  various  values,  at  conve- 
nient intervals  from  0  to  1000,  or  further  if  necessary. 

Construct  by  formulae  (l)  and  (2)  a  Table  of  the  values 
of  w  corresponding  to  each  value  of  c;  and  of  the  cor- 
responding values  of  the  tension  t  at  the  extremity  of  the 
arc,  which  is  always  <r  +  c. 

The  strength  nl  being  expressed  in  the  same  scale  in 
which  y  is  100,  we  shall  find  in  the  Table  the  greatest  value 
of  (l  +  m)  (a?  +  c)  which  is  less  than  nl ;  and  this  gives  the 
greatest  allowable  value  of  a?,  the  depth  of  the  vertex  of  the 
curve  below  the  points  of  suspension. 
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If  a  be  the  angle  which  the  curve  at  the  points  of  sus- 
pension makes  with  the  vertical ;  by  Art.  48, 


cotan.  a  = 


dw 
dy 


And   hence    a   may   be   found,    and    inserted    in   the    same 
Table. 

73.  A  Table  such  as  we  have  described  is  inserted 
in  the  Phil.  Trcms.  for  1826,  p.  213,  by  Mr  Davies  Gilbert. 
The  following  is  an  extract  from  it.  In  addition  to  the 
quantities  mentioned  above,  8  is  the  length  of  the  chain 
from  the  lowest  point  to  the  extremity. 


y^lOO 


c 

N 

(B 

8 

t 

a 

1000 

1.11 

5.00 

100.16 

1005.00 

84^16' 

900 

1.12 

5.56 

100.21 

905.56 

83  38 

800 

1.13 

6.26 

100.26 

806.26 

82  51 

700 

1.15 

7.15 

100.34 

707.15 

81  50 

600 

1.18 

8.35 

100.46 

608 .  S5 

80  30 

500 

1.22 

10.03 

100.67 

510.03 

78  37 

400 

1.28 

12.57 

101.04 

412.57 

75  49 

300 

1.39 

16.82 

101.86 

316.82 

71  15 

200 

1.65 

* 

25.52 

104.22 

225 . 52 

62  28 

100 

2.72 

54.31 

117.52 

154.31 

40  24 

74.  Thus  let  it  be  proposed  to  construct  a  bridge 
of  800  feet  span,  and  let  the  adjunct  weight  of  suspen- 
sion rods,  road-way,  &c.  be  taken  at  one-half  the  weight  of 
the  chains:  also  let  it  be  determined  to  load  the  chains  with 
one-sixth  of  the  breaking  weight:  to  find  the  dimensions  of 
the  bridge. 
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The  semi-span  is  400  feet ;  hence  the  units  of  which  y  is 
100  are  4  feet  each ;  and  I,  the  modulus  of  tenacity  is  -|-  x  14800 
units,  or  3700.  Also  f»  is  -j^  and  n  is  ^.  Hence  (1  +  w)  (a?  +  c) =»^ 
gives  «»  +  c  =  -J-  Z  =  411.125. 

Now  in  the  Table  we  find  that  the  tension  nearest  in 
value  to  this  is  412.579    which  corresponds  to 

c  =  400  and  to  ^  =  12.57 ; 
that  is,  in  feet, 

c  =  1600,  <r  =  50. 

Also  the  angle  which  the  chain  makes  .with  the  horizon 
at  the  points  of  suspension  is  90*^  -  75*^  49',  or  14*^11'. 

It  would  appear  by  such  a  Table  that  for  a  given  span, 
the  tension  at  the  points  of  suspension  is  least  when  ^  =  3-  the 
whole  span  nearly. 

In  the  preceding  reasoning,  the  weight  of  any  portion  of 
a  suspension  bridge  is  supposed  to  be  proportional  to  the 
corresponding  length  of  the  suspended  chain.  This  how- 
ever is  not  exact,  and  we  shall  now  consider  the  question 
without  introducing  this  supposition. 

75.  In  the  chain  bridge,  the  strain  proceeds  from  three 
causes ;  the  weight  of  the  suspended  chain ; — ^the  weight  of 
the  road-way ; — and  the  weight  of  the  suspension  rods  which 
connect  the  former  two  together  by  means  of  vertical  lines. 
The  last  of  these  weights  will  generally  be  small  compared 
with   the  others. 

In  this  case  we  shall  still  have  as  before,  (fig.  118), 

tension  at  C       dy        .  .  1 .     *  ^t»        ^^ 

— r-T X — ^  =  -7^  ;    whence  weight  of  CP  =  c  -— , 

weight  of  CP      dof  ®  dy 

including  in  the  weight  of  CP9  the  three  portions  we  have 
mentioned.  « 
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76.  Prop.  To  find  the  general  equation  to  the  curve  of 
a  stiapenaion  bridge. 

Let  the  weight  of  a  unit  of  length  of  the  curve  be  wi. 

Let  the  weight  of  a  unit  of  length  of  the  road-way  be  n ; 
the  road-way  being  supposed  to  be  horizontal  and  of  uniform 
weight  for  different  equal  portions  of  its  length. 

And  let  the  weight  of  a  unit  of  vertical  surface  of  the 
suspending  rods  be  r ;  the  rods  being  supposed  to  be  uni- 
formly distributed,  and  very  near  each  other;  and  therefore 
being  reckoned  as  a  vertical  surface. 

Let  ^,  y,  s  be  taken  as  before.  Art.  46.  If  we  take  Sy 
a  small  portion  of  the  horizontal  ordinate,  and  suppose  £« 
to  be  the  corresponding  portion  of  the  curve,  mSa  is  the 
weight  of  the  portion  of  the  curve,  and  mSy  the  weight  of 
the  portion  of  the  road-way.  Also  ra^Sy  is  the  weight  of 
the  corresponding  portion  of  the  rods.  Hence  the  whole 
weight  corresponding  to  the  element  ^8  is 


or 


When  we  suppose  the  curve  to  be  continuous,  we  must 
suppose  ^8  and  Sy  to  be  indefinitely  small;  in  which  case 
the  ratios  of  such  quantities  are  the  differential  coefficients. 
Hence  the  differential  coefficient  of  the  weight  is 

dy  dy 

m  +  n— — h  rx—--  ^ 
as  ds 

and   the  whole   weight  is  the  integral  of  this,   taken    with 
regard  to  «;  that  is,  it  is 

ms  +  ny  '\-  rLx  --  ,• 

ds 

the  integral  being  supposed  to  begin  when  ^  ■■  o  and  y  »0. 

O 
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Hence  the  equation  above  stated  becomes 

dy        doB 
•^     da        dy 

The  road-way  is  here  supposed  to  be  divided  by  trans- 
verse cuts  into  indefinitely  small  separate  parts,  which  is 
allowable,  since  the  curve  must  always  adjust  itself  so  as 
to  have  the  road-way  a  straight  line. 

77 •  Paop.  To  find  the  nature  of  the  curve  when  the 
weight  of  the  suspension  rods  is  neglected. 

In  this  case  we  make  r  =  0 ;   and  the  equation  is 

dtV      .     doff 
m«  +  »y  =  c  -r— ;    let  ---  =  o. 

dy  dy     "^ 

I  dp         ds  ..         -^ 

dy  dy  ^  ' 


'Ua> 


m^{\  +p*)  +  n 


dp  > 

=  1 ;     assume  1  +  p^=  ^. 


dq 

s=  — ;      whence  a IQ'H —     = +  ^ » 

c  m    \       ml         c 


n 
9  +  - 


m 


n ,  /        n\ 

when  cr  =  0,  pssO,  a=l;     1 ll-f— )=C. 

^  m    \       mf 


n 

q-h  - 
n.         m      mx 

q-l  --1 = , 

m  n        c 

1  +- 
m 
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or  a/(p'+1)-1 1 = 

1  +~ 
m 

Also 

dy      dy  dp  '  c  dp 

dx      dp  dx      m  -\/(l  +  p*)  +  n  *  d<r ' 

which   may   be   rationalised  by  putting  \/(l  +  pO«P9  +  !• 
We  shall  thus  find 

dy  2c  (l  +g^) 


dq      (1  -  5^)  {wi  +  7^  -  (w  -  m)  €^\  ' 

which  may  be  integrated,  because  it  is  a  rational  fraction; 
The  result  will  involve  logarithms  so  long  as  n  is  greater 
than  m. 

If  w  be  less  than  w,  or  the  weight  of  a  given  length  of 
road-way  with  its  load  be  less  than  the  weight  of  the  same 
length  of  the  chain,  the  logarithmic  expression  for  y  becomes 
imaginary,  and  the  real  integral  will  involve  circular  arcs. 
The  reader  wiU  find  this  subject  further  discussed  in  the 
Manchester  Memoirs,  Vol.  v.  New  Series ;  by  Mr  Hodgkin* 
son,  from  whose  paper  the  above  investigation  is  taken. 


CHAP.  VI. 


TH£   EaUILIBEIUM    OF    AN    ELASTIC    BODY. 

78.  Bodies  are  said  to  be  elastic  when  they  admit  of  a 
certain  change  of  figure  and  dimensions,  but  possess  a  force 
which  resists  this  change,  which  makes  it  depend  upon  the 
power  applied,  and  which  restores  the  bodies  to  Aeir  original 
dimensions  and  figure,  when  the  power  which  altered  them 
is  removed.     This  restitutive  energy  acts  in  various  ways. 

1.      The  Elasticity  of  Extension  and  Compression.  * 

A  string  may  be  stretched  by  a  force  applied  lengthways 
to  it,  and  an  elastic  surface  or  solid  may  be  considered  as 
a  collection  of  elastic  fibres. 

It  is  found  by  experiment,  that  when  a  string  is  stretched, 
the  increase  of  length  is  proportional  to  the  force  which 
produces  it ;  that  is,  the  extension  is  as  the  tension*.  We 
may  also  suppose  the  same  law  to  extend  to  compression; 
but  in  order  that  a  string  may  be  susceptible  of  compression 
lengthways,  it  must  be  supposed  to  be  inflexible. 

2,     The  Elasticity  of  Flexure. 

Wires  and  laminae  of  different  metals  and  other  sub- 
stances exert  a  force  to  unbend  themselves  when  forcibly 
bent.  In  the  flexure  of  elastic  rods  and  laminae,  it  appears 
by  experiment  that  the  deflexion,  and  consequently  the  cur- 
vature,   is    nearly    as  the  force  f.      This   also   follows    from 


*  See  s^Gravegande^s  Mlem.  Physices,  Lib.  i.  c.  26. 
•f"  See  Boit^s  Traitt  de  Physique,  Tom.  i.  p.  609. 
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supposing  an  elastic  rod  to  be  composed  of  fibres  which  have 
elasticity  of  extension,  as  will  be  seen. 

3.     The  Elasticity  of  Torsion. 

Threads  of  metal,  &c.  when  twisted,  exert  a  force  to 
untwist  themselves.  It  appears  from  experiment*,  that  when 
very  fine  threads  of  metal  are  twisted  by  means  of  levers 
transverse  to  them,  the  force  by  which  they  tend  to  resume 
their  natural  state  is  very  accurately  as  the  angle  of  torsion. 


1.    Ektsticity  of  Extension. 

79.  Peop.  When  an  elastic  string  of  given  length  is 
stretched  by  a  given  force^  to  find  its  length. 

In  a  given  elastic  string  the  length  added  is,  as  we  have 
said,  proportional  to  the  tension.  If  the  tension  be  the  same, 
the  added  length  will,  in  different  lengths  of  the  same  string,  be 
proportional  to  the  length ;  for  it  is  manifest  that  a  string  two 
feet  long  will  be  twice  as  much  extended  by  the  same  tension 
as  a  string  one  foot  long ;  since  the  tension  will  be  the  same 
throughout,  and  therefore  each  of  the  halves  of  the  first 
string  will  be  as  much  stretched  as  the  second  string.  In 
strings  which  differ  in  material,  thickness,  &c.  the  extension 
for  a  given  length  and  tension,  will  be  different  for  different 
substances ;  and  will  in  each  be  proportional  to  a  certain 
quantity  which  may  be  considered  as  the  measure  of  the 
eooterisHAlity  of  the  particular  substance  which  is  to  be 
taken.  If  €  be  this  quantity  for  a  certain  string  whose 
length  at  first  (that  is,  when  not  stretched  by  any  force) 
is  a,  when  this  string  is  stretched  by  a  force  or  weight  ^, 
which  will  of  course  measure  the  tension,  its  increase  of 
length  will  be  proportional  to  a  6^,  and  may  be  equal  to 
this  expression  by  properly  assuming  c  Hence  the  length 
under  these  circumstances  will  be  a  +  aet^  or  a(l  +  e^). 


•  For  the  experiments  of  Coulomb,  see  Biot,  TraU6  de  Physique^  Tom.  r. 


p.  492. 
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We  may  determine  e  if  we  know  the  original  length  of 
the  string  and  its  length  for  any  given  value  of  t.  It  may 
be  convenient  to  know  it  in  terms  of  the  force  which  will 
draw  out  the  string  to  dotible  its  length.  Let  E  be  this 
force;  hence 

o(l+€-B)  =  2a;     .-.  e-B  =  ],  and€  =  --. 

E 

Hence  the  length  of  the  string  under  a  tension  t  becomes 


'^O+D- 


E  may  be  expressed  by  a  length  of  the  given  string 
whose  weight  would  draw  the  string  a  to  double  its  length. 
E  is  then  called  the  Modulus  of  Elasticity. 

If  the  tension  be  not  the  same  throughout  the  string, 
this  formula  is  not  applicable.  In  this  case  we  may  suppose 
the  string  divided  into  indefinitely  small  portions;  and  in 
each  of  these  portions  the  tension  may  be  supposed  constant, 
and  the  extension  of  that  part  found;  and  by  combining 
all  these,  we  get  the  extension  of  the  whole. 

80.  Knowing  thus  the  relation  of  the  length  and  ten- 
sion of  such  lines,  we  can  easily  express  the  conditions 
required  by  the  solution  of  problems  in  which  they  occur^ 
as  will  appear  by  the  following  examples. 

Peob.  I.  Fig.  30.  AC,  BCj  are  two  given  equal  and 
similar  elastic  strings  fixed  at  two  points  Aj  By  in  the  same 
horizontal  line^  and  supporting  at  C  a  weight  W :  knowing 
the  ea^tensibility  of  the  strings,  to  find  where  W  will  be 
supported ;  the  strings  themselves  being  sv/pposed  without 
weight. 

It  is  manifest  that  the  vertical  line  CE  will  bisect  AB. 
Let  AE  =  b,  angle  CAE  =  a,  weight  at  W=^w,  tension  oi  AC 
or  BC^t,  extensibility  of  AC  =  €9  original  length  of  AC -a,' 
hence  AC^a{\-\-€t). 
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Since  W  is  supported  by  the  tensions  of  AC^  BC,  in  those 
directions,  we  have 

w  =  2t  sin.  a ;    also  AE  =  AC .  cos.  a,    or 

6  s  a  (l  +  €^)  cos.  a. 

Eliminating  t^ 

b  €W  ,  ^ 

-  =  cos.  a  H cot.  a (1). 

a  2 

If  we  should  attempt  to  obtain  a  from  this  equation,  we 
should  arrive  at  an  equation  of  four  dimensions;  and  by 
solving  this,  we  should  find  the  position  of  equilibrium.  But 
for  the  most  common  case,  that  is,  when  the  extensibility  is 
small,  and  the  weight  w  not  very  large,  we  may  easily  deduce 
from  our  equation  an  approximation  to  the  situation.  For 
we  have 

a  =  JH-^'€  +  ^".— + 

1.2 

when   A,   A\  ^",  ....are  the  values  which  a,   3- ,    t-oj---- 
assume  by  making  6  »  0,  (Lacroix,  Elem.  Treat  Art.  21.) 

Hence,  putting  0  for  e  in  the  fundamental  equation,  (l) 
and  in  its  differentials,  we  obtain 

b  . 

-  =  cos.  A ; 
a 

da      €W        1       da      w  de 

ae         2     sm.  a  ae       2  aa 

.,     w    cot.  A      w       ah 

.*.  A=  —  ,— =  —  .  — -,   &c 

2     sin.  A       9.     d'-l^' 

Therefore 

We    ,    ah 


2      a^-h^ 
Here  A  is  the  angle  BAC  on  the  supposition  that  the  strings 
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were  inextensible :    hence    — - .  -r — -^    is,    when   e  is    small, 

2      a  "  b 

very   nearly   the  quantity  by   which   this  angle  is  increased 
by  supposing  the  strings  extensible. 

Cor.  1.     If  a  =  6,   that  is,    if  the  string   ACB  be  just 
equal  to  AB  when  not  stretched,  we  have  from  (l) 

1  =  cos.  a  +  —  •  cot  a ;  and  multiplying  by  tan.  a, 


€W 

tan.  a  -  sin.  a  =  — ;   and  expanding  tan.  a  =  sin.  a  (l  -  sin.^  a)  "*» 

-  sin.^  a  + sm.**  a  +  ....  =  —  . 

2  2.4  2 

If  6  be  small,  a  will  be  small ;  hence,  neglecting  the  higher 
powers  of  sin.  a, 

sin.^  a  =  ew ;    sin.  a  =  \/(€w)  =  \/  -— . 

E  being  the  tension  which  would  double  the  string.  Hence 
for  the  same  string,  fixed  horizontally  and  not  stretched,  the 
small  deflexion  produced  by  a  weight  hung  at  the  middle 
point  is  as  the  cube  root  of  the  weight. 

Cor.  2.     If  a  <  6,  the  string  would  not  reach  from  A  to 
B  horizontally  without  being  stretched. 

In  this  case,  the  equation  becomes,  multiplying  by  tan.  a, 

b  .  €W 

—  tan.  a  —  sm.  a  =  — . 
a  2 

And  when  a  is  small,  neglecting  its  higher  powers,  we  may 
put  a  both  for  its  sine  and  tangent;  hence 

b  —  a  €tv       w  w         a 


a 


2        2£  2£     b-a 
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Therefore  in  this  case  the  deflexion  varies  as  the  weight  w^ 
if  it  be  supposed  small. 

81.  Pbob.  II.  A  uniform  elastic  string  hangs  verti- 
cally j  stretched  by  its  own  weight:  to  Jind  its  length. 

Let  69  as  before,  be  its  extensibility  when  its  weight  is 
not  supposed  to  act.  Let  a  be  its  length  when  it  is  supposed 
not  stretched;  and  x  the  distance,  on  the  same  supposition, 
of  any  small  element  hof  from  the  upper  extremity,  by  which 
it  is  suspended.  The  part  below  the  element  5  a?  is  a  -  ^, 
when  it  is  not  stretched;  and  as  the  quantity  of  matter  is 
not  altered  by  extension,  the  weight  of  this  part  when  stretch- 
ed is  as  a  —  a}\  and  may  be  represented  by  a  —  <r,  if  we  repre^ 
sent  weights  by  the  corresponding  lengths  of  the  unstretched 
string.     Hence  the  element  hx  will  become 

or  if  %  be  the  distance  from  the  upper  extremity  to  a  point 
whose  distance  in  the  unstretched  state  was  a?, 

d%  .         ^ 

--  =  1  -H  €  (a  -  a?) ; 
dw 

€  (a  -  wY 
.  *.  %  ^w +  constant ; 

2 

and  at  the  upper  extremity  where  a?  =  0,  «  =  0 ; 


At  the  lower  extremity,  af=a;  let  the  stretched  length  =/; 

.-.  1=  a  + 


ea^ 


2 


€a^ 


Hence,   —  is  the  quantity  by  which  the  length  of  the 

string  is  increased  when  it  is  hung  up.     If  £  be  a  length 
of  the  string  whose  weight  alone  would  be  sufficient  to  stretch 

1  a^ 

any  part  to  twice  its  length,  e  =  — ,    and  — —  is  the  incre- 

ment  of  length. 
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Cob.  1.     If  we  had  a^E^  we  should  have  the  length 

,  •        „      I?      3E 
when  stretched  —  E  +  — -r  =  — . 

2E         2 

Cob.  2.     Since  /  =  a  (l  +  ^) ;  it  appears  that  the  weight 

of  the  string  stretches  it  half  as  much  as  if  it  were  all  collected 
at  the  lowest  point. 

82.  Fbob.  III.  To  find  the  catenary  when  the  chain 
is  eatensible. 

Let  the  chain  or  cord  be  of  uniform  thickness  and  density, 
and  let,  as  before,  the  elasticity  be  such  that  a  length  a  be- 
comes a  (l  +  €^)  by  a  tension  t. 

Let  C,  fig.  123,  be  the  lowest  point ;  and  let  the  tension 
at  C  be  equal  to  the  weight  of  a  length  CA  =  c  o{  the  un- 
stretched  string:  AN^w^  NP^y  the  horizontal  and  ver- 
tical co-ordinates :  8  =  the  arc  CPy  and  «'  =  the  length  of  CP 
before  it  was  stretched,  which  may  therefore  represent  the 
weight  of  CP;  ^=Bthe  tension  at  P, 

If  £«,  ha'  be  corresponding  elements  of  «,  ^,  we  have 

da  1 


hauls'  (l+€)^; 


da       l-\-et 


The  forces  which  keep  CP  at  rest  are  the  tension  t  at  P, 
the  tension  e  at  C,  and  the  weight  a'.  Hence  these  forces 
are  as  the  sides  of  a  triangle  which  are  parallel  to  them; 
for  instance,  the  elementary  triangle  at  P,  whose  sides  would 
be  the  elements  hwy  hy^  Sa:  hence 

t     da       a'      dy 

_  — . .     ^j     ^  . 

c     da?'     c       dw^ 

By  the  second  of  these  equations, 

da 
d^y      1  da'      1  da  da  dw 


ds^      c  doo      c  dm  da      c-^-c^t^ 
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ds 


dw 

If  we   make  -p  ■=  P>    7^  **  V^(^  "*"  ^ '    ^^^  supposing 

the  di£Perentiation  to  be  performed  with  respect   to  x^  our 
last  equation  becomes 

dp  ^       \/(l  +  pQ 
dw~  c  +  c*6v^(l  -f  p")' 

dof  c 

.  df/      dv  da?        dor  ep 

and  -^  =  — ^  —  =  p  —  =  — r — =- \-  irep. 

dp      do?  dp        dp      ^(1  +  p') 

Integrating  these  equations  in  p,  we  obtain 

zr  =  cl  {p  +  y/(l  +  p*)}  +  c^€p ; 

y  «  c  v^(l  +  p^)  +  ^(^ep^^; 

the  integrals  being  taken  so  that  at  C,  where  p  »  0,  we  may 
have  /r  =  0,  and  y  «  e. 

By  eliminating  p,  we  should  have  the  relation  between 
w  and  y:  and  p  is  the  tangent  of  the  angle  which  the  curve 
at  P  makes  with  the  horizon. 

.-.  «=cp+^c*€{p-v/(H-p*)  +  l[p  +  V'(l+p»)]}, 

ds  J.         ^ 

^  =  c  — =  cv^(l  +pO. 

It  appears  that  the  values  of  Xy  y^  and  «,  consist  of  two 
parts;  namely,  terms  independent  of  e,  which  are  the  same 
as  they  would  be  in  a  cord  not  extensible;  and  terms  which 
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involve  e.  Hence  if  CP  and  CP'  be  arcs  of  an  extensible 
and  of  an  inextensible  catenary,  for  which  the  value  of  c, 
that  is,  the  tension  at  C,  is  the  same ;  and  the  values  of  p 
the  same,  that  is,  the  tangents,  PT^  PT*  parallel;  P^O 
and  O^  being  horizontal  and  vertical,  we  have 

P^O^(?ep,    OP=^\(?ep\ 

The  tension   t  is  the  same   in  both  cases,   and   CP  is 
the  length  of  CP  not  stretched. 

OP 
CoE.     If  PT  meet  OP  in  Q,  OQ  =  — :  =  ^c'ep  =  \  OP. 

From  these  few  examples  it  will  be  seen  how  problems 
involving  extensible  lines  may  be  reduced  to  calculation. 


2.     Elasticity  and  Resistance  of  Solid  Materials. 

83.  All  solid  substances,  as  wood,  stone,  metals,  &c., 
are  susceptible  of  some  compression  and  extension.  This 
compression  and  extension  are  greater  as  the  forces  producing 
them  are  greater ;  and  when  the  forces  produce  a  compression 
or  extension  greater  than  the  texture  of  the  substance  can 
bear,  the  bodies  are  crushed  or  broken.  We  shall  here 
find  the  change  of  figure  of  such  bodies  when  they  are  com- 
pressed under  given  circumstances. 

We  shall  suppose  that  all  solid  bodies  may  be  considered 
as  made  up  of  elastic  fibres^  capable  of  extension  and  com- 
pression. .  We  shall  also  suppose,  as  in  the  last  Section,  that 
the  resistance  to  extension  is  proportional  to  the  extension 
in  each  fibre,  and  the  same  of  compression.  We  shall  further 
assume,  that  the  resistance  to  extension  and  to  compression 
are  the  same  in  the  same  fibre. 

These  principles  would  follow  if  we  were  to  suppose  the 
particles  of  bodies  to  be  kept  in  equilibrium  by  their  mutual 
forces  in  the  natural  state  of  the  body;  and  the  change  to 
be  small,  which  they  undergo  by  the  action  of  any  force. 
In  this  case  it  might  be  proved  that  the  displacement  of  a 


r- 
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given  particle  would  be  ultimately   as  the  force  which  pro- 
duces it. 

When  a  solid  body  is  acted  on  by  any  force,  it  may  be 
partly  extended  and  pa]*tly  compressed.  Thus  let  a  mass 
ABQP,  fig.  124,  be  acted  upon  by  a  force  F,  compressing 
it  in  the  direction  EF.  The  surface  PNQ  may  be  brought 
into  the  direction  pNq ;  in  this  case  all  the  fibres  RR'  which 
are  on  one  side  of  N  are.  shortened ;  all  those  on  the  other 
side  of  N  are  lengthened.  NN'  remains  the  same  as  in 
the  natural  state.  N  is  called  the  neutral  point,  and  the 
line  which  separates  the  parts  of  a  transverse  section  of  the 
body  which  are  compressed,  from  those  which  are  elongated 
is  called  the  neutral  line  of  that  section. 

84.  Prop.  When  a  rectangular  prismatic  mass  is  com- 
pressed by  a  force  parallel  to  the  direction  of  the  aais; 
to  find  the  neutral  line. 

Let  AB^  fig.  124,  be  the  rectangular  base  of  the  mass, 
MM'  its  axis.  And  let  the  slice  UTPQ  be  compressed  so 
as  to  assume  the  form  UTpq,  N  being  the  neutral  line. 
Then  any  fibre  parallel  to  the  axis,  as  YR,  is  compressed 
so  that  its  length  becomes  Yr :  and  by  the  supposition, 
if  t  be  the  force  compressing  it,  E  the  modulus  of  elasticity, 
as  in  last  Article;  we  shall  have 

Rr  =  YRr=:,\     and   hence  t^  E  —^ . 

Let  PM  =  MQ  =  a,  MF  =  A,  MR  =  a?,  and  the  breadth 
of  the  beam  perpendicular  to  AB  =  h ;  MN  =  w,  whence 
RN^n-k-w'^    force  at   F^f 

Also  let  UT  and  QP  meet  in  0,  and  let  OK  =  p. 

Hence 

Rr       Rr  ^  NR  ^n-^ai 

VR'^NL"  'OL  "  n  +  p ' 

And  the  force  of   VR,  supposing  its  breadth  and   thickness 
each  1,  is 
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Rr  n  -f  a? 

t  ^  E  •  rrz;  =  E  • . 

VR  n  +  p 

Hence  if  we  take  a  very  thin  portion,  of  which  the  thick- 
ness is  ^dr  and  breadth  6,  its  force  is 

fl  "i-  *V       ^ 

E . .  bSwy 

n-^  p 

and  this  is  the  increment  of  the  force  exerted  at  R  cor- 
responding to  S/v.  When  w  is  negative  and  greater  than  n, 
this  is  negative;  and  accordingly  the  compression  for  that 
part  becomes  extension. 

The  forces  which  keep  each  other  in  equilibrium  are 
the  force  /  acting  at  jP,  and  the  elementary  forces  of  all 
the  fibres  VR.  And  hence,  by  Art.  24,  we  must  have, 
1st,  the  force  /  equal  to  all  the  forces 

n  +  Of    ^ 
E.——b8w; 
n-i-  p 

and  2nd,  the  moment  of  the  force  /  about  N  equal  to  the 
moments  of  all  the  forces 

W  +  cP        f^ 

E . biw  about  N. 

n-i-  p 

Also  the  aggregate  of  all  the  forces  will  be  found  by 
taking  the  coefficients  of  Sa?^  in  the  expressions  so  found, 
and  the  integrals  of  these  differential  coefficients  from 

j7  s  ^  a,    to  ^  s  a. 

Hence  we  have 

«  +  a? 


/=/.£ 


/(&  +  n)  =  /,£ 


p-^-n 
(n  +  aif 


p  +  n 

Integrating  between  the  pnyper  limits, 

^  ^nab 
P'¥n 
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/(&  +  «)  =  £ ^ 

•^  ^  p  +  » 

Dividing,  we  have 

Sn 
/.  n  a  — 7  a  ^ — ^ .     And  MN 


SA       12A  12MF 

Cob.  1.  If  MF^\^MP^  or  A»^a,  n»a)  the  neutral 
point  is  in  the  surface,  and  the  whole  beam  is  compressed. 

If  MF>^MPy  the  neutral  point  is  beyond  the  surface. 

Cor.  2.     From  the  above  equations  we  have 

E  ,      E  2a^b 

A  +  ns  -^.2nab  =  —  > — —. 
/  f     Sh 

And  |o  +  9»  is  the  radius  of  curvature  of  the  neutral  line  NN^ 
at  N.  Let  the  force  /  be  equivalent  to  a  length  F  of  the 
prism;    then/=2jPa6;  and  we  have 

E  a*  ^^^     E     Pg 

^  Fsh  F  12MF 

85.  Pbop.  When  a  rectcmgular  prism  is  acted  upon 
by  any  force  in  any  direction ;  to  find  the  neutral  point  at 
any  part 

Let  a  force  /»  fig.  124,  act  in  the  line  yF  on  a  prism 
ABPQ.  The  force  will  produce  the  same  e£Eect  as  if  acted 
at  F,  a  point  in  QP.  Let  the  angle  MFy  at  jP  =  a.  The 
fiarce  may  he  resolved  into  /  cos.  a  in  QP,  and  /  sin.  a  per- 
pendicular to  QP.  Of  lliese  the  former  is  resisted  by  the 
lateral  ccAesion  of  the  materials,  and  produces  no  compressitm. 
The  latter  produces  a  compression  as  in  last  Article.  Hence, 
retainiiig  the  denominations  of  last  Article,  calling  MF^  h, 
and  putting  /  sin.  a  for  /,  we  have 
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^  2nab 

fsm.  a  ^  E . ; 

p  +  n 

2 

S 
f(h  +  ^)sin.a  =  E.  ' 

p-k-n 

And  hence  A  +  w  =  w+— -;     .•.»=—-- 

Sh  Sh 


CoE.  1.     We  have  also 

E  ^         E       9.€?b 

/sm.  a  /sm.  a     3  A 

E      ^c^b     ^^Ea% 
f'shsin.a        3fk 

if  k  =  My  s  h  sm.  a,  the  perpendicular  on  the  direction  of  the 
force  from  the  axis. 

CoE.  2.     If  as  before  /=  2 Fa6, 

Ea!" 


rad.  of  curv.  ::s  p  -^n  ^ 


sFk 


CoE.  3,  If  the  force  act  perpendicularly  to  the  axis, 
h  is  infinite,  n  =  0,  and  the  neutral  point  is  in  the  axis. 

86.  Peop.  W/ien  a  rectangular  prismatic  beam  is  made 
to  deviate  a  little  from  a  straight  line  by  the  action  of  a  given 
force  perpendicular  to  itytojind  the  deflewion. 

Since  the  force  is  perpendicular  to  the  beam,  and  the 
beam  is  nearly  a  straight  Une,  we  may,  by  Cor.  3,  of  last 
Article,  suppose  the  neutral  point  to  be  every  where  coincident 
with  the  axis.  Let  AME,  fig.  125,  represent  the  axis,  bent 
by  a  force  acting  perpendicularly  to  ADy  its-  original  position. 
And  let  XM  be  the  ordinate  at  any  point,  also  perpendicular 
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to  AD*     AX  =  0^9  XM  «  y.     And  since  the  curve  is  nearly 

dy 
a  straight  line,  3—  is  small :  hence  the  radius  of  curvature 


,  hdS).   1 


^       i.»^,   nearly. 
da^  da^ 

But  by  Cor.  2.  to  last  Art.  if  ^Z)  =  /,  A?  «  DJT  =  ^  -  a?, 

rad.  of  curv.  =  — . 


d'y       F   3 (/-a?) 
Integrate     with    respect    to    cr,    observing  that  -~-  =  0 


when  a?  s=  0, 


_,   3Zd? — j?^ 
dy  ^  F  2 

dx      E  c? 


Integrate  again :    observing   that   y  ^%    when    /r  s  0. 

F  2         2 


And  if  the  whole  deflexion  DF  =  5,   making  a?  =  /, 
CoR.  1.      If  we  put  for  F  its  value  -^-- ,   we  have 


2£a^fe 

Q 
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Hence  it  appears  that  for  a  given  breadth  and  thickness 
the  deflexion  is  as  the  force  and  cube  of  the  length. 

And  for  a   given    force    and    length    the    deflexion    is 
inversely  as  the  breadth  and  cube  of  the  thickness. 

Cob.  2.  Let  the  direction,  of  the  tangent  at  E  make 
an  angle  0  with  the  tangent  at  A.  Then  0  may  be  called 
the  angular  deflewion. 

And  -~  =tan.  0;  hence,  putting  /  for  w  in  the  value  of  -p- , 

at  the  extremity,  tan.  0  =  — .  — -  =  -^, — . 

^  E   2a^      ^a^b 

The  extreme  angular  deflexion  is  as  the  force  and  square 
of  the  length. 

87*  Prop.  When  a  rectangular  prismatic  heam^  fixed 
in  a  horixontal  position,  is  bent  by  its  own  weight ,  {its  thick- 
ness being  vertical)  to  find  the  deflexion. 

In  Art.  85,  Cor.  2 ;  put  Fk  the  moment  of  the  force  which 

/  —  a? 
bends  the  beam  =  (Z  -  ^) =  ^  (/  -  a?)^ ;    and  for  the  rad. 

of  curv.  — — 
<Py 

da/"' 

Hence  we  have 

rf^y  _  S{l-xy       dy      P"(l-wy 
d^  "    2Ea^    *     dx^       2E^~" 


y  = 


/^^  +  i(/-a?)*-XZ* 


3P 


and  the  whole  deflexion  S  = 


8Ea 


Cob.     In   this  and  the   last   Article,  S  being   observed, 
E  may  be  found. 
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88.  Pbop.  When  an  isosceles  triangular  prism  is  acted 
upon  by  any  force  in  any  direction,  to  find  the  neutral  point 
at  any  part. 

The  force  is  supposed  to  act  in  the  plane  which  bisects 
the  vertical  angle  of  the  isosceles  triangle.  Let  ABQPj 
fig.  124,  be  this  plane,  the  vertex  of  the  triangle  being  at 
Pj  and  its  base  at  Q. 

LetOT=/o,  TF=a?,   TL^n,  TU^a,  PF^h^MFy^a, 

and  the  force  «/,  modulus  of  elasticity  =  E. 

As  before,  in  Art.  85,  we  shall  have  the  force  of  a  single 

«      -^NR      „n-w 

fibre  at  U  =  £  -—  =  E . 

OL         p  +  n 

And  whatever  be  the  form  of  the  section  perpendicular 
to  the  plane  ABQP,  if  y  be  the  ordinate  of  this  section  per- 
pendicular to  the  line  PQ,  we  shall  have  for  the  elementary 
force  exerted  at  U, 

p  +  n 
And  by  the  same  reasoning  as  in  Art.  85, 

/sm.  a  =  JE  /  y, 

J»  p  ^  n 

(n  — a?) 


r(n  ~  ofY 
f(h  +  n)  sin.  a  =  JB  /  -^ -y 

•^  ^  J»  p  -\-n 


In  the  case  of  the  triangle,   y  ^mw,  m  being  a  constant 
quantity.     And  integrating  from  w  ^0  to  as^a. 


Em     (I      ^     I   \ 

fsm.  a= .  x-na  — cr]  , 

•^  p^n    \^  S     I 


f{h^  n)  sin.a  == {-r^c^  — wa^+  —    ; 
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6n®-8na  +  3o^ 

/.  A  +  n  = 

on  —  4a 

3tf^  —  4an 


.'.  h 


.'.  n  = 


6n  —  ^a 

3a^  —  4tan 
6n  —  4a 

3a*+  4aA 
4a  +  6h 


+  w; 


5 
Cor.  1.     IfA  =  0,  or  the  force  act  at  P,  «ss-a. 

4 

Cob.  2.     If  the  force  act  perpendicularly  to  the  prism, 

2a 
h  is  infinite,   and  n  =  — . 

3 

Cob.  3.     If  the  force  act  above  P^   k  will  be  negative* 

a 
Thus  if  the  force  act  at  Q,  A  =  —  a,  w  =  - . 

Cob.  4.     To  find  the  radius  of  curvature  of  the  neutral 
line,  we  have 

Em    [l      ^     I    \ 
rad.  curv*  =  p  +  t*  =  -—: — -  ( -na^  —  a'    ; 

'^  /sm.  a\2  3     ) 

and  putting  for  n  its  value, 

£«»  a*  Emc^ 


rad.  curv.  = 


/sin.a'6(4a+-6A)      „^-/.      2a\    . 
•^  ^  '^      36/[A+  —  1  8in.a 


And  if  we  take  a  point  distant  from  P  by  -f-  PQ,  and 
from  this  point  draw  a  perpendicular  on  the  line  of  direction 
of  the  force ;  if  this  perpendicular  ^  k, 

[       2a\    .  Emaf' 

k  ~  I  A  +  —  I  sin.  a ;    rad.  curv.  =s  p  +  w  =  — r-r— ; 
V  3  /  '^  36/fc 

or  if  6  be  the  base  of  the  triangle,  ma  =  6,  p  ^n^  . 
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Cor.  5.  If  /  be  the  weight  of  a  length  F  of  the  prism, 
f^\Fab^ 

Ed!" 

In  the  same  manner  we  might  find  the  neutral  point  for 
prismatic  beams  of  other  figures.  And  the  deflexion  when 
they  are  acted  on  by  given  weights  would  be  found  in  the 
same  manner  as  before. 

Also  if  the  beams  are  not  prismatic,  a  will  be  variable; 
and  by  putting  for  it  the  expression  belonging  to  each  case, 
we  may  find  the  deflexion  in  beams  of  other  forms. 

89*  Prof.  A  rectangular  prismatic  beam  is  compressed 
by  a  given  force  acting  in  a  direction  parallel  to  the  awis ; 
to  jind  the  defleanon. 

Let  ABA'S ^  fig.  126,  be  the  beam,  FF*  the  line  in  which 
the  force  acts.  P  any  point  in  the  axis.  And  since  the 
deflexion  is  supposed  to  be  small,  FMy  which  is  perpendi- 
cular to  FF\  may  be  considered  as  perpendicular  also  to 
the  axis.  Hence  if  a  be  half  the  thickness  of  the  beam 
(=  \AB)  and  n  the  distance  of  the  neutral  point  above  P, 

EM-w^   PM^  y,  we  have,  by  Art.  85,  w  =  — . 

if 

Also  if  o  be  the  radius  of  curvature  of  the  axis  CPy  by 
Cor.  2,  of  the  same  Article, 

1  cPy 

Now  -  =  —  -— 5  nearly,  because  the  deflexion  is  small ; 
p         dor 

.  ^y  _    y 

.    •  ^5    ™~    ^T  . 

dor         if 
Integrate,  .•;  j^=  C'  -  ^ . 


1 

i 
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And  if  A;  be  JBF,  the  greatest  ordinate,  y  =  k  when  --^  =  0; 

dw 

dy^  ^Ic'-f  1  Idx 

,-.  arc  (cos.  =  -  j  =  -  ;   <»  being  measured  from  JE, 

V  =  A;  COS.  -  . 

Let  Z  =  jB-F  =  half  the  length  of  the  beam.  And  let 
h  =  CFy  the  distance  of  the  force  from  the  axis.  Therefore 
when  a?  =  ?,  y  -h^ 

cos. - 

h  =  k  cos.  - ;     y  =i  h.  — —  . 

cos.  -   . 
e 

Hence  jBF  =  A  sec.  - ;  and  DFthe  deflexion  ^  EV^FC\ 

c 

,',  deflexion  =  hi  sec.  —  1  >  . 
But  r 


■?{l-'h 


«  I  ■  . 


CoE.  1.     If  jE  be  very  large  compared  with  F^  we  shall 
have  the  deflexion 

1\/Tf 


r       WZF       \ 

=  A  <sec. 7 — :  —  1  r  • 

I        a\/jB       J 


CoR.  2.     The  radius  of  curvature  at  V 

^         ^        2         ^ 

(T  COS.  -        (T  COS.  - 


h 


r^{f-} 
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And  when  E  is  very  large  compared  with  F^ 


rad.  curv.  at  F  =     ^,  cos  r-— . 

sFh         ay/E 

* 

Cor.  S.  The  deflexion  will  be  greater,  as  the  secant, 
in  Cor.  1,  is  greater ;  and  when  the  secant  is  infinite,  the 
formula  will  fail ;  in  this  case  the  prism  will  either  be 
crushed,  or  will  bend  so  much  that  the  above  reasoning  is 
no  longer  applicable.  And  this  will  be  the  case  if  the  arc 
be  a  quadrant.  Hence  in  order  that  the  prism  may  support 
a  weight  with  a  small  deflexion,  the  weight  acting  on  one 
side  of  the  axis,  we  must  have 

Cor.  4.  If  the  force  act  at  the  extremities  of  the  axis, 
^  s  0 ;  and  there  will  be  no  deviation  except  the  secant  of 
the  arc  be  infinite;  that  is,  except 

P      Tt'E  E 

-=  — -=  .8225-=. 
a^      12F  F 

Hence  we  may  find  the  weights  which  columns  of  given 
materials  will  support.  Thus,  if  in  fir-wood  the  modulus 
E  be  10000000  feet,  a  bar  an  inch  square  and  10  feet  long 
may  begin  to  bend  when 

F  =  .8225  X  I I    X  10000000  =  571  feet ; 

V120/ 

that  is,  it  will  bend  when  pressed  by  the  weight  of  571  feet 
of  the  same  bar,  or  about  120  pounds,  neglecting  the  pres- 
sure arising  from  the  weight  of  the  bar  itself. 

The  modulus  of  elasticity  for  iron  or  steel  is  about 
9000000  feet ;  for  wood,  from  4000000  to  10000000 ;  arid 
for  stone,  probably  about  5000000. 


128  EQUILIBRIUM    OF    AN    ELASTIC    BODY. 

Cob.  5.  In  the  same  manner  we  might  find  the  deflexion 
of  a  triangular  prismatic  beam  acted  on  by  a  longitudinal 
force.  For  in  this  case,  supposing  E  large  with  respect 
to  Fj 


18  Fy 


3.     The  Curves  Jbrmed  by  Elastic  Lamince, 

90.  If  we  consider  the  thickness  of  the  elastic  bodies  in 
Art.  85,  to  be  small,  we  may  neglect  w,  and  we  have,  when  the 
section  of  the  body  is  a  rectangle, 

9.Ea^h 

E 

and  in  all  cases  jo  =  — ;  when  e  is  a  constant  quantity  depend- 
ing upon  the  size  and  form  of  the  section  of  the  elastic  body, 
and  upon  its  elasticity.  If  we  suppose  the  body  to  be  a 
lamina  of  uniform  thickness,  the  value  of  a  will  be  constant, 
and  £  will  be  proportional  to  6. 

Prof.  91.  An  elastic  lamina  of  tmifarm  breadth  and 
thickness  is  Jiwed  at  one  end  and  acted  upon  by  a  given 
force ;  it  is  required  to  determine  the  form  of  the  curve. 

Let  BA^  fig.  127,  be  the  lamina,  fixed  at  B;  f  the  force, 
which  acts  at  ^^  or  £  in  the  direction  AE ;  CM  =  cr,  MP  =  y, 
co-ordinates  perpendicular  and  parallel  to  the  direction  of  the 
force  AE ;  AP  =  s.     The  radius  of  curvature  at  P  is 


( 


dy^\^ 


dx' 

Now  it  will  manifestly  make  no  alteration  in  the  curvature  at 
any  point,  as  P,  whether,  after  the  equilibrium  is  established. 
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we  suppose  the  part  PA  rigid  or  not,  or  of  one  form  or 
another.  Hence  the  force  /  may  be  supposed  to  act  on  a 
straight  rigid  arm  PK  =  x ;  and  we  have  by  the  kst  Article, 

.,      ^  .  da? 

If  -—  =  0,   this  becomes 
aw 

dx 


(1+^)1' 

and  integrating, 

^(6«+«*)=  --— ?^ (2), 

6*  being  an  arbitrary  constant,   to  be   determined.     Hence, 
obtaining  i^, 

^  =4E^-/ny+^)''  and,  making  o«=  J, 


a*-  (l/'  +  w'y      (o«-  6«-  .r»)(a*+  6*+  ai')  ' 


dy  6*  +  af* 

:=  SB 


also  — -  =  y^(l  +  |)2j  =  i 


We  must  determine  V  from  known  circumstances  in  the 
problem.  If  the  curve  BP  be  continued,  to  meet  the  line 
JEy  and  at  the  point  of  intersection  make  with  the  line  of 
abscissas  an  angle  a,  we  shall  easily  determine  b^.  Since  at 
that  point  x  =  0  and  p  =  tan.  a,  equation  (2)  becomes 

/6^         £  tan.  a             ,.         2Esin.  a  „    . 

—  -.  — »     ,.,  5=*  =  - . =  -  a^  sm.  a. 

2  sec.  a  f 

R 
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If  the  curve  do  not  meet  the  line  J£,  6^  must  he  other- 
wise determined,  as  will  be  seen  hereafter. 

92.     Making   a*  -  6^  =  c^,    whence   a^  +  6^  =  2  a*  -  c^,    our 
equations  become 

— ^  =  ± ; (3). 

dx         ^/{<^''ar')(2a^-c^+ar')  ,  ^  ^ 

ds                            c?  .  . 

duo         ^{(?''W'){%d'-&^o^) ^  ^* 

When  a?  =  0,  as  at  A^  the  curve  makes  an  angle  a  with  the 
abscissa.     When  a^  -  c^  +  j?^  =  0,  or  a?^=  c^ -  a^  =  —  6*  =  a^  sin.  a, 

or  a?  =  a  sin.  a,   we  have  --—  =  0  and  the  curve  is  parallel  to 

dx 

the  abscissa. 

dy 
When  a?  =  c,  —  becomes  infinite,   and  the  curve  is   per- 

dx 

pendicular  to  the   axis.     When   x  is  greater   than  this,    the 

expression  is  impossible.     Hence  c  =  JEJ).     Beyond  this  point 

the  curve  turns  back  with  an  arc  />C,  fig.  127,  similar  to  the 

arc  AD  before  this  point :  and  these  two  arcs  correspond  to 

d'u 
the  double  sign  of  -~  in  (3). 

dx 


^2 

a 


If  we  find  the  radius  of  curvature  we  shall  obtain  it  = 

2a? 

Hence  the  radius  of  curvature  at  the  points  A^  C,  A\  &c. 
where  ,r  =  0,  is  infinite.  These  are  points  of  contrary  flexure, 
and  the*  curve  between  each  successive  two  of  them  consists 
of  similar  arcs  placed  alternately.  The  curve,  as  determined 
from  the  equation,  may  be  continued  indefinitely  in  this 
form. 


93.     To  obtain  the  values  of  y  and  8  we  should  have  to 
integrate  equations  (3)  and  (4).     The  expressions,   however, 
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cannot  be  integrated  in  finite  tenns*.  We  may  easily  in- 
tegrate them  in  series,  by  making  ^/{& ~  a^)  =u;  whence 
we  have,  neglecting  the  signs, 


ds  €?  dy  a^  —  u 


8 


ds      dy  u 

da;      d,v       \/(2a^  -  v?) 

Expandin&r  — — — —  by  the  binomial  theorem,  these 

equations  become 

ds         1       {a       1    u      1.3   u^  ] 

"T*  =  -^T'i-  +  -.-  + ;:  +  &c.>, 

dw      ^2    [u      4f   a       4.8    a^  J 

ds      dy         I       iu      I    u^      1.3   u^  ] 

~-=  ——-..{-  4-  -.— .  + +gj^c.>. 

doff      dx      /y/2    \a       4    a^      4.8    a'*  J 

It  is  only  necessary   to   take  the  integrals    from   a?  =  0, 
to  a?  =  c,  which  give  AD  and  ED^  fig.  127.     Now,  since 


u 


=  v'Cc^  -  ^), 


*  These  expressions  are  of  the  kind  which  have  been  called  Elliptical  TraTiscen- 
dentcds^  from  their  connexion  with  the  functions  on  whidi  the  rectification  of  elliptical 
arcs  depends.  Though  the  integration  cannot  be  effected  rigorously,  many  properties 
and  relations  of  them  have  been  discovered,  and  methods  of  finding  the  integrals 
within  any  requisite  degree  of  approximation.  The  student  will  find  these  very 
completely  treated  of  in  the  Exerdces  de  Calcul  Integr€U  of  Legendre ;  to  whom, 
along  with  Euler  and  Lagrange,  we  are  indebted  for  the  discoveries  made  in  this  pro- 
vince  of  analysis. 

cb     r  1 

If  we  make  a?  =  c .  sin.  d),  we  shall  find  «  =  ±  -r; .  / ,  -771 — _«  „•    ..  .  v  j  putting 

^'  — V2  J<f>\\l  —  m'*.8m.''<p^ 

— —  =m*  :  which  is  what  Legendre  calls  an  elliptical  function  of  the  first  order,  and 

designates  by  F.  Similarly,  y  is  reducible  to  elliptical  functions.  It  appears  from  the 
work  above-mentioned,  that  though  we  cannot  find  the  length  of  an  arc  «,  we  can 
determine  arcs  double,  treble,  &c.  or  the  halves,  thirds,  &c.  of  given  arcs;  with  many 
other  properties,  for  which  the  reader  is  referred  to  the  work  itself.  We  can  also 
obtain  very  converging  series  for  the  integrals;  both  when  m  is  small,  (which  we 
have  given  in  the  text,)  and  when  m  is  nearly  =1;  and  likewise  for  other  cases,  in 
which  the  calculation  is  facilitated  by  the  Tables  given  by  Legendre. 
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we  shall  have,  between  these  lioiits. 


IT 


'«  u     Jx  \/{&  -  ^)       2  ' 

2n+l 

and  by  the  known  methods  of  finding  fa(€^  —  ^^)  *  ?  (Lacroix, 
Elem.  Treat.  Art.  l?!.)*  we  shall  find  between  the  same  limits, 

^  2     2 

Lw^  — ,  — .c*;  and  so  on. 

•^  2.4    2 

Hence  if  the  length  ADC  -  /,  and  the  height  AC  -h% 

2~2^'r"^i"^*2^'^2^?'4^'^-j* 
/-A         ira      i        l.c2       i2.s     c*        1^32.5     c« 


""  2  a/2  *  L  "  2^  "^  ^Ti  *  2o*  "^  2^4^6  '  4^  "^  ••••!' 
Tra     f        1^     c«        12.3^     c*  1  ^  ^ 

>V/2'1        2«'r2a2       2^4^*3  *4^""  ••••}•••  ^^ 


and  knowing 

^       aA         j     ^^      ^^"^     1  +  sin  a  g.i         ,    . 

we  may  calculate  I  and  h  approximately. 

From  equation  (3)  we  must  determine  the  species  of  the 
curve.     They  will  depend  on  the  value  of  c  compared  with  a. 

94.    Prof.    When  the  elasticity  is  variable^  to  determine 
the  curve^  having  given  the  elasticity^  and  conversely. 
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We  have  supposed  the  moments  of  the  forces  which  tend 

to  bend  the  lamina  at  any  point  to  be  equal  to  -  ,  where 

P 
£  is  the  measure  of  the  elasticity,  and  is  the  same  for  every 

point.  We  shall  now  suppose  e  to  be  a  function  of  the 
curve  or  its  co-ordinates.  As  before,  let  a  force  /  act  on 
the  lamina  and  let  the  abscissa  be  perpendicular  to  the  di- 
rection of  the  force.     Hence 

E 

P 

If  s  be  given  in  terms  of  «,  or  of  w  and  y,  we  may 
substitute  and  integrate.  If  e  be  to  be  found,  it  will  be 
had  from  the  formula. 


E  =  — 


/•(-g)' 


dx'' 

£,  a$  appears  from  Art.  90,  may  be  supposed  proportional 
to  the  breadth,  when  the  thickness  is  constant,  and  to  the 
cube  of  the  thickness,  when  the  breadth  is  constant. 

Peob.  To  find  how  the  breadth  of  a  uniform  elastic 
lamina  must  vary,  that  by  a  weight  hung  at  the  end  of  it, 
it  may  be  bent  into  the  form  of  a  quadrant.     Fig.  128. 

In  this  case  p  is  constant;  therefore  e,  ^fp/v,  is  as  «v. 
Hence  the  lamina  must  be  such  that  its  projection  ACc  on 
a  horizontal  plane  is  a  triangle. 

95.  Hitherto  we  have  supposed  that  the  elastic  rod  or 
lamina  in  its  natiu'al  state^  when  it  is  not  acted  on  by  any 
forces,  is  a  straight  line.  But  we  may  suppose  that  it  is 
naturally  of  any  form  whatever,  and  that  it  is  deflected 
from  this  natural  form  by  the  same  laws  by  which  we  be- 
fore supposed  it  deflected  from  a  straight  line. 

Pbof.  In  an  elastic  rod  which  is  naturally  a  given 
curve^   the  curvature  produced  by  any  force  at  any  point 
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is  equal  to  the  natural  curvature,  together  with  the  curvature 
which  the  same  force  would  produce  in  a  rectilinear  rod  of 
the  same  elasticity,  acting  in  the  same  manner. 

Let  Pg,  fig.  129,  be  a  small  given  arc  whose  natural 
curvature  is  Pq,  and  its  center  of  curvature  0 ;  and  let  it  be 
bent  into  the  position  PQ,  with  its  center  of  curvature  at  O, 
by  means  of  a  force  acting  at  the  arm  QE.  Then  the  deflexion 
Qqj  o{  Q  from  its  natural  position,  is  the  same  which  it 
would  be  if  Pq  were  a  straight  line. 

Now  ultimately,  when  PQ  or  Pq  is  indefinitely  small, 
Qq  may  be  considered  as  perpendicular  to  the  tangent  at  P, 
and  will  therefore  be  equal  to  the  difference  of  the  perpen- 
diculars QR  and  qr  upon  the  tangent.  Hence  (Newt.  Prin, 
Lem.  XI.) 


Qq^QR-qr^^ 


P^Pf^_  PQt 
2PO      9,Po  "  ~2~ 


•  \P0      To] ' 


But  if  Pq  were  a  straight  line,  Po  would  be  infinite; 
and  if  Qiq'  be  the  deflexion  in  this  case  for  an  arc  PQi^ 
and  P(y  the  radius  of  curvature  for  the  same  force ; 


Qg  = 


2    pa' 

And  by  supposition  the  deflexion  from  the  natural  form 
is  the  same  in  the  two  cases  for  the  same  arc:  or  tfq'^Qq, 
PQ!  being  equal  to  PQ.     Hence 


1 

1 

1 

PO 

Po 

pa' 

1 

1 

1 

PO    pa    Po 

and   the  curvature   being  inversely   as  the  radius,  the    Pro- 
position is  manifest. 

1  E 

CoR.     Since,  by  Art.  90,    — — ,  =  — , 


' 
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we  have  -——  =  - — h 


PO       E       Fo 

E  being,  as  before,  a  quantity  which  measures  the  elasticity 
of  the  rod  PA ;   and  fk  the  moment  of  the  force  which  acts. 

96.  Prop.  A  uniform  elastic  rod,  which  is  naturally  a 
given  curve,  is  fixed  at  one  end  and  acted  on  by  a  given 
force:  it  is  required  to  find  the  form  which  it  will  assume. 

Let  BA,  fig.  127>  be  the  curve  when  the  force  /  is  ap- 
plied. And  as  before,  CM  perpendicular  to  AE^oo,  MP  =  y, 
AP^s*  And  let  the  radius  of  curvature  of  any  point  P  be, 
in  the  original  form,  =  r,  and  in  the  form  which  it  assumes, 
=  p.      Hence 

1      /a?      1  .        E      E 

-=•'—+-,    or  /r  = ; 

p       E       r  p       r 

and  r  being   given  in   terms  of   «,    we    have    a  differential 
equation  to  the  curve  AB. 

97'     Prob.    Fig.  ISO.     The  curve  Ba,   being  originally 
a  quadrant,  fi^ed  at  its   lowest  point  B,  it  is  required  to 
find  the  curve  BA,   when  it  is  acted  on  by  the  force  F. 

Let  FA  meet  the  horizontal  line  BD  in  D :  DM  =  <a?', 
MP—y;  radius  of  Ba^r\  and  since  the  original  curvature 
is  in  a  direction  contrary  to  that  which  the  force  would  pro- 
duce, r  must  be  made  negative  in  the  formula.  Hence  it 
becomes 

^   /       E        E  ,       E 

/a?  =  -  +  -  ;    or  II  we  make  a?  -  —-  =  «!i?, 
P     J  A 

E 

/a?  =  — ;    and,  putting  for  p  its  value, 
P 

dar' 


( 


ax  / 
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which  agrees  with  equation  (l),  Art.  91?    for  the    common 
elastic  curve. 

Hence  the  curves  into  which  the  circular  rod  can  be  bent 
are  the  same  as  those  which  may  occur  in  the  case  of  the 
straight  lamina. 

E 

If  we  take  DE  =  — ,  we  shall  have  EM  =  a?,  and  hence 

A 
if  ECy  perpendicular  to  DE^  meet  the  curve,  it  will  cut  it 

in  a  point  of  contrary  flexure  C 

98.  Prob.  Fig.  131.  To  find  what  must  be  the  natural 
form  of  a  lamina  aB^  that  a  force  F^  acting  perpendicularly 
at  its  extremity^  may  deflect  it  into  a  straight  line  AB. 

For  the  same  reason  as  before  r  must  be  negative.  Also 
p  is  infinite.  And  if  a  point  p  be,  by  the  action  of  the 
force,  brought  to  P,  we  have  AP  =ap  =  s^   suppose ;  hence, 

£  E  2E 

fs  =  -  y   or  r«  =  -  ;    or,  making  —  =  a^ 


rs  =  --'y 
2 


which  equation  contains  the  property  of  the  curve. 

If  pn  be  perpendicular  on  an,  and  if  we  make  an^Wy 
np  =  y,  and  the  angle  ptn^  <p,  we  shall  have 

dx  A     ^y       -      .  ^* 

-— -  =  COS.  <p,    -— -  =  sm.  0,    r  =  -r-— . 
ds  ^      ds  ^  d(p 


dd)      I       2s       ,       ^  .  -  . 

Hence    — ^  =  -  =  —  ;    0  =  —  ,    the    arbitrary    constant 
ds      r      (f      ^      iT 

being  =  0  if  an  be  a  tangent  at  a. 


dx  f?       dy       , 

.-.  -J-  =  COS.      ,  =  sin.  -r ; 

ds  cr       ds  cr 

and  by  integrating   these   expressions,   we   should   have   the 
values  of  x  and  y  in  terms  of  s. 
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We   may   integrate    by   expanding    cos.  —    and   sin.  —  , 

Cv  Cv 

and  thus  we  obtain 

ofsis H —  &c. 

1.2.5a*      1.2.3.4.9a? 

1.3a^      1.2.3.7a«      1. 2.3. 4. 5. 11. a*^ 

which  converge  rapidly,  except  when  a  is  very  large  in  com- 
parison with  a. 

Since  the  curvature  increases  in  proportion  to  the  distance 
from  a,  it  is  manifest  that  the  curve  will  be  a  kind  of  spiral, 
which  will  tend  to  a  point  C  with  an  infinite  number  of 
revolutions.  The  co-ordinates  of  this  point  C  would  be  found, 
if  we  could  find  the  values  of  of  and  y  when  s  is  infinite, 
which  cannot  be  obtained  from  the  series  given  above. 

It  makes  no  difference  what  point  of  the  spiral  we  take 
for  the  point  B.  If  we  suppose  that  point  and  its  tangent 
to  be  fixed,  the  portion  of  the  curve  Ba  may  always  be 
bent  into  a  straight  line. 


4.     Elasticity  qf  Torsion. 

99.  When  a  slender  thread  of  metal,  &c.  is  twisted, 
it  tends  to  resume  its  natural  condition,  and  would  commu- 
nicate angular  motion  to  any  body  to  which  it  is  annexed, 
for  instance,  to  a  straight  rod  or  rigid  line  fastened  across 
it  at  right  angles.  A  force  acting  on  this  rod  may  resist 
this  tendency  to  motion,  and  produce  equilibrium.  The  force 
necessary  for  this  purpose  is,  as  has  been  already  mentioned, 
proportional  to  the  angle  through  which  the  thread  is  twisted. 
Let  there  be  a  thread,  perpendicular  at  C,  fig.  132,  to  the 
plane  of  the  paper.  Let  its  upper  extremity  be  fixed,  and 
let  Bb  be  a  bar  suspended  at  its  lower  extremity  in  a  ho- 
rizontal position.  If  this  needle  be  turned  out  of  the  position 
J?  ft  in  which  it  would  naturally  hang,  into  any  other  Pp, 
the  force  which,  acting  at  P  in  a  horizontal  plane  and  per- 

S 
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pendicular  to  CP^  would  retain  it  in  this  position,  will  be 
as  the  arc  fiP,  or  as  the  angle  JBCP.  If  BC  vary,  the 
equilibrium  wiU  be  preserved  so  long  as  the  product  of  the 
force  (=  F)  and  distance  BC  remains  the  same ;  hence 

F.BCocBCP. 

If  we  call  the  angle  BCP^  9,  and  the  distance  CB  =  CP,  a, 
we  shall  have  Fa  oc  9,  and  Fa  =  €9 9  by  properly  assuming 
e.  The  quantity  e  is  manifestly  the  value  of  the  force  F 
when  the  arm  BC  =  1,  and  the  angle  0=1;  it  is  different 
for  different  substances  and  masses,  and  may  be  considered 
as  measuring  the  elasticity  of  torsion. 

Problems  in  which  elasticity  of  torsion  enters  present 
few  difficulties;  especially  as  there  is  no  change  of  figure 
in  the  bodies  which  are  concerned.  We  shall  therefore  only 
give  one  instance  of  their  solution. 

100.  Peob.  Fig.  132.  The  extremity  P  of  the  bar  whose 
natural  position  is  Bb^  is  acted  on  by  a  repulsive  force 
which  vaHes  inversely  as  the  square  of  the  distance  from 
the  center  of  force  -4,  and  is  kept  in  its  place  by  torsion; 
given  its  position,  to  find  the  force  at  A. 

^      f 
Let  the  force  of  repulsion  exerted  by  J  ^^  Ti »  ^  being 

the  distance  AP.  This  force  acts  in  the  direction  AP.  Let 
it  be  resolved  into  two,  one  in  the  direction  MP,  of  the 
lever  CP,  and  the  other  in  TP,  perpendicular  to  CP.  The 
former  of  these  produces  no  effect  to  turn  the  lever  CP, 
and  the  latter  only  is  balanced  by  the  torsion. 

Let  ACP^9,  and  APT  ^  ApP  ^\ACP--\9. 

f 
Hence  the  force  which  balances  the  torsion  is  -^  cos.  ^0. 

Let  CA  =  a,  and  we  have  manifestly  x  =  AP  =  2  a  sin,  ^9. 

/"cos.  i0 
Hence  the  force  which  balances  the  torsion  is  — r— ^ — f^r-- . 

4a^  sin.^^0 
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Let  now  ACB  ^  fi,  and  the  angle  BCPy  to  which  the 
torsion  is  proportional,  will  be  9-^fi.  The  force  of  torsion 
will  be  €{9  +  (i)  acting  at  P,  perpendicukr  to  CP;  as  is 
stated  in  last  Article.     Hence 

4(r  sin,  -^6 

whence 

/=  40^6  {6  +  /3)  sin.  ^0  tan.  ^9. 

If  0  correspond  to  another  position  of  Pp,  /'  being  the 
force  which  retains  it  there,  we  have 

/  =  4  a-€  {ff  +  p)  sin.  ^ff  tan.  ^ff, 

whence 

/       (g  4-/3)  sin,  ^e  tan,  ^g 

/"  {ff+ft)sm.:^fftan.lff' 

If  the  arcs  0,  ff  be  very  small,  we  may  put  the  arc  for 
its  sine  and  tangent;  and  hence 

If  the  points  B  and  A  coincide,  j3  =  0, 


f 
f 

9  sin, 
ff  sin. 

.  \e  tan.  \6 
^0'tan.^e" 

and 

when  B, 

& 

are  i 

small, 

/ 

The  combination  supposed  in  this  proposition  agrees  with 
the  Torsion  Balance  of  Coulomb,  which  has  been  employed 
for  the  purpose  of  measuring  very  small  repulsive  and  at- 
tractive forces.  In  some  cases  the  instrument  was  constructed 
with  so  much  delicacy,  that  each  degree  of  torsion  required 
a  force  of  only   tTii'4  ttn-  °^  *  grain. 


CHAP.  VII. 


ON   THE    STRENGTH    OF    MATERIALS. 

101.  When  solid  bodies  are  made  to  undergo  flexure 
beyond  a  certain  degree,  they  break  or  undergo  fracture:  we 
now  proceed  to  consider  the  force  which  is  requisite,  in  order 
to  produce  this  effect. 

When  bodies  break,  the  fracture  may  begin  either  by 
the  tearing  of  the  extended  parts,  or  by  the  crushing  of 
the  compressed  parts.  Thus  if  a  beam  be  supported  on  two 
props,  and  broken  by  a  weight  hung  to  its  middle  point, 
the  first  destruction  of  the  original  texture  of  the  beam 
may  be  either  a  crack  on  the  under  side  of  the  beam,  or 
a  piece  crushed  or  started  out,  on  the  opposite  side. 

As  soon  as  the  fracture  is  begun,  it  will  have  a  tend- 
ency to  extend  across  the  beam;  for  the  flexure  will  become 
greater  and  the  power  of  resisting  less  by  the  failing  of  one 
part;  therefore  the  remainder  of  the  section  of  the  beam 
will  give  way  either  by  tearing  or  crushing. 

We  assume  that  the  line  which  separates  the  parts  torn 
and  the  part  crushed,  in  a  fractured  section,  will  be  the 
line  which  separated  the  parts  extended  and  compressed,  the 
instant  before  fracture. 

102.  In  treating  of  the  elasticity  of  materials,  (Chap,  vi.) 
it  has  been  supposed  that  the  resistance  of  the  material  to 
extension  and  to  compression  are  on  the  same  scale  or  modulus. 

Rr 

In  Art.  84,  in  the  formula  t  ss  E  —- ,  t  represents  the  force 
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either  of  extension  or  compression,  and  E  is  the  same  in 
the  two  cases.  But  in  reality  the  resistance  of  most  mate- 
rials to  extension  and  to  compression  is  different;  whether 
we  consider  the  resistance  to  flexure  or  to  fra^cture. 

Moreover  it  has  been  supposed  that  the  resistance  to 
extension  and  to  compression  in  each  fibre  is  proportional 
to  the  extension  and  to  the  compression ;  and  the  truth  of 
this  supposition  can  only  be  known  by  reference  to  expe- 
riment. 

The  former  supposition,  of  the  equality  of  the  modulus 
of  extension  and  compression,  requires  to  be  corrected,  in 
order  that  we  may  apply  our  conclusions  to  practice  with 
common  materials,  as  wood  and  cast  iron.  It  appears,  for 
such  substances,  that  in  the  case  of  moderate  flexures  the 
modulus  of' compression  is  generally  less  than  the  modulus  of 
extension;  and  for  the  forces  which  are  called  into  play 
when  beams  are  broken,  it  appears  that  the  difiFerence  of 
these  moduli  is  still  more  considerable:  as  will  appear  in  the 
subsequent  articles. 

The  assumption  that  the  forces  of  extension  and  com- 
pression vary  each  respectively  as  the  extension  and  com- 
pression, appears  to  be  more  nearly  true.  For  moderate 
flexures  it  was  proved  to  be  true  by  MrHodgkinson  (Man- 
chester Memoirs^  Vol.  iv.  new  series).  He  bent  beams  in  such 
manners  that  in  some  cases  they  were  capable  of  extension 
only,  and  in  others  of  compression  only ;  and  he  proved  that 
in  both  cases,  the  deflexion  produced  was  as  the  force  applied 
transversely;  whence  it  followed  (Art.  86.)  that  the  forces  are 
as  the  extension,  and  as  the  compression  respectively. 

In  the  case  of  flexures  produced  in  breaking,  it  follows, 
from  Mr  Barlow's  experiments,  that  the  same  law  is  very 
nearly  true,  as  will  be  shewn  in  subsequent  articles. 

103.  Prop.  The  modulus  of  elasticity  being  different  for 
compression  and  ewtension,  to  find  the  position  of  the 
neutral  line  in  any  beam  exposed  to  a  transverse  strain. 
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Let  the  beam  be  fixed  perpendicularly  in  a  wall,  and 
bent  by  a  force  F^  acting  at  an  arm  /,  in  a  direction  parallel 
to  the  transverse  section.  The  sum  of  the  forces  of  com- 
pression and  the  sum  of  the  forces  of  extension,  which  act 
on  the  two  sides  of  the  neutral  line,  must  be  equal  to  each 
other;  for  the  transverse  force  which  bends  the  beam^  is 
parallel  to  the  transverse  section,  and  cannot  balance  any 
portion  of  either  of  these  forces. 

Let  ^a  he  any  portion  of  the  area  of  the  extended 
transverse  section,  and  x  the  distance  of  this  portion  from 
the  neutral  line,  then  the  extension  will  be  as  w.  Also 
let  E  be  the  force  of  extension  of  a  fibre  at  a  distance  k 
from  the  neutral  line,  and  let  (f>  (w)  be  the  function  of  the 
extension  to  which  the  force  is  proportional.  Then  the  force 
exerted  by  the  area  Sa  will  be 

<P(h)       ' 

and  the  sum  of  all  these   forces  is   the    whole  force  of  ex- 
tension. 

In  like  manner  if  C  be  the  force  of  compression  of  a 
fibre  at  the  distance  h  from  the  neutral  line,  we  shall  have 
a  similar  expression  for  the  force  of  compression  at  any  point. 
Hence  equating  these  expressions : 

E  X  sum  of  all  the  <f>  (ai)  ,Sa=  C  x  sum  of  all  the  <j>  (<r)  .  Sa. 

The  sum  on  the  first  side  being  taken  for  the  extended,  and 
on  the  second  for  the  compressed  area. 

CoE.  1.  If  the  force  of  the  fibres  be  the  same  for  all 
degrees  of  extension  and  compression;  (Galileo'^s  hypothesis ;) 

<P  (of)  =  1, 
E  X  extended  area  =  C  x  compressed  area. 
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CoA.  2.     If  the  forces  of  extension  and  compression  be 
proportional  to  the  extension  and  compression 

E  X  sum  of  all  the  07 .  5a  =  C  X  sum  of  all  the  a? .  Sa. 
Therefore  by  the  property  of  the  center  of  gravity 

E  X  extended  area  x  e  s  C  x  compressed  area  x  c  : 

e  and  c  being  the  distances  of  the  centers  of  gravity  of  the 
extended  and  compressed  areas  respectively  from  the  neutral 
line. 

Hence  in  this  case 

extended  area        Cc 


compressed  area      Ee 


CoE.  3.  In  a  rectangular  beam  bent  transversely,  the 
center  of  gravity  of  each  area  is  in  the  middle  of  its  length. 
Hence,  on  the  supposition  of  Cor.  2, 

—  =  -=-  and  —  =  -^   and  C  i  E  ::  tr  i  (f. 
2c      Ee        E     €^ 

In  moderate  strains  the  forces  of  extension  and  com- 
pression are  nearly  as  the  extension  and  compression.  Hence 
this  corollary  is  here  applicable. 

104.  It  appeared  by  Mr  Hodgkinson^s  experiments,  that 
in  rectangular  beams  of  fir,  exposed  to  moderate  flexure, 
the  depths  of  the  section  extended  and  compressed  were  in 
the  ratio  of  169  to  190  nearly.     Hence 

E  :  C  ::  (19O)*  :  (169)*  ::   100  :  79  2:  5  :  4  nearly. 

In  Mr  Barlow'*s  experiments  fir  beams  were  broken;  and 
it  then  appeared  that  the  areas  extended  and  compressed, 
were  as  3  to  5  nearly.     Hence  in  this  case 

E  :  C  ::  25  :  9  ::  11   :  4i  nearly; 

if  the  forces  be  in  this  case  as  the  extensions  and  compressions, 
which  it  will  hereafter  appear  they  are,  nearly. 
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The  ratios  from  these  different  experiments  are  very  dif- 
ferent. It  is  possible,  that  in  the  very  act  of  breaking  a 
considerable  change  takes  place  in  the  proportion  of  the 
extended  and  compressed  areas. 

105.  Prop.  The  same  supposiUona  being  made  as  in  the 
last  Proposition,  to  find  the  position  of  the  neutral  line,  in  a 
beam,  the  section  of  which  is  an  isosceles  triangle,  and  which 
is  bent  in  a  plane  perpendicular  to  the  base  of  the  triangle  ; 
the  verteco  of  the  triangle  being  in  the  extended  side  of  the 
beam* 

We  shall  assume  0  (od)  s^  as  in  Cor.  2,  of  last  Proposition. 

Resume  the  equation  of  last  Proposition, 

E  X  sum  of  all  the  <j>(ai)  .Sa^  C  x  sum  of  all  the  ^  (a) .  Sa. 

If  6  be  the  base  of  the  triangle,  g  and  h  the  height  of 
the  compressed  and  extended  portions  respectively  from  the 
neutral  line ;  we  have,  for  the  extended  surface, 

5a  as (h  —  ai)  8x,  and  since  d>  Ov)  =  a?, 

g  +  h  ^ 

The  sum  of  all  the  ^  (a?) .  5a 

is  (1  ha^  —  iti?')  from  <r  =  0,   to  a?  =  A ; 

g  +  ^ 

b       h^ 

that  is,  it  is .  —  . 

g  +  h    6 

For  the  compressed  surface, 

^  b  . 

da  = {h  +  w)  Sw, 

g  +  h 

and  the  sum  of  all  the  (j>  (w) .  5a  is 
b 


g  +  h 


(^ha^+^a^),    from  a?  =  0  to  w^g; 


that  is,  it  is  — ^  (^  hg^  +  ii§^)  ; 


■ 
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Hence 

E  s 

Hence  —  being  known,  -  may  be  found. 


Cor.  1.     The  determination  of  the  ratio  |  from  the  above 

h 

equation   would    require    the    solution   of   a  cubic   equation. 

g  E 

The  relation  of  -  and  -—  may  be  determined   more   simply, 

h  C 


by  means  of  the  following  Table 


As  12 

C  =  1728 

C=:l 

^*12 

E  =s  8640 

i;  =  5.00 

n 

7018 

4.06 

10 

5600 

3.24 

9 

4374 

2.53 

8 

3328 

1.92 

7 

2450 

1.42 

6 

1728 

1.00 

5 

1150 

M 

4 

704 

.40 

3 

378 

.22 

2 

160 

.09 

1 

38 

.02 

It  appeared  in  an  experiment  of  Mr  Barlow  on  an  equi- 
lateral prism  of  fir,  (On  the  Strength  of  Timber,  3d  ed.  p.  172) 
that  g  was   .75  of    an  inch,    and    h   was    .982   of    an  inch. 

T 
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g          9.17  E 

Hence  in  this  case  -  was   ,  and  by  the  Table.  --  was  a 

little  greater  than  2.5;  and,  as  appears  by  interpolation,  was 
2.64  nearly. 

106.  Prop.  The  same  suppositions  being  made  as  in  the 
last  proposition,  and  the  edge  being  on  the  compressed  side, 
to  Jind  the  position  of  the  neutral  line. 

The  reasoning  will  be  nearly  the  same  as  before.  If  A' 
and  ^  be  the  height  of  the  compressed  and  extended  portions 
from  the  neutral  line,  and  jB,  C  the  force  of  extension  and 
compression  at  the  distance  h'  from  that  line, 

EiSh'g'^'-^-^g^)^  Ch'^; 


C       h'^       h'"^ 


Cor.  1.     Hence  the  same  Table  as  before,  (Cor.  1,  of  last 

h'  C 

Prop.)    will  give  the  relation  between  -7  and  —,  putting   in 

g  E 

the  table 

--;  for  %  and  —  for  --r. 
h'        h         E         C 

In  an  experiment  of  Mr  Barlow  on  an  equilateral  prism 

of  fir  it  appeared   (p.  173)  that  g   was   .39  of  an  inch,  and 

A'  S,5 

A'    was   1.342   inch.      Hence    in    this    case   — ,  was ,  and 

^  12 

C  E 

by  the  Table,  —  was  .31  nearly.     This  gives  —  =  3.22,  which 

is  not   much  different   from   the  value  obtained  in   the  last 
Article,  namely,  2.64. 

If  we  had  ^  :  A  ::  5  :  6  when  the  edge  is  extended, 
and  g  I  h' ::  .7  '  24f  when  the  edge  is  compressed,  we  should 
obtain  from  both  cases  nearly  the  same  ratio  of  the  force 
of  extension  to  that  of  compression,  namely,  jE  :  C  ::  3.2  :  1 
nearly. 
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The  approximate  coincidence  shews  that  the  supposition 
on  which  the  above  investigations  proceed,  namely,  that  the 
forces  of  extension  and  compression  in  each  fibre  are  as  the 
extension  and  compression,  is  nearly  true  up  to  the  limit 
of  fracture;  supposing  the  neutral  line,  as  shewn  by  the 
fracture,  to  be  the  neutral  line  before  the  fracture. 

107.  Prop.  Having  given  the  position  of  the  neutral 
line,  and  the  absolute  force  of  direct  cohesion  of  the  material, 
to  find  the  force  which  applied  transversely  to  any  beam 


i  will  break  it. 


Let  F  be  the  force,  and  /  the  arm  at  which  it  is  applied 
perpendicularly.  The  force  F  and  the  forces  of  extension 
and  compression  must  balance  each  other  about  the  neutral 
axis.  Hence  their  moments  must  be  equal,  and  we  have, 
retaining  the  notation  of  Article  103,  and  using  the  abbre- 
viation 2  to  express  "the  sum  of  all  the"*' 


Whence 


E  C 

0(A)      ^  0W 

which  is  to  be  combined  with  the  equation  of  Article  103  ; 
£20(cr)5a=C20(^)5a (1). 

In  general  we  may  eliminate  C  by  (l),  and  thence 
find  the  relation  of  E  and  F  by  (2). 

In  the  case  of  fracture,  E^ais  the  force  which  will  break 
a  fibre,  having  a  section  5a,  at  the  distance  h  from  the  neutral 
line.  Therefore  E  is  the  force  of  direct  cohesion  for  a  surface 
1,  and  is  therefore  known  by  proper  experiments. 

108.  Prop.  Having  given  the  position  of  the  neutral 
axis  in  a  rectangular  beam,  and  the  force  necessary  to  break 
it ;  to  find  the  law  of  the  force  of  extension. 
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Let  the  beam,  fixed  in  a  wall,  be  broken  by  the  tearing 
of  the  extended  surface,  by  means  of  a  force  F  acting  trans- 
versely at  the  extremity  of  the  beam,  the  length  of  the 
beam  being  L  This  force  must,  at  the  moment  of  fracture, 
balance  the  forces  of  extension  and  compression.     Hence 

E  C 

<l>{h)     ^  9(«) 

And  in  this  case,  h  is  the  distance  from  the  neutral  line  to 
the  point  of  greatest  extension,  at  which  fracture  begins, 
and  jB  is  the  greatest  force  of  extension  which  the  substance 
can  exert;  or  that  with  which  it  just  yields  to  direct  divul- 
sion. 

If  we  suppose  0(a?)  to  be  a?",  and  the  beam  to  be  rectan- 
gular, the  equation  of  the  former  proposition,  Article  103, 
namely, 

£2;0(a?)5a=C2(0a?)5o, 
will  give  us,  using  integration  to  find  the  sums, 

g  and  h  being  the  whole  length  of  the  sections  of  compression 
and  extension  measured  from  the  neutral  line. 

Also  on  the  same  supposition,  b  being  the  breadth  of  the 
section,  the  equation  (2)  of  last  Article  gives 

Fl  =  Ex  ' rr-  +  C  x       ^ 


(m-H2)A'"  (m  +  2)A'"' 

whence,  by  the  previous  equation,  we  find 

„,     Ebh^'-^^+Ebh^'^'g      Ebh  .^       . 
(w  +  a)**"  w  +  2^ 

Ebh(h+g) 
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Ex.  It  appeared  by  Mr  Barlow^s  experiments  (p.  168) 
that  a  fir  beam  24  inches  long  and  2  inches  square,  fixed  at 
one  end  in  a  wall,  required  a  weight  of  558  lbs.  at  its  ex- 
tremity to  produce  fracture.  The  neutral  point  or  axis  was 
at  about  |^  the  depth  of  the  beam.  The  force  of  direct 
cohesion  on  a  square  inch  of  the  same  wood  was  ISOOOlbs. 

Therefore  in  inches  6  =2,  A  +  ^  =  2,  A  =  |^  of  2  =  |,  /=  24; 
also  F  =  558  and  E  -  13000 :  hence 

13000  X  4  X  2  13000 

m  +  2  s = =3  X . 

558  X  24  13392 

This  is  very  nearly  3 ;  therefore  m  +  2  «  3  and  f»  =  1  nearly. 

Thus  the  assumption  of  the  previous  Articles  that  the 
force  of  extension  is  as  the  extension  is  confirmed. 

109.  Prop.  The  same  suppositions  being  made  as  in 
the  previous  propositions^  tojind  the  force  which^  acting  trans- 
versely ds  in  Art.  108,  will  break  a  beam  the  section  of  which 
is  an  isosceles  triangle;  the  edge  being  extended. 

Retaining  the  notation  of  the  preceding  Articles  105  and 
106,  we  have  equation  (2)  as  before. 

Fl^-^^Z^Sa  +  ^^w^Sa. 
h  h 

Now  for  the  extended  area. 


^a  = (A  —  (xStoo, 

g^-h^ 


Hence 


^  +  Ai3         4j      ^  +  A12 
And  for  the  compressed  area, 

oa  = 7  (A  +  tr)5.r. 

g^-h 
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Hence 

hop      0D^\  b       4Ag^-f  3g^ 


g^h  \  3  4j       g  +  h 


Whence  equation  (2)  becomes 


12 


Fl 

b 

—  {Eh*+Ci*hg' 

+»g*)} 

But  by 

Art.  105, 

c-      ^*' 

Shg'+Zg^' 

Hence 

Fl 

Ebh"      i       4A  +  Sg-    1 

Ebh' 

s(g  +  hy    Ebh' 

ig^h) 

12fe  +  A)     Sh  +  2g         4,(3h  +  2g)  ' 
which  gives  the  value  of  F  for  the  case  of  fracture. 

Cor.  1.  In  nearly  the  same  manner  we  shall  find  for  the 
case  in  which  the  edge  is  compressed,  the  beam  being  broken 
by  extension, 

^^= Ta^ • 

Cor.  2.  Hence  the  strength  when  the  edge  is  extended  is 
to  the  strength  when  the  edge  is  compressed, 

p.    jv..>^'(g+^)    .g"(g'+h') 
3h  +  2g  fj 

Let  g^-h  =  ^-\-h'=c,  the  depth  of  the  beam.  There- 
fore 3A  +  2g'  =  2c  +  A. 


F  :  F'  :: 


h'  (c  -  hj 

2c  -\-h  K 
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In  the  cases  referred  to  in  Articles  105  and  106,  it  ap- 
peared that  when  E  :   C  ::  3.2  :  l  nearly, 

h  was  nearly  —  c   and  h'  nearly  —  c. 

•^    11  -^31 

Hence 

F  :  F'  ::  :   ::   18600  :   14553   ::  372  :  291. 

27  X  11       31  X  24 

The  forces  which  produced  fracture  in  these  two  cases  were 
found  by  experiment  to  be  370  and  313  pounds  respect- 
ively (Barlotv,  pp.  172,  173). 

When  fracture  is  produced  by  compression  we  may  in 
like  manner  determine  the  force  of  a  beam,  knowing  the 
force  which  is  to  resist  a  given  surface  of  the  material  acting 
directly. 

110.  When  a  uniform  beam  rests  on  two  props  and  is 
pressed  by  a  weight  in  the  middle,  the  effect  is  the  same  as  if 
it  were  fixed  at  the  middle  and  acted  on  by  a  transverse  force 
at  its  extremity  equal  to  the  pressure  on  each  of  the  props, 
that  is,  to  half  the  weight  in  the  middle. 


Peop.  WTien  a  weight  is  supported  on  any  point  of  a 
hea/m  resting  horizontally  on  two  props,  the  requisite  strength 
of  the  beam  at  each  point  is  as  the  rectangle  of  the  segments 
of  the  length  of  the  beam. 

Let  a  beam  rest  on  two  props,  the  length  between  the 
props  being  /:  and  let  a  weight  W  rest  on  a  point  of  the 
beam,  the  distances  of  which  point  from  the  props  are 
p  and  q.    The  pressures  on  the  two  props  are  respectively 
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and  the  moment  of  each  of  these  to  turn  the   corresponding 
end  of  the  beam  round  the  point  where  W  rests  is 

Wpq 

Hence  the  strength  of  the  beam  at  different  points  must  be 
as  pq,  the  rectangle  of  the  segments  of  the  beam. 
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PREFACE. 


FiKDiMc  myself  called  upon  for  a  new  Edition  of  the 
Treatise  on  Dynamics,  I  have  judged  it  advisable  to  incorpo- 
rate with  it  a  considerable  portion  of  the  Principia  of  New- 
ton :  and  being  hence  led  to  connect  with  my  plan  the  first 
three  Sections  of  the  Principia,  I  thought  that  I  should  best 
consult  the  convenience  of  the  reader,  by  publishing  that  part 
of  the  work  separately. 

Besides  the  value  of  these  sections  as  a  portion  of  Dynamics, 
they  have,  I  conceive,  other  very  great  claims  to  attention  as 
a  part  of  our  course  of  mathematical  study.  The  first  section 
of  the  Principia  is  eminently  instructive  with  reference  to 
the  fundamental  principles  of  the  Differential  Calculus.  At 
the  point  where  the  student  enters  upon  that  province  of 
mathematics,  he  has,  brought  under  his  notice,  (if  he  be  one 
of  those  who  look  for  sound  logic  in  the  science,)  a  set  of 
views  and  of  modes  of  reasoning  which  have  not  occurred  in 
the  earlier  parts  of  his  progress.  The  passage  from  definite 
to  indefinite  magnitude,  from  discrete  to  continuous  change, 
is  to  be  made,  and  the  consequences  of  it  are  in  some  way  to 
be  traced.  This  may  be  done  in  a  number  of  different  paths, 
according  to  the  side  on  which  the  reasoner  advances  to  the 
point:  but  on  all  the  roads  nearly  the  same  difficulties,  or 
at  least  transitions,  occur,  in  one  stage  or  other;  and  these 
steps  ought  to  be  steadily  looked  at  and  clearly  mastered. 
I   do  not  think  this  can  anyhow   be  done  better  or  more 
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effectually  than  by  a  study  of  the  Lemmas  of  the  first  section. 
Newton  himself  claims  for  it  the  praise  of  avoiding  at  the 
same  time  the  tedious  length  of  the  indirect  demonstrations 
of  the  ancients,  and  the  harsh  h3rpotheses  and  unsatisfactory 
logic  of  indivisibles,  and^as  he  might  have  added,  if  he  had 
written  later,  of  infinitesimals.  And  such  praise  does  not 
appear  exaggerated:  for  while  the  logic  of  the  method  of 
ultimate  ratios  may,  by  a  little  care,  be  made  unobjectionable, 
propositions  are,  by  means  of  it,  proved  and  applied  with 
grelrt  compendiousness  and  facility.  It  is  as  generally  appli- 
cable, and  as  free  from  superfluous  steps,  as  any  synthetical 
method  can  be  expected  to  be.  And  it  is  very  desirable  .that 
tfatt  mathematical  student,  before  he  rushes  forwards  to  diffe- 
rentiate and  integrate  upon  the  slightest  provocation,  should 
employ  some  thought  in  understanding  l^e  construction  and 
trustworthiness  of  the  instrument  which  he  is  so  familiarly  to 
use*  . 

When  in  our  mathematical  career  we  arrive  at  the  con* 
sideration  of  the  properties  of  curves  in  general,  and  of  the 
operation  of  variable  forces,  the  doctrine  of  ultimate  ratios, 
or  some  equivalent  method,  is  summoned  to  our  aid,  to  effect 
a  iiefMfiement  of  difficulties  which  more  eletnentary  modes  of 
calculation  are  inadequate  to  solve :  and  such  are  the  purposes 
to  which  this  doctrine  is  applied  in  the  Prindpia.  In  order 
to  make  the  reasoning  of  this  application  systematic,  I  have 
introduced  definitions  of  those  notions  which  do  not  occur 
in  the  more  elementary  parts  oi  geometry  and  mechanics, 
such  as  continued  curvature,  finite  curvature,  velocity,  force. 
It  appeared  to  me  that  I  could  no  otherwise  make  these 
definitions  strict,  and  the  deductions  from  them  logical^  than 
by  founding  the  defhutions  themselves  upon  the  doctrine  of 
ultimate  ratios :  I  have  done  this,  endeavouring  to  give  them 
the  simplest  forms  of  which  thfeir  purpose  admits. 


I  have  ako  stated  the  fifth  Lemma  as  a  poatitlate,  a  cba; 
racter  which  I  think  it  may  not  unfitly  occupy:  at  any  rate 
it  *  cannot  be  proved  from  the  principlea  of  thia  first  aection, 
without  a  most  glaring  example  of  a  vicious  circle  of  reasoning! 
If  we  examine  our  conception  of  simUariiy  in  figures;  it  will 
perhaps  be  found  to  be  almost  as  distinct  and  simple  as  our 
conception  of  equoHiy.  If  the  reader  is  persuaded  that  this  is 
so,  the  postulate  will  readily  be  conceded.  If  he  is  of  a  dif«> 
ferent  opinion,  the  discussion  is  of  an  abstract  and  meta^ 
physical  kind,  not  properly  belonging  to  my  present  purpose.  ^ 
Newton^s  proofs  of  his  Lemmas  are  in  many  caaes  very 
briefly  exprest.  When^  we  attempt  to  develope  his  reasonisg 
we  /should  be  careful  not  to  insert  any  steps  which  will 'not 
bear  examination.  Thus  in  proving  the  fourth  Lemma*  if 
we.suppose  two  ratioe  a  :  p  and  6  :  q  to  be  each  uUi/n^Uehf 
aarm- :  n,' we  cannot  properly  deduce  the  relation  a-f  b  :  p-hq 
::  im  :  n^  uUimatehfi  by  appljdng  the  propositions  canipahendOf 
aUkmando,  &c.  which  have  only  been  proved  for  ratios  aduaUji 
the^same,  and  not  for  those  tMimatehf  the  same^ 

In  proving  the  tenth  Lemma,  the  definitions  of  velocity 
and  force  were  necessarily  introduced:  and  in  the  succeeding 
sections,  the  second  Law  of  motion.  I  have  therefbre  jdaoed 
in  this  publication  the  exposition  of  the  fundamental  principles 
and  laws  of  Dynamics.  In  doing  this  I  have  stated  ihr^  laws 
ofmotion,  corresponding  to  Newton^s  three  Laws :  and  in  this 
instance  I  have  not  acted  from  a  wish  to  accommodate  my 
courte.  of  dynamical  deduction  to  that  of  the  Prindpia,  but 
from /a  persuasion  that  this  mode  of  presenting  the  •  principles 
of  the  subject  is  the  right  one.  In  the  works  of  many  authors^ 
and'  especially  in  those  of  the  great  mathematicians  of  France, 
to  whom  this  science. owes  so  much,  it  is  asserted  that  there  Ktit 
butt  too  (fundamentil' laws  of  motion,  borrowed '^ from  experi- 
ence;  namely,  the  law  of  inertia,  and  the  principle  tliat  force 
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wm  9ek^ity\  '  I  'hicve^cftplain^  elsewhere  4ny  ^xmvtclk^ii  that 
the  mpMcatmi '  wb|ch  ti^UB  ^akUemptB  to  ^r^uce  ^the^itw* 
Ifttt^r >Lawt» '  of  lif otion  to  one,  is  abt  eonsidtent  fvitfa  the.  mod« 
IB'  whidi^the^  l&wa  4xh  established.  ^  I  hat«,  in  the  f olkyvrii^ 
^a^Sj  Jbrtefly  touched  upon  this  ^iscussioti,  tfnd  have-  thece 
git«n.wbat!l  hciieve  to  be  a  just  statement  of  the  pokitjU; 
3ssae»<  f*  The*  secmuh.  Law  of  nu^on  is  proved,  by  tiie  expm;^ 
mmt  suggested -by  Laplaod;  namely,  by  the  fisiet  (thatt  the 
osdUations  of -the  same  pendulum*  Bre^equaUp  quick  ktatt 
amMfthn,  --^  The  tilled  :Law  »  proved 'by [eKperiments  whid^ 
diew  tbati  the  r/ji»tf  of  oscillation  is  jproportional  to  the  aqttare 
T0ot  ^fthe  Ungth  of  the  iptedulum.  One  of  theser  laws  eabnot 
be  deduced  fromtde  ^tker,  except  one  of  these  facts  can  be 
«hewn  ta- be  lAqoitied  in  the  otl»^.'^ 

V  I  am  \m11  tfi^are  tiiat  ^luefa  >^bcus8iaiis.  caoBot  be  qifpected 
to  ^dt^much  intevest/  :  Itispapeculiarfeattiiv  in  ^he  fortune 
of  pxJiicipleB  of  such  higb  ^deinicsitary  generality^  and  atm^ 
)^l!dty' ks  characterise  the  laws  of  motion,  that  rWhen^  they 
are  once  firmly  'established,  or  supposed  to  be  so,.  mentuKn 
ir^idi  'Weariness  imd  impatience  from-  all  quesfiMnags  of  the 
grounds  arid  nature  of  thdr  anthority.  We  often  feel  dtik 
pe(fM»d  to  beBere  that  truths  ad  dear' and  ecnaprehensive^are 
liecessa^  conditions,  rath^  thanemfurical  attributes,  of  their 
lv(b)^^iS:  that  tiiey  «re  legible  by  their  own  asciomatic  lights 
fifee  the  <  first  truths  of  geometry,  ^rather  th«D  discovered 
by-  IJiid  Uind  gropings  of  experience.  Aad  even  when  the 
experimental  foundation  :  of  these  prindples  is  allowed,  there 
bisdU  DO  curiosity  about  the  details  of  the  .induction  by  which 
tiiey.are  eBtafcUshed:  -  The  process  of  deduoiionf  ofa«aaoning 
dttirnwards  ftom  principles,  .fills  the  .mmd.  at  every  step 
with  n  confidente  in  itsr  oww  workings,  m  consciousness'  of 
eertamty^  a  dktinettteas  of  peEception,  a  feeling  of  superiority 
to  dl  more  vague  and  doubtful  impressions,  which  give  a 


peculiar  chaEm  to  .tU»  empkyment,  and  have  ofUto  t«iiiyto4 
lAen  to  pniBue  it  when  the  tradi  obtained  waa  €«f  ncy  ▼dui^ 
and  even  to  apply  it  when  it  could  not  possibly -lead  t« 
truth:  Biit  iike  ^toceM'ot  indueHon;  by  Which  we  ttrrive 
a;t  prindjples^  is*  one  'vrfiieh,  though  at'  least  as  irap<)i*t«it  td 
the >  prqgreiBs  of  scienoe)  poMeises  no  sudi > fosoinatidii;  'TW 
semittiuEe  this  ptooess  after  it  ha^  bcSen  sue^seasluUy  executed^ 
yre  Biust  pnt.  the  mind  in  anr  attitude  of  doubt  on  doctrine 
not  only  eeirtain^.  but  the  fouddation  «f  iohg  trains  of -eertaiiityi 
W  mtftt'Uiy  to  eonceiiaB  "oursdkres  ignorant  '<it  Aat  l4iieh  We 
inosti'fainiliarly  assume;': in  Afort  wts'^mutft  attempt ^to  gueM 
a  Mfldleof  whidh  we  already  know  the  answer.  It  is  Abt 
surprising :  therefore .  that  this,  diould- not  be  a  favourite  oeeu^ 
pation*  with  speculative  men ;  afad  •  I  shaM  be  littibe  disajypointljd 
If  most  leaders  toe  oontent  with  knowiiig*  that  lall  -maflieiiM^ 
tkiana  have. now  girai  their  assent- to  the  sadie  g^eiMd 
doetrine;  ceneeioiii^  the  motion  of  bodies,  and  if  they^  ftsf 
indi^sKent  wihetiiei!  -tkisi  •  doetrise  be  sutidivided  into  two  ^ws 
far  dnreewi      r  ri  -        •:•»•■•.■. 

Oecasumdlj,  however,  I  may  hava  areiEuler  whom  mieh 
specidationa  interest ;  and  in  defence  df  onrcommon  taste^  I 
may  ^^bad^  that  the  simplicity  and  ^generality  of  medianical  laws 
is  n^infidlible  proof rixf  their  truthy  even  when*  their  anthonil^ 
has  long  been  conseeratcd  ■  by  Ae  assent '6f  lar^  bodies  of 
i^sailerii^r  3Jfae  Aristotelian  m%ht  reasonaUiy  elaim  soma- of 
life'tieauty  of  shn^lieity  for*!hia  laws  of  modb%  when^  he 
inudntaiiied  ttaat  >tiolent'  motion  had.  a^i^onstant^  taidengr  to 
4id<^aie,  while  natural  modon 'could i  gd  on  undiminisbed; 
^' wten^  he  hdditbat  heflvier  bodies  fitlLmnret  ^uickfy  than 
light'  ones^  because  'didr  t  tendency vto^^desamdv  a&shefwnrin 
theh^  weight,;  wa^^  greater?  and  'for  "the  totariea-ol!  studies 
^h<^r«<0ile:4)l  itf«r  great  boa^rk  thate  wfiacb  eeriatnviand 
know  the  grounds  of  our  certainty,  it  seems'ito  be^nn/iw^ 
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pQopcUle  inquiry,  haw,  when  the  Aristotelian  was  as  posittre 
ftfiF.e  can  .be,  .we  satisfy  oursdves.tbat  he  was  wnmg  andiwe 
are  rjght. 

.  But,  whether  or  no  the  reader  .may  attach  :any  importaooe 
tp  the  pi^oof.of  the  Laws  of  motion,  I  hope  that,  starting  from 
tfoese  pi^nciples,  he  will  find  their  application  in  the  proposi^ 
tions  which  compose  Newton^s  second  and  third  ^sectionsy 
dearly  .prieseiited*  I  have  endeayoured  to  do  this,  adhering 
very  closely  in  most  ^  cases  to  Newton^s  synthetical  ptoob. 
There  .appear  to  me  to  be  very  good  reascms  for  making 
these,  ,8o  far  as  the. second  and  third  sections  go,  a  part  of 
the  reading. of  the  young  mathematician.  Some  ground  for 
this  may  be  found  even  in  thdr  historical  importance.  Na 
student  of  the  mathematical  .doctrine  of  the  motions  of  the 
heavens,  at  least  no  English  student,  ought  to  be  ignorant  of 
the  manner  in  which  its  leading  propositions  were  established 
by.  the  gr^t  discoverer  of  the  true  laws  of  the  universe. 
But,  independently  of  this  jdaim  on  our  notice,  the  geo- 
metrical  treatment  of  these  propositions  is  likely  to  be  tif 
servioe  to  the  learner.  He  will  generally  conceive  objects 
and  their  connexions  far  more  distincdj  whea  they  are  pre* 
sented  to  him  in  a  geometrical  form,  and  wheti  he  reasons 
by  means  of  representations  and  notkms  which  are  resem* 
blances  of  the  things  treated  of,  than  when  these  olgects  4ae 
xeplaoed  by  arbitrary  symbols,  and  when  the  ndes  of  eom^ 
faination  of  these  symbols  exclude  from  his  thought  the  ref- 
lations on  which  his  inferences  really  depend.  Though^  there- 
fore, the  analytical  mode  of  treating  Dynamics  is  the  only 
method  which  can  now  answer  .the  regulations  of  natural 
philoeophy,  it  may  be  well  that  the  student  should  begin  by 
a  few.  geometrical  propositions  on  the  subject ;  and  thus  be 
prepared  to  dissipate  the  usual  obscurities  arising  from  con- 
f psed  conception. 
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Moreover  tbe  great  importance  of  some  of  the  proposi* 
tkms  contained  in  these  sectikms  renders  it  desirable,  for  the 
sake  of  those  who  may  acquire  a  little  mathematics '  only, 
that  these  truths  should  be  established  with  as  little  of  scaf* 
fdding  and  apparatus  as  may  be.  The  Differential  Calciilus 
is  not  necessary  for  a  person  who  would  merely  understand 
the  mechanic^  of  the  skies,  though  that  instrument  is  indis- 
pensable for  one  who  would  himself  examine  or  extend  the 
cakulated  results.  In  another  volume  I  hope  to  make  it 
appear  that  Newton^s  modes  of  reasoning  on  the  problem  of 
three  bodies  are  well  fitted  to  the  purposes  of  those  who  wish 
to  study  'the  leading  phenomena  of  the  lunar  perturbations, 
and  who  'nevertheless  shrink  from  the  laborious  process  of  the 
analytical  solution;  in  which  we  have  to  expand  our  series, 
to  coUect  and  scrutinize  our  terms,  to  substitute  and  cal- 
culate, with  no  relief  from  any  intermediate  perception  of  th^ 
<»u8es  and  nature  of  the  motions  which  we  are  thus  tracing 
•to  their  ultimate  effect  upon  the  place  of  the  body. 

JBut  though  I  have  thus  given  Newton^s  propositions  in 
these  three  sections,  I  have  not  added  the  train  of  other 
propositions,  concerning  angular  velocities,  centrifugal  forces, 
Ac.  which  are  easily  deducible  from  them,  and  often  asso^ 
4nated  with  them  iii  our  studies  in  this  place.  There  is 
little  in  the  intrinsic  value  or  utility  of  these  investigations  to 
justify  my  giving  any  space  to  them;  and  when  there  lie  in 
the  mathematician's  road  so  many  really  important  applications 
of  his  science,  which  may  well  employ  all  his  skill,  it  would  be 
to  trifle  very  unprofitably  with  his  time,  if  I  were  to  recom- 
mend these  useless  speculations  to  his  attention.  In  synthe- 
tical investigations  the  student  may  shew  his  proficiency 
either  by  presenting  clearly  the  author's  reasoning,  or  by 
himself  employing  the  principles  which  he  has  learnt,  for  the 
^solution  of  new  problems,     tie  may  merely  understand  and 
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keep  in  mind  {he  ^doctrines  he  has  studied,  or  he  may  draw  infe^ 
ranees  from  them ;  and  both  kinds  of  attainment  are  properly 
considered  as  evidences  of  merit.  But  to  require  him  to 
understand  and  foeep  in  mind  the  mfsreneea  made*  by^' other 
students ;  to  make  the  evidence  of  the  study  of  one  generAtiori 
the  eubfeei  of  the  study  of  the  next ;  is  'to  iiitroduce  a  system 
fit  endless  and  aimless  trifling.  This  conidderatton  appears  td 
me  to  make  all  published  or -circulated  ocmections  of  problcfmi 
Imd  deductions  on  subjects  synthetically  treated;  something 
'\vorse  than  useless,  so  far  as  our  System  of  mathematical  iii-* 
struction  is  ^^oneemed.  •  I  have,- therefore,  confined  myself 
almost  exactly  to  the  propositions  and  corollaries  <as'  the^ 
stand  in  the  Principik,  omitting*  :a  few,  which  are  nbt  wftnt^ 
according  to  the-maDkier  in  which  I  have  treated  the  subject; 
The  only  exception  to*  this  rule,  (besides  a*  few  ooroUarfed)  il 
the  proposition  whidi  I  have  added  at  the'  end  of 'the  ^second 
«edtk>n.  I  have  admitted  it  in  consequence  of  its  great  geoi- 
metrical  elegance,  and  because  it 'complete  the  tlieoryof  th^ 
ellipse  about  the  centre,  as  the  propo^on  at  the  end  of  the 
tbivd  section  xloes  the  tlKo^y  of  the  dlipse  Irbout  the  iocM. 
If,  however,  any  one  wishes  tb  apply  the  rule  of  exdusi^ 
without  exception,  he  can  easily,  after  >  this  warning,'  paas 
chrer-  this  proportion*  In  the  17th  propositioik,  I  have  mb- 
atituted,  instead  of  Newton'^s  reasoningv  another  method  whidi 
app6&rs  to  me  equally  geometrical  and  more  simple. 

Nor  have  I  attempted  to  illustrate  and  explain  Newton^ 
Wotda  and  expressions.  To  do  so  would  'again  have  led  to  a 
train  of  tedious  dnd  unprofitable  disqtisittons,  of  a  nature  more 
suited  to  the  philologitol  eritio'  than  to  th^  matheibaticiaii. 
Such, verbal  illustration  and  analysis  is  indeed  an  empldymeat 
which  has  its  attrat^ns,  both  for  th^  writiear.  and  thejreadier  ( 
and  accordingly  the'  spirit  of  commentatorriiip  lias  genenBy 
been   sufficiently   ready  to   fasten    upoh^  the  objects  tif  <  the 
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in^eaituiil , ii4miratioB .  q|  mankind.     Its  ioweos  and.  weedi 
^e^m,  to  fifuring  up  luxuijantly  about  .the  wheels,  of  the  car  of 
geniu^^  tb^  moment,  there  is  a  pause  in  the  career.     But  these 
aiHSQinpaniments  :are.  more,  ^kely  to  obstruct  than  to  further 
t^Q  progress  of  re«l  knowledge.   ..In  physical  inquiries  at  leasts 
tk^  mere  .commentator  on  the  works  of  others  is  not  likelj^ 
to  i^ake  hisrl^bpurs  of  much  value.     In  the  qpecuhitions  of 
tas^e  and  criticism,  indeed,  or., in  -sulgects  where  the  rule  of 
action  or  of )  opinion  depends  mainly  upon  authority,  he  may 
be. well   employed  .and  in   his  place.     He  may  p6int   out 
connexicms  else  unseen ;    he    may  present .  distinctly  to  our 
consciousness'  that  which  .was  obscurely  fdt;  he  may  exhibit 
velations  of  order  and   subdivision  .which  facilitajte  the  apj. 
plication  of  our  rules^    The^  ^analogy  between  the  studies  of 
the  philologer,  or  antiquary,  at  casuist,  and  the  pursuits  of 
physical  science,  is  perhaps  too  vague  and  imperfect  to  be 
dwelt 'on^:   but^  so  far  as  we  assume  it  to  existy  we  may 
tay^  that  in  .the  former  class  ofipquiries  the  thoughts  which 
have  passed  through  the  minds  of  other  men  and  the  words 
tb^.  have  ;used  are,  to  a-  grealt  extent,  iiie  phenomena  with 
which  we  are  concerned,  %nd  which  are  to  be  the  basis  of 
our  knowledge.    .And  the  process  by  which  the  critic  unfoldi^ 
aU  the  recondite  connexions  or  emoticms  or  convictions  through 
which  the  sympathy  or  assent  of  men  has  been  won,  correal 
ponds,  not  to  our  reasonings  /torn  assumed  axioms,  but  id 
those  in  which  we  try  to  ascertadn  what  our  axioms  ought 
to  be.     His  disquisitions  seem  to  be  attempts  to  perform  that 
higher  function  of  reiftsoning, — ^the  ascent  to  general  principles, 
-^the  discovery  of  the  grounds  of  truth, — ^which  in  physic's 
is  termed   Induction.    .  But  if  in    such  researches  on  such 
subjects,  the  analysis  of  one  man^s  thoughts  by  the  labour 
of  another  may  be  of  use,  the  case  is  diffiH*ent  in  mathe- 
matical works,  where,  besides  that  our  phenomena  are  solely 
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the. objects  of  s^se,  the  process  of  investigation  is  entirely 
one  of  Deduction..  Here  our  facts  are  to  be  established  by 
observation  and  experiment,  not  by  thought  or  opinion :  here 
when  we  have  once  obtained  our  principles  and  general  laws, 
we  reason  downwards  from  them ;  and  in  doing  this  there  can 
Ije  no  truth  contained  in  the  conclusion,  which  is  not  involved 
in  the  premises :  good  logic  is  the  one  thing  requisite ;  and  no 
name  can  convert  bad  logic  into  good,  nor  any  authority  add 
to  the.  evidence  of  demonstrated  truth :  here  therefore  the 
commentator^s  labour  must  be  wasted.  In  the  former  cases, 
where  we  are  still  to  seek  for  the  first  principles  of  syste- 
matic knowledge,  we  are  like  men  who  conduct  their  research 
in  the  perplexing  obscurity  of  a  protracted  night ;  and  the 
critic^s  torch,  according  to  its  degree  of  light,  is  a  welcome 
aid :  but  in  subjects  which  are  already  brought  to  the  clear* 
ness  of  scientific  intuition,  the  commentator^s  cares  would 
resemble  an  attempt  to  throw  the  light  of  some  particular 
lamp  on  an  object  already  lying  obvious  under  the  beams  of 
the  risen  sun. 

Nothing  could  be  more  injurious  to  the  prc^^ss  of  good 
mathematics  and  sound  natural  philosophy  among  us  than 
to  foster  the  opinion  that  it  is  an  ultimate  object  of  our  studies 
to  illustrate  any  book,  even  the  Principia;  instead  of  consi- 
dering the  book  one  instrument  amongst  others  in  the  study  of 
nature.  I  hope  shortly  to  be  able  to  lay  before  the  reader  a 
new  edition  of  the  Treatise  on  Dynamics,  in  which  the  most 
valuable  of  the  Propositions  of  the  Principia  are  introduced 
as  part  of  the  general  course  of  investigation :  a  plan  which, 
upon  the  considerations  above  stated,  appears  to. me  the  most 
likely  to  be  useful  to  the  student  of  applied  mathematics. 

Trinity  Gollbob,  March  \7,  ISSS. 
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Section  I. 


DEFINITIONS,  PRINCIPLES,  AND  LEMMAS. 


Subsection  L    Obometbical  DqfinitioM,  Postulates,  and  Lemmas. 
[Nbwton.  Pbincipia.    Book  L  Section  /.]] 


In  the  following  reasonings,  certain  hypotheses  are 
assumed,  (as  that  two  points  are  taken  in  a  curve,  near  to 
each  other,  or  that  a  finite  magnitude  is  divided  into  manj 
small  parts,)  and  certain  constructions  are  made  upon  these 
hypotheses.  The  hypothesis  is  then  extended  indefinitely, 
the  spaces  and  numbers  which  it  involves  being  supposed  to 
become  greater  or  smaller  than  any  given  magnitudes;  (for 
instance  the  two  points  in  the  curve  are'  supposed  to  approach 
indefinitely  near  to  each  other;  or  the  parts  of  the  finite 
magnitude  are  supposed  to  become  indefinitely  numerous  and 
indefinitely  small.)  The  properties  of  the  construction  above 
mentioned,  will,  in  consequence  of  this  extension  of  the  hypo- 
thesis, approach  constantly  to  certain  properties,  which  are 
the  properties  in  the  ultimate  form  of  the  hypothesie. 

The  values  of  any  of  the  magnitudes  so  deduced  from  a 
construction  are  called  their  ultimate  or  limiting  valties ;  and 
ratios  so  deduced  are  called  ultimate  or  limiting  ratios. 

These  are  sometimes  also  called  prime  ratios,  the  hypo- 
thesis being  supposed  to  be  extended  from  its  ultimate  form, 
instead  of  to  it. 


The  quantities  of  which  we  have  to  consider  the  ratios, 
may  vanish  in  the  ultimate  form  of  the  hypothesis.  Their 
ratio  is  then  sometimes  called  their  vanishing  ratio* 

Objection  1.  There  are  no  ultimate  values  or  ratios; 
for  by  an  indefinite  extension  of  the  hypothesis  we  cannot 
arrive  at  definite  properties. 

• 

Answer.  By  an  indefinite  extension  of  the  hypothesis  we 
do  approach,  in  general,  to  definite  properties,  as  will  be  seen 
in  succeeding  propositions.  The  following  may  be  taken  as 
a  simple  example.  Let  there  be  inscribed  in  a  given  circle 
regular  polygons  of  4,  8,  16^  32,  64,  128,  256,  512,  1024  fee- 
sides  and  so  on,  doubling  the  number  indefinitely.  We  then 
approach  perpetually  to  this  definite  proposition; — thAt  the 
inscribed  polygon  is  equal  to  the  circle. 

Objection  2.  There  is  no  vanishing  ratio;  for  before 
th^  quantities  vanish,  it  is  not  the  ultimate  ratio ;  and  when 
(hey  have  vanished^  they  have  no  ratio. 

Answer.  The  vanishing  ratio  is  neither  the  ratio  ot  the 
quantities  before  they  vanish,  nor  after  they  have  vanished, 
but  the  ratio  in  which  they  vanish.  It  is  the  ratio  to  which 
their  ratio  approaches  perpetually  and  indefinitely,  while  the 
hypothesis  approaches  its  ultimate  form. 

Objection  $.  We  cannot  have  the  ultimate  ratio  of 
vanishing  quantities.  Fo)*  if  the  ultimate  ratio  be  given,  the 
ultimate  magnitudes  are  given;  and  therefore  the  quantities 
db  Uot  ultimately  vanish.  And  hence  quantity  would  consist 
of  ultimate  and  indivisible  portions,  which  is  false. 

Answer.  The  ultimate  ratio  is  given,  though  the  ulti- 
mate magnitudes  b«  not  given;  for  the  ultimate  ratio  is  not 
the  ratio  which  the  quantities  have  in  an  ultipaate  state,  but 
the  ratio  to  which  their  mtio  tends,  while  the  hypothesift 
tends  to  its  ultimate  form. 

The  Word  ultimately,  introduced  in  p)*opositions,  implies 
that  they  are  true  in  the  ultimate  form  of  the  hypothesis. 
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Lemma  I.  (J)  Quuntitiea  which  constantly  tend  towards 
equality  while  the  hypotheais  approaches  its  ultimate  form^ 
and  of  which  the  difference^  in  the  eowrse  of  this  approaehj 
becomes  less  than  any  given  magnittide,  are  ultimately  equal. 

If  the  values  of  the  quantities  in  the  ultimate  form  of 
the  hypothesis  be  not  equal,  let  them  differ  by  a  magnitude  2>. 
But  in  the  course  of  the  approach  of  the  hypothesis  to  its 
ultimate  form,  the  difference  of  the  quantities  becomes  less  than 
the  given  magnitude  Z>,  while  they  are  constantly  tending 
towards  equality.  Therefore  the  difference  of  the  quantities 
in  the  ultimate  form  of  the  hypothesis  cannot  be  D.  There- 
fore ultimately  they  have  no  difference,  and  are  equal. 

{B)  If  Ratios  constantly  tend  towards  equality  while 
the  hypothesis  approaches  its  ultimate  form,  and  if  certain 
factors^  in  the  course  of  this  approach^  are  ultimately  in  a 
ratio  of  equality^  the  ratios  themselves  are  ultimately  equal* 

Let  the  ratio  A.X  \  B  ,Y  constantly  tend  towards  equality 
with  the  ratio  M  :  N\  and  let  the  finite  factors  JT,  F  be 
ultimately  equal ;  then  ultimately,  A  :  B  ::  M  :  N. 

If  this  be  not  true,  let  A  :  B  ::  M  :  N  {l  +  D)  where 
D  does  not  ultimately  vanish.  Therefore  A.X  i  B  »Y  \:  M  .X 
:  N.il+  D)  Y\  and  the  ratio  M.X  :  A^.  (l  +  D)  F  con- 
stantly tends  to  equality  with  the  ratio  M  \  N\  or  the  ratip 
X  '  (1  +  D)  F  constantly  tends  to  equality  with  the  ratio 
J  :  1.  Hence  the  ratio  jr(l+D)  :  F(l  +  D)  ox  X  :  Y 
constantly  tends  to  equality  with  1  +  X>  :  1.  But  .ultvm^ately 
Jf  is  in  a  ratio  of  equality  to  F,  which  is  impossible  except 
D  vanish.  Therefore  there  is  no  magnitude  D ;  and  therefore 
ultimately  A  i  B  ::  M  :  N. 

Lemma  II.  If  in  any  curvilinear  space,  bounded  by  a 
curve  and  its  two  co-ordinates,  be  inscribed  any  number  of 
<idja>cent  parallelograms,  having  their  sides  parallel  to  the 
co-ordinates,  and  having  their  bases,  along  one  of  the  co- 
ordirmtes,  equal: — 

And  if  the  breadths  (or  equal  sides)  of  these  parallelo- 
grams be  diminished'  0nd  their  member  increased  indefi^ 
nitely  :-^ 


The  0um  of  the  inscribed  panMelogrimSf  that  of  the 
parallelograms  similarly  circumscribed^  and  the  curvilinear 
space  itself  will  be  ultimately  equal.  \ 

Fig.  1.  Let  AacE  be  the  curvilinear  space;  Ab^  Bcj 
Cdy  the  inscribed  parallelograms;  Aly  Bm^  Cn,  .Do,  the 
parallelograms  similarly  circumscribed.  The  excess  of  the 
sum  of  the  latter  above  the  sum  of  the  former,  is  the 
sum  of  the  partial  excesses,  Kl,  Lm,  Mn,  Do;  and  this  is 
manifestly  equal  to  A  I,  because  the  bases  Lc^  Mdy  DE  are 
each  equal  to  AB. 

When  the  breadth  AB  is  diminished  indefinitely,.and  the 
number  of  the  parallelograms  indefinitely  increased,  the  excess 
Al^  of  the  circumscribed  above  the  inscribed  parallelograms, 
decreases;  and  the  two  sums  tend  constantly  to  equality. 
And  in  approaching  the  ultimate  form  of  the  hypothesis,  the 
difference  Al  becomes  less  than  any  finite  magnitude,  because 
the  side  A  a  remains  constant  and  the  side  AB  is  indefinitely 
diminished.  Therefore  the  conditions  of  Lemma  i.  {A)  are 
exactly  satisfied,  and  the  two  quantities,  the  sums  of  the 
inscribed  and  of  the  circumscribed  parallelograms,  are  ulti- 
mately  equal. 

The  curvilinear  space  is  always  greater  than  the  sum  of 
the  inscribed  and  less  than  the  sum  of  the  circumscribed  paral- 
lelograms. Therefore  the  diflference  between  this  space  and 
either  sum  is  always  less  than  the  difference  of  the  two  sums. 
Therefore  the  same  conditions  and  reasoning  apply  to  the 
curvilinear  space,  as  to  the  two  sums  of  parallelograms,  and 
it  is  ultimately  equal  to  either  of  the  sums. 

Lemma  III.  If  the  same  hypothesis  be  m^adej  eacept 
that  the  breadths  of  the  parallelograms  are  not  supposed 
equal : — 

And  if  the  breadths  be  all  diminished  indefinitely  as 

before : — 

The  same  proposition  is  true  as  in  Lemma  ii. 

Fig.  1.  Let  AF  be  the  greatest  of  the  breadths  of  the 
parallelograms;    and    let   the   parallelogram    FAaf  be   com- 
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pleted.  If  the  parallelogram  Af  be  divided  by  the  lines  6  JT, 
cLf  dM,  each  of  the  partial  excesses  JT/,  Lm^  Mn,  Do,  will 
be  either  less  than  the  corresponding  portion  of  the  parallelo- 
gram Af^  or  equal  to  it.  Hence  the  whole  excess  will  be  less 
than  the  parallelogram  Af. 

When  all  the  breadths  are  diminished  indefinitely,  the 
sums  of  the  inscribed  and  circumscribed  parallelograms,  and 
the  curvilinear  space,  tend  to  equality,  as  before.  And  the 
difference  is  always  less  than  Afj  and  AfuUimately  becomes 
less  than  any  finite  magnitude.  Therefore  ultimately  the 
inscribed  and  circumscribed  parallelograms  and  the  curvi- 
linear space  are  all  equal. 

CoR.  1.  Every  portion  of  the  ultimate  sum  of  the  paral- 
lelograms is  equal  to  the  corresponding  portion  of  the  curvi- 
linear space. 

€oE.  2.  The  polygonal  figure  contained  by  the  chords 
a&,  &c,  cef,  dE^  is  greater  than  the  inscribed  and  less  than  the 
circumscribed  series  of  parallelograms;  and  hence  this  poly- 
gonal figure  is  ultimately  equal,  in  all  its  parts,  to  the  curvi- 
linear figure. 

Cob.  3.  The  same  may  be  said  of  the  polygonal  figure 
formed  by  drawing  tangents  to  the  curve  at  the  points  a, 
•6,  c,  d,  E. 

Lemma  IV.  If  in  two  figures  he  inacribedy  as  in 
Lemmas  ii  and  iii,  two  series  of  parallelograms  equal  in 
number : — 

And  ify  when  the  breadths  of  these  parallelograms  are 
diminished  and  their  number  increased  indefinitely^  the  ulti- 
mate ratios  of  the  parallelograms  in  the  one  figure  to  those 
of  the  other,  each  to  each,  be  all  the  same; — 

The  curvilinear  figures  are  also  in  the  same  ratio. 

Fig.  2.  Let  AaEy  PpT  he  the  two  figures;  and  let  the 
ratios  a  :  j?,  6  :  g^,  c  :  r,  d  :  «,  &c.  of  the  corresponding 
parallelograms  be  ultimately  all  the  same. 
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Let  tbis  ratio  iSe  tn  :  n.     And  let 

a  :  i>  ;;  w  :  7i  (i  +  a) 
b  :  q  ::  m  :  n  {1  ^fi) 
c  :  r  ::  m  :  n  (l  +y) 


where    «,  ^,  y^  &c,     are    quantities    which    vanish    in    the 
ultimate  form  of  the  hypothesis.     Hence 

^  (^  +a)  :  p  ::  m  :  n 
^  0  +)3)  :  q  ::  m  :  n 
^  0  +7)  :  r  ::  m  :  n 

Therefore 
a  (l+a)  +  6(i+/3)  +  o(l+^)  +  &c.:p  +  9  +  ,  +  &e.  ::«,:„. 
Therefore    «  +  6  +  c+ &c.  +  «„  +  6/3  +  c^  +  &c.  :  p  +  „ 
•(P  +  9'  +  r  +  &c.)  (a  +  b  +  c  +  kc.)  ::  m  :  «. 

fore^l*  ''A'i'"  ^''*''*  °^  *^"  *1"*"*'*^^«  «'  A  7  &c.     There- 
fore   a«  +  6/3  +  c7  +  &c.     is    less    than     a^+l^  +  c^  +  fee. 

alT^T::'^ '^ :r  ^^^^^y^  &-  alwa^s^^iffers  ^l 

^s  that  if  ■].?"'/  +  f  +  c  +  &c.  +  a^  +  6^  +  CM  -H  &c. 
does ,  that  is,  less  than  (o  +  6  +  «,+  &c.)  (1  +  ^)  does. 

a  +  ITetZ  '"  "PPT^^°g  th«  ''»ti-«te  state,  the  factors 
fn  a  rll  %  ""  ""  T-  «^«-  «"d  «  +  *  +  «  +  &c.  are  more  nearly 
in  a  ratio  of  equahty  than  («  +  6  +  c  +  &c.)  (i  +  „)  and 
«  +  6  +  c  +  &c.:  that  is  than  l+^:i.  ^  ^       '^^ 

fore  ^W-iVPT'V"^  *^"  "^^'^''^^  ^^''^^  /^  ^^^i^^--     There, 
fore  ultimately,  by  Lemma  i,  (5) 

ffl+6+c+&c.  :  p+5f+r+&c. 

figure  P. 


also     figured 
P+S'+r+fec. 


•  m  :  n, 

=   1:1  «^w»a^%^Lemmaii. 
•'  1    :   1  ultimately  (  and  iii. 


Cor.  Hence  if  two  quantities  of  atiy  kind  be  divided 
into  the  same  number  of  parts ;  and  those  parts^  when  their 
number  is  increased  and  their  magnitude  diminished  inde- 
finitely, have  a  given  ratio  each  to  each:  namely,  the  first 
part  of  the  one  quantity  to  the  first  part  of  the  other ;  the 
second  to  the  second,  and  so  on :  these  two  quantities  will  be 
in  the  given  ratio. 

For  the  parallelograms  in  the  Lemma  being  taken  to 
represent  the  parts,  the  figures  will  represent  the  quantities 
in  question,  and  their  ratio  will  therefore  be  the  ultimate 
ratio  of  the  parts. 

Lemma  V.     PostttlaIpe  concerning  similar  Figures. 

In  similar  figures^  corresponding  lines,  whether  straight 
lines  or  portions  of  the  curves^  are  proportional:  and  the 
areas  of  corresponding  parts  are  as  the  squares  of  homologous 
lines. 

The  properties  of  figures  do  not  depend  on  their  ab- 
solute magnitudes.  Hence  we  may  conceive  the  magnitude 
of  a  figure  changed,  the  form  remaining  the  same,  and  the 
properties  will  continue  unaltered.  Hence  the  ratio  of  any 
two  lines  in  the  figure  will  be  the  same  after  this  change 
as  before.  But  by  this  change  we  obtain  figures  similar  to 
the  original  figures.  Hence  the  corresponding  lines  in  similar 
figures  have  the  same  ratios,  or  are  proportional. 

The  rectilinear  figures  similarly  described  in  similar 
fcurves  will  be  similar  polygons ;  and  these  are  (Euc.  vi.  20) 
in  the  ratio  of  the  squares  of  homologous  lines.  The  cur- 
vilinear figures  are,  by  Cor.  2  of  Lemma  iii,  and  by  Lemma  iv, 
in  the  ultimate  ratio  of  such  polygons,  and  are  therefore  also 
as  the  squares  of  the  homologous  lines. 

DEFINITION    OF    CONTINUED    CUaVATUSE. 

If  a  point  be  taken  in  a  curve,  and  chords  be  drawn  from 
this  point  to  two  Other  points,  one  on  each  side  of  it : — 

Aiid  if  the  latter  two  points  be  supposed  to  approach 
indefinitely  near  to  the  first  point  lii—. 
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Then,  if  the  two  chords  uUimaiely  coincide  in  direction, 
the  curve  at  that  point  has  continued  cuevatube. 

The  ultimate  position  of  either  chord  is  the  tangent 
to  the  curve  at  that  point. 

CoR.  1.  No  line  can  be  drawn  through  any  point  of  the 
curve,  between  the  tangent  at  that  point  and  the  curve. 

Cob.  2.  Every  line  drawn  through  any  point  of  the 
curve,  on  the  same  side  of  the  tangent  as  that  on  which 
the  curve  is,  must,  in  approaching  the  tangent,  cut;  the 
curve  in  another  point. 

LemmA  VI.      The  angle  contained  between  the  ehord  . 
and  the  ta/ngent^  ultimately  va/nishea  at  a  point  of  continued 
curvature. 

This  appears  from  the  above  definition. 

Lemma  VII.  If  through  any  point  in  a  curve  of  con* 
tinued  curvature^  there  be  drawn  a  tangent^  and  also  a  chord 
meeting  the  curve  in  a  second  point:  and  if  the  tangent  be 
limited  by  a  secant  (or  line  cutting  the  curve)  through  the 
second  point : — 

And  if  the  second  point  approach  indefinitely  near  to 
the  first : — 

The  ultimate  ratio  of  the  arcj  the  chord,  a/nd  the  tangent 
is  a  ratio  of  equality. 

Fig.  3.  Let  AD,  AB  be  the  tangent  and  the  chord 
of  ACB,  BD  the  secant.  Let  bd  he  parallel  to  BD,  and 
let  the  arc  acb  be  always  similar  to  ACB:  then  Ad  will  be 
a  tangent  to  Acb,  because  the  homologous  lines  in  similar 
figures  must  have  similar  relations  of  position,   (Lemma  v.) 

Let  Ad,  Ab  remain  finite,  while  B  approaches  indefi- 
nitely to  A,  Then  by  Lemma  vi,  the  angle  bAd  or  BAD 
ultimately  vanishes:  and  therefore  ultimately  the  tangent 
Ad,  the  chord  Ab,  and  the  arc  Acb  coincide  and  are  equal. 
But  by  Lemma  v.  these  are  always  in  the  ratio  of  the 
tangent  AD,  the  chord  AB,  and  the  arc  ACB:  which  three 
are  therefore  ultimately  equal. 


r^ 


Cor.  1.  Fig.  4.  If  through  the  second  point  J?,  be 
drawn  BF  parallel  to  the  tangent,  and  AF  a  secant 
th|*ough  A  J  BF  will  ultimately  be  equal  to  the  arc  ACB\ 
for  BF  is  equal  to  AD, 

Cob.  2.  If  several  secants  be  drawn  through  jB,  as  BDy 
BE,  or  through  A,  as  AF,  AG,  all  the  absdasiia  (or  lines 
cut  off)  AD,  AE,  BF,  BG,  will  ultimately  be  equal  to  the 
arc,  and  therefore  to  each  other. 

CoE.  3.  Hence  these  lines,  in  the  ultimate  form  of 
the  hypothesis,  (namely  on  the  supposition  that  B  approaches 
indefinitely  near  to  A,)   may  be  taken  for  each  other. 

N.  B.  The  secants  must  all  make  with  the  tangent 
angles  which  are  ultimately  finite. 

Lemma  YIII.  If  two  lines,  drawn  through  thejirat  and 
second  points  in  the  curve,  make  with  the  chord,  the  curve, 
and  the  tangent  at  the  first  point,  three  triangles  :— 

And  if  the  second  point  approach  indefinitely  near  to 
the  first : — 

The  three  triangles  are  ultimately  similar  as  to  form, 
and  in  a  ratio  of  equality. 

Fig.  3.  Let  AR,  BR  be  the  two  lines;  and  making 
the  same  construction  as  in  last  Lemma,  let  dbr  be  parallel 
to   DBR. 

Let  Ad  remain  finite  when  B  approaches  indefinitely  to  A ; 
therefore  Ah,  Acb,  Ad  coincide;  and  the  three  triangles 
rAh,  rAd,  rAcb,  are  ultimately  identical  as  to  form,  and 
in  a  ratio  of  equa^ty.  .  Therefore  the  three  triangles  RAB, 
RAD,  RACB,  (which  are  always  similar  and  proportional 
to  the  others  by  Lemma  v.)  are  ultimately  similar  as  to  form, 
and  in  a  ratio  of  equality. 

CoE.  Hence  these  triangles,  in  the  ultimate  form  of 
the  hypothesis,  and  in  all  reasonings  founded  upon  it,  may 
be  taken  for  each  other. 

Lemma  IX.  If  through  a  fiaed  point  in  a  curve  there 
be  drawn  a  secant,  and  if  through  two  variable  points  of 
the  curve  there  be  drawn  ordinates    (that  is,  parallel  lines) 

B 
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meeting  the  recant,  and  making  two  triangles  (each  having 
a  curvilinear  aide:)-^^ 

And  if  these  two  variable  points  approach  at  the  same 
time  indefinitely  near  the  fixed  point :— - 

The  two  triangles  will  ultimately  be  in  the  ratio  of  the 
squares  of  their  corresponding  sides. 

Fig.  5.  Let  A  be  the  fixed  point,  By  C,  the  variable 
points,  BD,  CE  the  ordinates  to  the  secant  ^JE?.  Let  c  be 
taken  in  AC  produced,  and  let  the  curve  Abe  be  always 
similar  to  ABC^  ABb  being  a  straight  line.  Let  also  or- 
dinates ftd,  ce  be  drawn  meeting  the  secant;  and  let  AFGfg 
be  a  tangent  to  ABd  and  therefore  to  Abe  (Lemma  v^) 

Let  Ae  remain  constant  while  C  and  B  approach  in- 
definitely to  A.  The  angle  cAg  or  CAG  will  vanish; 
the  triangles  Abd,  Ace  will  ultimately  coincide  with  the 
triangles  Afd,  Age;  and  the  areas  Abd,  Ace  will  ultimately 
be  in  the  same  ratio  as  the  areas  Afd,  Age;  namely,  by 
similar  triangles,  as  the  squares  of  Ad,  Ae.  But  the  areas 
ABD,  ACE  are  proportional  to  the  areas  Abd,  Ace;  and 
ABj  AD  are  proportional  to  Abj  Ad,  by  Lemma  v.  Hence 
it  follows  that  ABD,  ACE,  are  ultimately  as  the  squares  of 
ADy  AE. 

Lemma  x,  is  given  in  the  next  Subsection. 

PSJTINITION   or    FIKITE.  Cl7ftVATUB£. 

If  a  circle  be  drawn  touching  a  curve  at  any  point,  and 
cutting  it  in  a  second  point: — 

And  if  the  second  point  approach  indefinitely  to  the 
first : — 

Then,  if  the  diameter  of  the  circle  be  ultimately  finite, 
the  curve  has  finite  ctjevatuee  at  the  first  point. 

The  ultimate  form  of  the  circle  mentioned  in  the  definition 
is  called  the  cibcle  of  cubvatube.  And  the  cubvatube 
of  the  curve  is  the  same  as  that  of  this  circle. 

Cob.  1.  Fig.  6.  Let  J,  By  be  the  two  points,  AG 
perpendicular  to  the  tangent,  BG  perpendicular  to  the  chord. 
The  circle  described  on  the  diameter  AG,  touches  the  curve 
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at  Jf  and  meets  it  at  B.  Hence,  by  the  Definition,  AG  and 
BG  being  thus  drawn,  AG  is  ultimately  finite,  if  the  curva^ 
ture  at  A  be  finite. 

Cob.  2.  No  circle  can  be  drawn  through  the  point  of  con- 
tact«  so  as  to  pass  between  the  curve  and  its  circle  of  curvature. 

Lemma  XI.  In  curves  of  finite  curvature,  the  sub- 
tense of  the  angle  of  contact  is  ultimately  as  the  square 
of  the  conterminous  arc. 

Case  1 .   Let  the  subtense  be  perpendicular  to  the  tangent 

Fig.  6.  Let  AB  be  any  arc,  AD  its  tangent,  BD  the 
subtense  of  the  angle  of  contact. 

Let  ^6  be  any  other  arc,  hd  its  subtense:  and  let  BG^ 
bg  be  drawn  perpendicular  to  the  chords  AB,  Ab,  meeting 
the  normal  AG  in  G,  g;  AI  the  ultimate  value  of  the  chord 
AG  or  Ag.  It  is  easily  shewn  that  AG.BD^AB^,  Ag.bd 
=  Ab^.  Now  AG  :  Ag  ::  AG.AI  :  AI.Ag:  and  the  ratios 
AG  :  AI  and  AI  :  Ag  being  ultimately  ratios  of  equality, 
(by  the  Definition)  we  have  ultimately  AG  :  Ag,  a  ratio 
of  equality.  Therefore  AG . BD  :  Ag.bd  is  ultimately  ::  BD 
:  bd.     Hence  ultimately 

BD  :  bd  ::  AB^  :  AW  ::  arc  AB^  :  bxc  AW  by  Lemma  viii. 

Case  2.  Fig.  ?•  Let  the  subtense  BD  be  inclined  at 
a  given  angle  to  AD.  The  ratio  of  BD  to  bd  will  be  the 
same  as  that  of  the  perpendicular  subtenses  BC,  bo;  and 
therefore,  by  Case  1,  the  same  as  the  ratio  of  AB^  to  AW, 

Case  S.  Fig.  7.  Let  the  subtense  BD  be  inclined  to 
AD  at  an  angle,  variable  according  to  any  law,  but  ultimately 
finite. 

Let  BC,  6  c  be  drawn  parallel  to  the  ultimate  position  of 
the  subtense  BD.  Then  BD  is  to  BC  ultimately  in  a  ratio 
of  equality.  In  the  same  manner  6  d  is  to  6  c  ultimately  in 
a  ratio  of  equality.     Therefore  ultimately 

BD  :  bd  ::  BC  :  be  ::  AB^  :  AW,  hy  the  last  Case. 

Cor.  1.  Fig. '^.  If  J  F  be  a  chord  of  the  circle  of 
curvature  parallel  ^ito  the  subtense  BD,  ultimately  AV.BD 
=  Aiy.     For  in  the  circle  ABW,  the  angle  BWA  is  always 
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equal  to  BAD  J  and  BA  W  to  ABD.     Therefore  the  triangles 
ABD^  WAB  are  similar: 
therefore   AW  i  AB  ::  AB  :  BD,  and  AW.BD^AB". 

And   ultimately   AW  becomes   AV,    AB  becomes  equal 
to  AD,  and  the  circle  becomes  the  circle  of  curvature  AOV: 

Therefore         AV .  BD  ^  AD^  ultimately. 

CoE.  2.  Fig.  9.     If   DAf  DC   are  two  tangents  meeting 
in  D,  ultimately^  when  C  comes  up  to  A,  DC  ^^  DA. 

Draw  a  subtense  BD,  and  AVj  CX  the  chords  of  cur- 
vature parallel  to  it.     Then  by  the  last  Cor. 

AV.BD^DA^,  CX.BD^DC. 

Therefore         DC  :  DA""  ::  CX.BD  :  AV.BD 

::  CX  :  AV 

and  therefore  ultimately  DC^  :  DA^  are  in  a  ratio  of  equality, 
and  DC  =  DA. 


SCHOLIUM. 

ON    POINTS    WHERE    THE    CUBVATUBE    IS    NOT    FINITE. 

Definition.  Fig.  10.  If  ABy  -4C  be  two  curves  having 
a  common  tangent  AD;  and  if  DCB  be  the  subtense;  the 
ratio  of  the  angles  of  contact  BAD,  CAD  of  the  curves 
AB9  ACy  is  measured  by  the  ultimate  ratio  of  the  subtenses 
BD,  CD. 

Lemma  A.  If  the  subtense  DB  be  as  AD^  and  DC  as 
AD^,  the  angle  of  contact  of  AC  is  infinitely  less  than  that 
of  AB. 

For  let  dbc,  parallel  to  DCB,  be  drawn ;  then 


DB 

:  db 

::  AD*  : 

AcP  by  hyp. 

Whence 

DB* 

:  dy 

::   AD^  : 

Ad!' 

also 

DC    : 

:  dc 

::   AD'  : 

AePhy  hyp. 

whence 

DC* 

:  dc* 

::   AD^  : 

Jd* 

therefore 

DB' 

:  dfi* 

::  DC*  : 

d(^ 

and 

DB" 

:  d6» 

::  DC^  : 

DC.di* 

or 

DB'  : 

DC 

::  dtl'     : 

DC.  de'. 
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Let  Ad^  and  therefore  db,  dc,  remain  finite,  and  let  AD 
be  indefinitely  diminished.  Then  ultimately  DC  vanishes,  and 
the  ratio  dl^  :  DCdi?  becomes  infinitely  great.  Therefore 
the  ultimate  ratio  of  DBP  :  D(?  is  infinitely  great :  and  there- 
fore so  also  is  the  ratio  of  DB  :  DC,  and  that  of  the  angles 
of  contact  of  AB,  AC. 

Lemma  B.  Fig.  10.  If  the  mbtenee  DB  be  aa  AD*"  and 
DC  a^  AD°,  where  m  is  leaa  than  n,  the  angle  of  contact 
of  AC  is  infinitely  leas  than  that  of  AB. 

For  because 

DB  :  db     ::  AD^  :  AdTyDB"  :  dV  ::  ADT^  :  AdT 

so         DC  \  dc     ::  JD",  :  Jd*,  DC^  :  dcT  ::  AD^  :  AdT 

hence  DB^  :  dV   ::  DC^  :  dcT.     Multiply  by  DC" 

DjB»  :  d6»   ::  DC  :  DC'^'dc'^ 

or         DB*  :  DC  ::  db*     :  DC-'^dcT. 

When  D  approaches  indefinitely  to  A,  DC  vanishes^  and 
therefore  DC*'^  vanishes, because  n— m  is  positive;  but  dfc,  dc 
remain  finite.  Therefore  the  ratio  DB*  :  DC*  becomes  in- 
finite ;  and  therefore  the  ratio  DB  :  DC,  and  that  of  the  angles 
of  contact. 

Cob.  Hence  if  DB  be  made  successively  to  vary  as 
AD%  AD",  AD\  AD",  AD^^  AD\  &c.  we  shall  have  an  infinite 
series  of  angles  of  contact  each  infinitely  less  than  the  pre- 

—         -i 
ceding ;   and  if  we  take  DB  successively  as  AD^y  AD^y  AD^, 

£  6  7 

AD^f  AD^y  AD^y  &c.  we  shall  have  another  infinite  series  of 
angles  of  contact,  of  which  the  first  is  of  the  same  kind  with 
the  angles  of  contact  in  circles  (Lemma  xi),  the  next  infinitely 
greater,  and  each  angle  infinitely  greater  than  the  preceding. 
Moreover  between  any  two  of  these  angles  we  may  insert  a 
series  of  mean  terms,  infinite  in  each  direction,  of  which  each 
is  infinitely  less  or  infinitely  greater  than  the  preceding  one. 
Thus  between  the  terms  AD^  and  AD^  we  may  insert  the 

series  AD^y  AD^y  AD^y  AD^y  AD^y  AD^y  AD^y  AD^  &c. 

And  again,  between  any  two  of  the  angles  of  this  series,  we 
may  insert  a  new  series  of  intermediate  angles,  differing  from 
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each  other  by  infinite  intervals.     And  there  is  no  limit  to 
this  progression  of  properties. 

Def.  When  the  circle  of  curvature  is  infinitely  large,  the 
curvature  is  considered  as  infinitely  small,  and  conversely. 

Lemma  C.  Fig.  11.  If  the  angle  of  canted  of  AC  be 
injinitely  less  than,  that  of  AB,  the  diameter  of  the  circle  of 
curvature  of  the  former  curve  will  he  infinitely  greater  than 
that  of  the  latter. 

Let  BCD  be  perpendicular  to  JD,  BG  to  AB,  CH  to  AC 
Then  AG.BD  =  AB",  AH.  CD  =  AC.  And  ultimately  AS" 
=  AC^,  therefore  ultimately  AG.BD  =  AH. CD;  or  ultimately 
AG  :  AH  ::  CD  :  BD. 

If  therefore  CD  be  infinitely  less  than  BD  ultimately, 
AH  will  ultimately  be  infinitely  greater  than  AG:  that  is, 
the  diameter  of  curvature  of  AC  will  be  infinitely  greater. 

Cob.  1.  The  curvature  of  a  curve  is  infinitely  less  than 
that  of  another  curve,  when  the  circle  of  curvature  is  infinitely 
greater.  Hence  propositions  concerning  the  curvatures  agree- 
ing  with  those  already  proved  concerning  the  subtenses 
(Lemma  B  and  Cor.)  are   true. 

Cob.  2.  The  curvature  of  a  circle  and  of  any  conic 
section  is  finite.  Hence  the  11th  Lemma  is  true  of  all  points 
of  such  curves ;  but  not  of  points  of  curves  where  the  curva- 
ture is  infinitely  greater  or  infinitely  less  than  that  of  a  circle. 


Subsection  II.     Dynamical  Definitions  and  Principles. 

Dynamics  is  the  science  in  which  we  determine,  for  any 
body  or  collection  of  bodies,  the  motions  produced  by  given 
forces,  or  the  forces  which  produce  given  motions.  The 
general  problem  is  to  investigate  the  relation  of  time,  space, 
velocity  and  force  for  any  point  of  a  system  which  is  in  motion 
under  given  circumstances. 

The  notions  of  time,  spa^e,  motion,  are  taken  for  granted. 
Motion,  except  when  the  contrary  is  expressed,  is  understood 
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to  be  absolute  motion,  that  is,  motion  considered  with  reference 
to  the  parts  of  fixed  space. 

Motion  may  be  quicker  or  slower:  that  is,  the  moving 
body  may  pass  over  a  larger  or  smaller  space  in  the  same  time. 
The  velocity  is  the  measure  of  the  degree  in  which  the  motion 
is  quick  or  slow. 

DEFINITION    AND    MEASURE    OF    VELOCITY. 

When  a  body  always  passes  over  equal  spaces  in  equal 
times,  both  great  and  small,  its  motion  is  said  to  be  uniform, 
and  its  velocity  is  constant. 

In  this  case  the  velocity  is  measured  by  the  space  passed 
over  in  a  second  (or  other  unit  of  time). 

If  we  take  s  for  the  space  in  this  case  passed  over  in  t 
seconds,  v  for  the  constant  velocity,  s  will  be  equal  to  tv,  by 

the  supposition.     Therefore  «j  =  — :  and  hence  the  velocity  of 

V 

a  body  moving  uniformly  may  be  found  by  dividing  the  space 
passed  over  in  any  time  by  that  tim^.  This  quotient  will  be 
constant,  whatever  be  the  time. 

When  the  motion  is  not  uliiform,  the  quotient  of  the 
space  described  in  any  time  beginning  at  a  certain  point,  is 
not  constant  for  different  times. 

In  this  case  the  velocity  is  variable ;  it  is  measured  by 
the  ultimate  value  or  limit  of  the  quotient  of  the  space  by 
the  time, 

For  the  measure  of  the  velocity  at  any  point  must  have 
these  two  properties: — ^it  must  become  the  quotient  of  the 
space  in  any  time  divided  by  the  time,  when  the  motion 
becomes  uniform; — and  it  must  be  deduced  solely  from  the 
condition  of  the  motion  at  the  given  point  to  which  the  velocity 
is  attributed ;  it  must  not  be  affected  by  the  conditions  of  the 
motion  after  the  body  ha»  proceeded  to  another  point. 

Now  the  limit  of  the  quotient  of  the  space  from  the 
given  point  divided  by  the  time,  possesses  these  properties, 
and  no  other  quantity  does.     For  when  the  motion  is  uni- 
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form,  this  quotient  is  constant,  and  therefore  is  equal  to  its 
ultimate  value,  and  this  ultimate  value  rightly  measures  the 
velocity.  And  in  all  cases  the  limit  depends  only  upon  the 
condition  of  the  motion  at  the  given  point;  for  as  we  ap- 
proach the  limit  we  diminish  indefinitely  the  effect  of  any 
change  which  takes  place  in  the  motion  after  the  given  point. 

__  _.    ^     -  increment  of « 

Hence  v  =  umit  of  ; — r— . 

increment  of  t 

Cob.  1.     By  the  principles  of  the  Differential  Calculus,  if 

s  and  t  be  exprest  either  one  in  terms  of  the  other,  or  by 

means   of  any   other   analytical    connexion,    we    have 

_.    .      ^  increment  of «      d*      ,       .  ds 

bmit  of iT-:  =  TT '  therefore  v  =  —-  • 

increment  of  t      at  at 

CoE.  2.  If  t)  be  the  velocity  at  any  point,  t  any  time 
from  that  point,  s  the  space  in  that  time ;  then  v  =  ultimate 

value  of  - . 

Let  s'  be  the  space  which  would  have  been  described  in 
the  time  tj  it  v  had  continued  constant,  then  t?  =  — . 

8  S 

Hence  —  =  ultimate  value  of  - ,  when  t  is  indefinitely  di- 

minished. 

And  therefore  8  :  8'  is  ultimately  as  1  :  1. 

CoR.  S*  Fig.  12.  If  a  rectangle  be  taken  of  which  one 
side  (MN)  represents  ^,  and  the  other  (MP)  v,  the  rectangle 
{MPUN)  will  represent  «' :  fars'^  tv. 

Cor.  4.  Fig.  12.  If  a  curve  be  taken  of  which  the 
abscissas  represent  the  times  and  the  ordinates  the  velocities, 
the  curvilinear  areas  will  represent  the  spaces  described. 

Let  the  ordinates  of  the  curve  BC  from  D  to  E  repre- 
sent the  velocities,  at  the  times  represented  by  abscissas  from 
AD  to  AE :  the  area  BDEC  will  represent  the  space  described 
in  the  time  DE, 
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Ttke  MN  ft  portiqo  pf  the  Jine  of  absdnuMi ;  and  if  JIfPQN, 
the  corresponding  portion  of  the  area,  do  not  represent  the  cofc- 
responding  space  described,  let  MRSN  represent  this  space. 
Now  by  Cor.  ^2,  MPUN  represents  the  space  which  would 
have  been  described  if  the  velocity  had  continued  constant 
from  M.  Hence  by  Cor.  1,  MRSN  and  MPUN  are  uliU 
fnatelff  equal,  when  MN  is  indefinitdy  diminished.  But 
MRSN  and  MRVN  are  ultimately  equal:  therefore  MU 
and  MV  are  ultimately  equal.  But  this  cannot  be,  except  R 
coincide  with  P,  since  MU  and  MV  are  in  the  ratio  MP  : 
MR-  Hence  the  curve  of  which  the  area  represents  the  space 
described,  passes  through  P.  For  a  like  reason  it  passes 
through  every  point  of  BPQd  and  therefore  is  that  curve 
itself.  Hence  the  areas  of  the  portions  of  the  curve  BPQCf 
cut  off  by  ordinates,  represent  the  spaces  described  in  times 
coiresppnding  to  the  abscissas. 

DEFINITION    AND    MEASURE    OF    ACCELERATING    FORCE. 

Force  is  that  which  produces  or  tends  to  produce  motion. 
Accelerating  force  is  that  which  produces  increase  (or  dimi- 
nution) of  velocity.  It  is  greater  or  less  as  the  increase  of 
velocity  in  a  given  time  is  greater  or  less. 

When  the  increase  of  velocity  in  e^ual  times,  both  great 
and  small,  is  always  equal,  the  motion  is  said  to  be  uniformly 
accelerated,  and  tibte  force  in  the  direction  of  the  motion  to 
be  constant 

In  this  case  the  force  is  measured  by  the  velocity  added 
in  a  second  (or  other  unit  of  time). 

If  we  take  v  for  the  Velocity  added  in  t  seconds,  /  for 
the  constant   force,   v  ^  ft  by   the  supposition.      Therefore 

V 

fsz-:  whence  the  accelerating  force  in  the  .case  of  a  body 

uniformly  accelerated,  is  found  by  dividing  the  velocity  added 
in  any  time,  by  the  time.  This  quotient  will  be  constant, 
whatever  be  the  time. 

c 
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•When  the  motion  is  not  uniformly  accelerated,  the  quotient 
of  the  velocity  added  after  any  point,  divided  by  the  time  in 
which  it  is  added,  is  not  constant  for  different  times. 

In  this  case  the  force  is  variable :  it  is  measured  by  the 
limit  of  the  quotient  of  the  velocity  added  divided  by  the  time. 

If  V  be  the  velocity  at  any  instant,  v  the  velocity  after 
a  short  time  f,  f  the  force,  /  =  ultimate  value  of  — - — ,  when 

t  is  indefinitely  diminished. 

For  the  measure  of  the  accelerating  force  at  any  given 
point  must  become  the  quotient  of  the  velocity  generated, 
by  the  time  in  which  it  is  generated,  when  the  motion  be- 
comes uniformly  accelerated  motion:  and  it  must  depend 
only  upon  the  conditions  of  the  motion  at  the  given  point 
and  at  no  other.  The  limit  of  the  quotient  of  the  velocity 
generated,  divided  by  the  time,  is  the  only  quantity  which 
possesses  these  properties;  and  this  limit  therefore  is  the 
measure  of  the  accelerating  force. 

Cor.  1.  The  accelerating  force  at  any  point  is  measured 
by  the  velocity  which  would  have  been  generated  in  one 
second,  if  the  force  had  continued  constant  from  that  point. 

CoE.  2.  The  velocity  added  in  any  time  from  a  given  point 
is  ultimately  equal  to  the  velocity  which  would  have  been  gene- 
rated in  the  same  time  if  the  force  had  continued  constant 
from  the  given  point :  the  time  being  indefinitely  diminished. 

CoE.  3.  Fig.  12.  If  the  force  be  always  finite,  though 
variable,  the  curve  i?C  in  the  last  proposition  will  cut  the 
line  of  abscissas  AE  at  a 'finite  angle. 

Let  J  represent  the  point  of  time  at  which  the  motion 
commences.  Let  ZO,  JfP,  NQ  be  ordinates,  PU  parallel 
to  AD.  Then  by  the  definition,  the  force  at  A  is  the  ulti- 
mate value  of    .—  when  AL  vanishes ;  and  the  force  at  P  in 

AL 

the  ultimate  value  of  — ^   when  MN  vanishes. 
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Since  the'  force  is  always  finite,  its  values  at  different  points 

of  time  must  have  a  finite  ratio.     But  the  ultimate  value 

QU        QU  .  . 

of   --— ,  or  -—--  is  necessarily  somewhere  finite,  for  otherwise 
MN       PU  "^ 

the  curve  would  coincide  with  the  line  AE:  therefore  it  is 
always  finite :    therefore  the  ultimate  value  of  —-  ^*  finite. 

But,  excepting  the  case  in  which  -—  ultimately  vanishes,  (in 

which  case  AL  is   a  tangent  at  Ay)  — -  is  ultimately  equal 

to  -— ,  AK  being  a  tangent  at  A.     Hence  — r  is  finite,  and 

AK  makes  a  finite  angle  with   AE.      Therefore   the  curve 
cuts  the  line  of  abscissas  AE  at  a  finite  angle  in  A. 

Lemma  H,  If  a  body  be  urged  by  any  finite  force^ 
the  spaces  described  from  the  beginning  of  the  motion^  when 
they  are  taken  indefinitely  smalls  are  ultimately  as  the  squares 
of  the  times. 

Fig.  5.  Let  the  times  be  represented  by  AD,  AEy  and 
the  velocities  generated  by  the  ordinates  DB,  EC.  Then 
the  spaces  described  will  be  as  the  curvilinear  areas  ADBy 
AEC:  (Cor.  4  to  Definition  of  Velocity.)  and  the  curve 
will  cut  the  abscissa  at  a  finite  angle,  because  the  force  is 
finite  (Cor.  3  to  Definition  of  Accelerating  Force.)  There- 
fore, by  Lemma  ix,  the  spaces  ADB^  AEC  are  ultimately, 
when  D  and  E  approach  indefinitely  to  Ay  as  the  squares  of 
ADy  AE.  Therefore  the  spaces  described  in  the  times  ADy 
AEy  are  ultimately  as  the  squares  of  the  times. 

Cor.  1.  If  the  force  be  constant,  the  velocity  DB  in- 
creases proportionally  to  the  time  ADy  and  ABC  is  a  straight 
line. 

* 

Cor.  2.  Hence  the  space  described,  in  any  time  by  the 
action  of  a  constant  force  from  rest,  is  equal  to  half  the 
space  described  in  the  same  time  with  the  velocity  ia^t 
acquired. 
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For  the  spkce  described  in  the  ti&ie  AE  is  tepresented 
by  t]ie  trianglie  AEC,  while  the  spade  deiBCribed  in  the  time 
AEj  with  the  last  acquired  velocity  EC,  is  the  rectangle 
AE  X  EC,  which  is  double  the  triangle. 

CoE.  3.  When  the  force  is  not  constant,  the  space  de- 
scribed from  the  beginning  of  the  motion  is  ultimately  half 
the  space  described  in  the  same  time  with  the  last  acquired 
velocity. 

For  both  these  spaces  are  ultimately  equal  to  what 
they  would  have  been  had  the  force  been  constant. 

CoE.  4.  If  /  represent  a  constant  force,  measured  by  the 
velocity  which  it  would  produce  in  a  time  1,  ft  will  be 
the  velocity  produced  in  time  /,  and  therefore,  by  Cor.  2, 
^ff  will  be  the  space  described  from  each  in  a  time  t 

CoE.  5.  Since  8  the  space  =  ^ff^  and  v  -ft,  v^  ^f.ff^ 
whence  v^  =  2  fa. 

THE    LAWS    0¥    MOTION. 

Law  1.  A  body  in  motion,  not  acted  on  by  any.  force, 
wUl  move  on  in  a  straight  line,  and  with  a  uniform  velocity. 

First,  it  will  move  in  a  straight  line.  For  if  it  do  not, 
it  must  move  in  some  curve ;  and  external  circumstances 
must  determine  towards  which  side  the  convexity  must  lie, 
and  how  great  the  curvature  must  be.  But,  when  a  body's 
motion  is  influenced  by  external  bodies,  those  bodies  are  said 
to  exert  force  upon  it,  which  is  contrary  to  the  supposition. 
Hence,  a  body  influenced  by  no  force,  cannot  describe  any 
path  but  a  straight  line. 

Next,  it  will  move  with  a  uniform  velocity.  As  we 
remove  the  known  causes  which  retard  a  body'^s  motion,  we 
find  that  we  remove  the  retardation,  and  this  without  limit; 
so  that  it  is  evident,  that  if  we  could  entirely  remove  the 
external  causes  of  retardation,  the  body  would  not  be  re- 
tarded at  all.  There  is  no  internal  j^inciple  which  tends  to 
diminish  the  velocity. 
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The  common  causes  by  'whkh  motions  are  retarded,  ^nd 
finally  stopped,  are  friction  and  the  resistance  of  the  air.  If 
a  wheel  turn  on  a  very  smooth  axle,  it  will  revolve  for  a 
long  time ;  and  the  longer,  as  we  remove  more  of  the  frictioi^ 
by  making  the  axle  smoother;  and  if  we  also  diminish  the 
resistance  of  the  air  by  making  the  wheel  revolve  in  an 
exhausted  receiver,  the  motion  will  continue  still  longer.  We 
can  never  quite  remove  the  friction  or  the  resistance;  and 
it  is  on  that  account,  that  the  rotation  cannot  be  made  to 
continue  for  ever  without  diminution. 

The  remaining  retardation  is  always  such  as  is  duly  acr 
counted  for  by  the  remaining  resistance. 

Hence  the  first  law  of  motion  is  true. 

Law  2.  When  any  force  acts  upon  a  body  in  motion^  the 
change  of  motion  which  it  produces  is  the  samcy  in  magnitude 
and  direction  f  as  the  effect  of  the  force  upon  a  body  at  rest. 

Both  the  original  motion,  and  the  change  of  motion  com- 
municated, are  retained  in  their  own  directions.  Thus,  in 
fig.  IS,  if  the  body  be  in  motion  with  a  velocity  which  would 
carry  it  through  ABy  and  be  acted  on  by  a  force  which  would 
carry  it  through  AC  in  the  same  time,  it  will  at  the  end 
of  that  time  be  found  at  the  point  2>,  ACBD  Being  a  paral- 
lelogram. 

The  proofs  of  this  law  are  of  the  following  nature. 

The  relative  motions  of-  bodies  with  regard  to  a  limited 
space  are  the  same,  whether  that  space  be  at  rest,  or  move 
uniformly  in  a  straight  line :  (all  angular  motion  of  the  space 
being  excluded.)  And  the  differences  of  the  velocities  of 
bodies  moving  in  the  same  directions,  and  the  sum  of  the 
velocities  of  those  which  move  in  opposite  directions,  are 
the  same  on  each  supposition.  Hence  the  congresses,  and 
impacts  of  the  bodies,  and  all  the  mutual  actions  which 
depend  on  their  relative  velocities,  will  be  the  same  on  each 
supposition.  And  the  velocities  arising  from  these  mutual 
actions  will  be  compounded  with  the  velocity  of  the  $pace, 
and  if  thri   second   law   be  .  true,  will  produce  resulting  re-r 
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latiVe  motions,  which  wilL  be  the  same  as  if'  the  space  were 
at  rest.  And  this  agrees  with  experiment.  For  the  effects 
of  the  impacts  and  other  mutual  actions  of  bodies  are  the 
same  in  a  ship  in  uniform  and  steady  motion,  as  if  the  ship 
were  at  rest. 

Also  the  effects  of  gravity  in  altering  the  relative  motions 
of  bodies  included  in  a  limited  space,  are  the  same  whether 
the  space  be  at  rest,  or  be  moving  uniformly  in  a  straight 
line.  Hence  the  effect  of  gravity  consists  in  compounding 
with  the  previous  motion  of  the  body,  the  motion  which 
the  same  gravity  would  communicate  to  a  body  at  rest. 

Thus  a  body  let  fall  from  the  top  of  the  mast  of  a 
vessel  in  motion,  will  fall  down  along  the  mast,  (if  vertical ;) 
thus  retaining  the  horizontal  motion  of  the  ship,  as  well 
as  the  motion  commpnicated  by  gravity. 

A  body  thrown  across  the  deck  by  a  person  on  board, 
will  in  the  same  manner  proceed  in  the  direction  in  which 
it  is  thrown  relatively  to  the  vessel ;  thus,  both  retaining 
the  motion  of  the  vessel,  and  obeying  the  force  by  which 
it  is  projected. 

Since  the^  earth  revolves  about  its  axis,  every  part  of  the 
earth'^s  surface  is  in  motion.  This  motion  is  circular,  but 
the  radius  of  the  circle  in  latitude  60°,  being  2000  miles, 
and  in  lower  latitudes  larger  still,  the  motion  may  be  con- 
sidered rectilinear  in  all  experiments  on  the  mutual  action 
of  bodies.  And  the  motions  impressed  on  bodies  by  any 
forces,  are  compounded  with  the  motions  which  the  bodies 
previously  possess,  in  consequence  of  the  rotation  of  the 
earth. 

Now  the  motions  impressed  on  a  body  by  the  same  agent, 
are  the  same,  whatever  be  their  direction  with  respect  to 
the  direction  of  the  earth'^s  motion.  Thus  a  pendulum  oscillates 
in  the  same  time  swinging  east  and  west,  or  north  and  south. 

Also  the  motions  impressed  on  bodies  in  different  parts 
of  the  earth,  are  the  same,  relatively  to  the  earth,  if  the 
forces  be  the  same ;    thus  shewing,   that  besides  the  motions 
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impressed,  th^  bodies  retain  the  motions  of  th^  parts  of  the 
earth  where  they  are  without '  change.  And  the  velocities 
of  the  earth  in  different  places  are  very  different. 

Hence  the  composition  of  the  velocity  impressed,  with 
the  velocity  previously  existing,  is  true  when  the  two  di- 
rections make  any  angles  whatever,  aiid  for  ^n  infinite  number 
of  velocities. 

Therefore  the  second  Law  of  motion  is  true. 

CoE.  1.  Fig.  13.  Let  AD  be  the  space  which  would  be 
described  in  any  time  in  consequence  of  the  velocity ;  AB  the 
path  which  is  actually  described  in  the  same  time  in  consequence 
of  the  action  of  a  variable  deflecting  force;  AC  the  space 
through  which  the  force,  retaining  the  magnitude  and  di- 
rection which  it  has  at  A^  would  cause  a  body  to  move 
from  rest  in  the  same. time;  Dh  equal  and  parallel  to  ACi 
then  will  DB  be  ultimately  equal  to  2)6,  and  coincident  with 
it  in  direction. 

Cor.  2.  Fig.  13.  Hence  if  in  any  two  curves,  we  take 
arcs,  as  AB^  aj3,  described  in  equal  times;  the  subtenses  of 
the  angles  of  contact  of  these  arcs,  drawn  parallel  to  the 
directions  of  the  forces,  will  ultimately  be  as  the  forces  at  A,  a. 

CoE.  3.  Forces  tending  to  centers  are  to  the  force  of 
gravity,  as  the  subtenses  of  the  arcs  of  the  curves,  to  the 
vertical  subtenses  of  the  parabolic  arcs  described  by  pro- 
jectiles in  the  smne  time. 

GoE.  4.  If  any  number  of  bodies  move  in  any  manner 
(acting  on  each  other  or  otherwise)  and  if  they  be  all  acted 
upon  by  equal  accelerating  forces  acting  in  parallel  lines,  they 
will  continue  to  move  in  the  same  manlier,  relatively  to 
each   other,  as  if  these  forces  had  not  acted. 

For,  whatever  be  the  previous  motions  and  forces,  in  vir- 
tue of  the  action  of  the  new  forces  all  the  bodies  will  be 
equally  displaced  in  the  same  direction ;  (by  Law  2 ;)  and 
therefore  their  relative  positions  at  any  moment,  and  their 
relative  motions,  will  continue  unaltered. 
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CoE.  5.  Fig.  14.  If  DE  be  taken,  representing  the  velocity 
generated  by  the  force,  in  the  time  in  which  the  body  de- 
scribes AC ;  and  ADj  representing  the  rdLodty  at  A ;  AE  will 
fMimately  be  parallel  to  the  direction  of  the  body'^s  velocity 
at  the  end  of  that  time. 

Draw  CB  a  tangent  at  C.  Then  by  Lemma  xi.  Cor.  2 
AB,  JBC  are  ultimately  equal :  and  BC,  BD  are  ultimately 
equal;  therefore  AB^  BD  are  ultimately  equal,  and 
AD  =  2  AB  ultimately. 

Also  by  Lemma  x.  Cor.  3,  DE  is  ultimately  2  DC 
Therefore  ultimately  AD  :  BD  ::  ED  :  CD;  and  AE  is  pa- 
rallel to  BC. 

CoE.  6.  The  magnitude  of  the  velocity  at  C  is  also 
properly  represented  by  AE. 

Cob.  7.  Hence  in  ultimate  arcs,  if  the  velocities  with 
which  bodies  are  moving,  be  compatmded  with  the  velocities 
which  the  extraneous  forces  would  generate,  according  to 
the  laws  of  the  composition  of  statical  forces,  we  shall  have 
the  resulting  velocities. 

Cob.  •&  If  the  force  be  supposed  to  act  instantaneously^ 
the  same  will  be  true.  Hence  if  JSJEJ,  Fig.  15,  be  the  velo- 
city of  a  body  at  B,  and  EC  the  velocity'  communicated 
instantaneously  at  jB,  BC  will  be  the  direction  and  velocity 
of  the  motion  from  B. 

MEASUBE    OF    THE    aUANTITY    OF    IfATTEB. 

Bodies  are  considered  as  having  the  same  quantity  of 
matter  when  they  produce,  by  their  matter,  the  same  me- 
chanical effects.  The  effect  which  is  more  peculiarly  taken 
as  the  measure  of  this  quantity,  is  the  resistance  to  motion, 
or  rather,  the  smallness  of  the  motion  produced  by  a  given 
pressure.  The  quantity  of  matter  is  supposed  to  be  greater, 
exactly  in  proportion  as  the  velocity,  or  accelerating  force, 
resulting  from  a  given  pressure  upon  the  body,  is  smaller. 

The  resistance  to  motion  measured  as  above  is  called  t^e 
inertia.  Hence  the  quantity  of  matter  is  the  same  when  the 
inertia  is  the  same. 
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In  bodies  of  the  same  material,  the  quantity  of  matter  is 
proportional  to  the  magnitude ;  and  it  will  appear  in  proving 
the  third  Law  of  Motion,  that  the  inertia  is  also  proportional 
to  the  magnitude :  hence  in  such  bodies,  the  inertia  is  as  the 
quantity  of  matter. 

Two  bodies  of  different  materials  are  supposed  to  have 
the  same  quantity  of  matter,  when  they  have  the  same  inertia. 
And  hence,  combining  this  with  what  has  just  been  said,  the 
quantities  of  matter  of  all  bodies  are  as  the  inertia* 

It  is  found  by  experiment  that  the  iqertia  of  different 
terrestrial  bodies  of  the  same,  or  of  different  materials,  is 
proportional  to  their  weight  at  the  same  place.  This  appears 
from  the  experiments  by  which  the  third  Law  of  Motion  is 
proved:  for  the  quantities  of  matter  in  those  experiments 
are  compared  by  comparing  the  weights ;  and  on  this  supposi- 
tion the  law  is  found  to  be  true. 

The  inertia  of  a  body  cannot  be  so  easily  determined  by 
direct  trial  as  the  weight  can.  It  is  therefore  convenient  to 
compare  the  quantity  of  matter,  or  mass^  of  different  bodies, 
by  assuming  it  to  be  proportional  to  their  weights  at  the  same 
place:  and  this  i«  supposed  to  be  done  in  the  following 
reasonings. 

MEASUBE  OF  MOVING  FOUCE. 

Moving  Force  is  measured  by  the  Accelerating  Force 
multiplied  into  the  Quantity  of  Mattter* 

CoE.  1.  The  moving  force  is  as  the  accelerating  force 
multiplied  into  the  quantity  of  matter,  and  the  accelerating 
force  is  as  the  velocity  communicated  in  a  given  time.  Hence 
the  product  of  the  velocity  in  a  given  time  into  the  quantity 
of  matter  will  be  as  the  moving  force. 

Cor.  2.  The  product  of  the  velocity  and  quantity  of 
matter  is  called  the  Momentum :  Hence  the  momentum  com- 
municated in  a  given  time  is  as  the  moving  force. 

Law  3.  When  pressure  cammunicaies  motion  directly 
(that  is,  in  the  direction  of  the  pressure,)  the  moving  force 
w  as  the  pressure. 

D 


By  Cor.  2,  to  the  Def.  of  Moving  Force,  it  appears  that 
this  law  will  be  proved,  if  it  is  shewn  that  the  momentum 
communicated  in  a  given  time  is  as  the  pressure  which  com- 
municates it. 

This  may  be  exemplified  in  various  ways.  When  two  bodies 
P,  Q  are  suspended  over  a  pully,  if  P  be  the  heavier,  P  —  Q 
is  the  portion  of  P  which  is  employed  in  producing  motion: 
and  if  we  neglect  the  pully,  as  of  small  weight,  P-^  Q 
is  the  mass  moved.  Hence,  if  the  law  be  true,  P  •\-  Q,  mul- 
tiplied into  the  velocity  generated  in  a  given  time  will  be 
proportional  to  P  --  Q.  And  this  is  found  to  agree  with 
experiments. 

Atwood'^s  machine  is  an  exemplification  of  the  same  kind : 
but  in  this  machine  the  inertia  of  the  pullies,  and  the  fric- 
tion, are  considerable,  and  require  to  be  taken  into  the  ac- 
count. But  the  momentum  generated  in  a  given  time  is 
always  found  to  be  proportional  to  the  weight  by  which  the 
machine  is  put  in  motion. 

See  Atwood  On  Rectilinear  and  Rotatory  Motion^  Sect.  7 : 
also  Mr  Smeaton'^s  experiment^,  Pfdh  Trans,  Vol.  lxvi. 

The  mutual  pressures  of  two  bodies  against  each  other 
are  in  all  cases  equal.  The  same  is  true  of  the*  mutual 
force  of  attraction,  which  may  be  considered  as  a  pressure. 
Hence,  if  Law  3  be  true,  the  momentum  gained  by  one  body 
and  that  lost  by  the  other,  in  their  direct  action,  ought  to  be 
equal.     It  is  found  in  all  cases  to  be  so. 

Impact  is  really  a  pressure  of  short  duration.  Hence 
the  momentum  gained  and  lost  by  the  two  bodies  in  direct 
impact  must  be  equal,  if  this  law  be  true.  It  is  found 
to  be  so.  See  Newton,  Scholium  to  the  Laws  of  Motion^ 
Prin.  B.  i. 

When  the  pressure  of  a  weight  P  —  Q  produces  motion 
in  a  mass  P  ^  Q^  if  we  suppose  Q  to  become  0,  we  have  the 
case  of  a  body  falling  freely ;  in  this  case  by  the  third  Law, 

P 

the  accelerating  force  is  as  -^ ,  that  is,  it  is  independent  of  P. 
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And  such  is  found  to  be  the  case  in  reality ;  when  bodies  tail 
in  free  space,  they  fall  with  equal  velocities,  whatever  be 
their  weights.  The  truth  of  this  proposition  was  first  es- 
tablished experimentally  by  Galileo,  in  opposition  to  the 
doctrine  previously  prevalent,  that  heavier  bodies  fdil  more 
quickly  in  proportion  to  their  weights.  It  is  true,  that  in 
the  air  heavier  bodies  do  fall  somewhat  more  quickly,  oBteris 
paribus^  than  lighter  ones.;  but  this  is  owing,  not  to  any 
dijfference  in  the  accelerating  force  arising  from  their  weight, 
but  to  the  resistance  of  the  air  to  their  motion,  which  is, 
cceteris  paribus^  greater  in  the  case  of  the  lighter  bodies. 

The  velocities  of  bodies  falling  freely,  are  too  great  to 
be  easily  measure^  with  accuracy:  but  if  we  suspend  a 
weight  at  the  lower  end  of  a  string  of  which  the  upper  end 
is  fixed,  the  force  which  causes  this  pendulum  to  oscillate 
has  a  certain  relation  to  the  weight  of  the  body ;  and  may 
be  calculated  by  knowing  the  length  of  the  pendulum.  Thus 
it  appears  (by  the  resolution  of  pressures)  that  at  equal 
small  distances  from  the  vertical  line,  the  pressure,  or  force, 
which  urges  the  pendulum  towards  the  vertical  line,  i« 
(ultimately)  inversely  as  the  length  of  the  pendulum.  Hence, 
supposing  the  accelerating  force  to  be  proportional  to  the 
pressure,  it  appears  (Lemma  x.  Cor,  5)  that  the  time  of 
reaching  the  vertical  line  will  be  as  the  square  root  of  the 
length  of  the  pendulum;  and  the  time  of  an  oscillation  is 
the  double  of  the  time  just  mentioned.  Therefore  in  different 
pendulums  the  time  of  oscillation  will  be  as  the  square  root 
pf  the  length  of  the  pendulum,  if  the  third  law  of  motion 
be  true. 

Now  such  is  found  to  be  really  the  case.  And  this  is 
an  observation  which  admits  of  great  accuracy :  for  the 
oscillations  of  pendulums  being  perpetually  repeated,  any 
deviation  in  the  duration  of  their  oscillation  from  that  given 
by  theory,  is  also  perpetually  repeated,  and  will  thus  in  the 
course  of  time  become  sensible,  however  small  it  be. 

Let  there  be  a  seconds  pendulum,  and  another  four  times 
as  long,  which  ought  therefore  to  swing  double  seconds.     If  its 
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real  time  of  oscillation  deviates  from  this  by  j^  of  a  second^ 
ia  200a  seconds  (that  is  in  little  more  than  half  an  hour)  it 
will  be  wrong  a  whole  oscillation,  and  will  be  swinging  from 
right  to  left  during  two  certain  seconds,  when  it  ought  to 
have  been  swinging  from  left  to  right  by  the  Law  of  Motion. 

WEIGHT    AMD    ATTRACTION. 

For  a  given  material,  the  weight  of  a  body,  or  its  ten- 
dency to  the  earth,  is  proportional  to  the  magnitude.  By 
connecting  two  bodies,  we  obtain  a  weight  equal  to  the  sum 
of  the  two  weights ;  and  it  is  found  that  the  weight  of  a 
body  is  independent  of  the  figure  which  its  materials  are 
made  to  assume.  Hence  in  such  cases,  the  weight  is  as  the 
quantity  of  matter. 

Bodies  of  different  materials  are  supposed  to  have  the 
same  quantity  of  matter  when  they  have  the  same  inertia. 
And  if  the  weight  of  such  bodies  be  proportional  to  the  in- 
ertia, in  this  case  also,  the  weight  is  proportional  to  the 
quantity  of  matter. 

This  is  proved  to  be  true  by  observation  and  experiment. 
Bodies  of  different  materials,  as  well  as  of  different  mag- 
nitudes, falling  freely,  descend  with  the  same  velocity  in 
the  same  time.  And  in  this  case  also  more  accurate  experi- 
ments may  be  made  by  means  of  pendulums. 

Newton  made  experiments  with  pendulums  for  this  pur- 
pose, (Principia  B.  in.  Prop,  vi.)  of  which  he  gives  the 
following  account.  "  I  experimented  with  gold,  silver,  lead, 
glass,  sand,  common  salt,  wood,  water,  wheat,  in  the  follow- 
ing manner.  I  took  two  round  and  equal  boxes:  I  filled 
one  with  wood,  and  I  suspended  the  same  weight  of  gold, 
as  exactly  as  I  could,  in  the  center  of  oscillation  of  the  other. 
These  boxes,  hanging  by  equal  strings  of  eleven  feet  long, 
were  pendulums  precisely  equals  in  respect  of  weight,  figure, 
and  the  resistance  of  the  air.  Being  made  to  oscillate  near 
each  other,  they  swung  to  and  fro,  in  exact  agreement,  for 
a  very  long  time.  Therefore  the  quantity  of  matter  or 
inertia  in  the  gold,  was  to  the  quantity  of  matter  in  the  wood. 
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as  the  force  producing  motion  in  the  gold,  to  the  force 
producing  motion  in  the  wood;  that  is  as  the  weight  of 
the  gold  to  the  weight  of  the  wood:  and  in  like  manner 
with  regard  to  the  other  subtances.  In  bodies  of  the  same 
weight,  a  difference  of  the  relative  quantity  of  matter  amount- 
ing to  less  than  -^  of  the  whole,  might  be  clearly  detected 
by  this  method/^ 

It  was  proved  by  Newton  that  all  the  bodies  of  the  uni- 
verse attract  each  other  with  forces  of  the  same  kind  as  that 
with  which  the  earth  attracts  the  bodies  that  fall  to  it.  And 
it  appears  that  in  the  case  of  this  attraction  also,  the  force  or 
pressure  arising  from  the  attraction  is  proportional  to  the 
quantity  of  matter  (or  inertia)  of  the  attracted  body* 

This  proposition  also  is  to  be  proved  from  observation. 
It  will  be  true  if  it  is  found  that  the  accelerating  force 
upon  all  bodies  at  the  same  distance  from  the  attracting  body 

is  equal ;  for  the  accelerating  force  is  as  K : —  by  the  third 

Law  of  motion:  and  hence,  if  this  be  always  the  same,  the 
pressure  is  as  the  inertia. 

In  the  cases  which  have  been  most  accurately  calculated 
this  is  found  to  be  true.  The  earth  attracts  the  moon  with 
the  same  accelerating  force  with  which  it  would  attract  a  mass 
of  stone  or  iron  at  the  same  distance :  that  is,  with  the  same 
force  as  that  which  acts  upon  terrestrial  bodies,  diminished  in 
the  ratio  of  the  square  of  the  distance  from  the  earth'^s  center. 
The  sun  attracts  both  the  earth  and  moon,  and  thus  distiurbs 
the  moon's  motion  round  the  earth :  and  it  is  found  by  calcu- 
lation that  these  perturbations  are  such  as  would  occur,  sup- 
posing the  sun  to  attract  the  earth  and  moon  equally,  (for  equal 
masses,)  at  the  same  distance.  In  like  manner  the  planets 
attract  each  other,  and  thus  disturb  each  other^s  motions,  and 
the  perturbations  are  calculated  on  the  supposition  that  the 
accelerating  force  of  each  planet  is  the  same,  at  the  same  dis- 
tance, on  all  the  other  planets. 

It  has  sometimes  been  supposed  that  the  effect  of  an 
attracting  body  upon  other  bodies  is  not  exactly  proportional 
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to  the  inertia  of  the  attracted  bodies,  but  may  depend  upon 
their  nature  and  constitution;  this  point  is  to  be  decided  by 
observation.  The  attractive  force  of  Jupiter  upon  Juno  or 
Pallas  may  be  found  to  be  different  from  his  attractive  force 
upon  Saturn,  by  finding  that  the  perturbations  calculated  on 
the  supposition  of  the  same  attractive  force  (or  mass)  in  the 
two  cases  do  not  rightly  represent  the  observations. 

Assuming  the  Newtonian  doctrine,  that  all  bodies  attract 
each  other  with  forces  proportional  to  their  quantities  of  matter, 
experiments  have  been  made  for  the  purpose  of  determining  the 
quantity  of  matter  of  the  earth,  by  comparing  its  attraction  with 
that  of  known  bodies.  Dr  Maskelyne  ascertained  by  observa- 
tion how  far  the  attraction  of  a  known  mountain  (Shehallien) 
drew  the  plumb  line  aside  from  its  direction.  Mr  Cavendish 
made  experiments  in  order  to  determine  the  mutual  attraction 
of  leaden  balls.  From  each  of  these  sets  of  observations  was 
deduced  the  mass  of  the  earth;  and  hence  (its  bulk  being 
known)  its  density  with  respect  to  water. 

The  density,  according  to  the  observations  of  Dr  Maske- 
lyne, is  nearly  5 ;  according  to  the  experiments  of  Cavendish 
it  is  5,3;  taking  the  calculations  of  Dr  Hutton.  The  near 
agreement  of  these  results,  in  experiments  which  do  not  admit 
of  great  accuracy,  shews  that  the  attraction  exerted  by  the 
materials  of  Shehallien  upon  the  plumb  line,  and  the  mutual 
attraction  of  the  leaden  balls,  is  very  nearly  as  their  weight, 
that  is,  as  the  attraction  of  the  earth  upon  the  different  masses  : 
for  the  weight  was  taken  as  the  measure  of  the  quantity  of 
matter  of  the  masses  in  calculating  the  eartVs  density. 

The  weight  of  bodies  at  a  given  place  is  proportional 
to  the  inertia  or  quantity  of  matter  of  each.  If  we  go  to 
another  place  at  which  the  force  of  gravity  is  different,  the 
weights  of  the  bodies  will  be  different.  But  it  is  found  that 
the  accelerating  forces  of  different  bodies,  arising  from  their 
weight,  which  are  equal  at  one  place,  are  equal  at  any  other 
place,  however  different  the  bodies  be.  Hence  it  appears 
that  the  weight  of  bodies  depends  only  upon  the  inertia  or 
quantity  of  matter  in   each,  and  on  the  force  of  gravity  at 
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the  place  where  they  are:  and  the  magnitude  of  the  latter 
element  is  common  to  all  bodies,  and  has  not  peculiar  values 
relatively  to  bodies  of  different  kinds. 

ON   THE    APPLICATION   OF    THE    LAWS    OF    MOTION. 

When  pressure  communicates  or  changes  motion  by  acting 
obliquely^  the  effect  will  be  found  by  combining  the  second 
and  third  Laws  of  Motion. 

When  pressure  acts  upon  a  body  in  motion,  the  result 
will  be  found  by  compounding,  according  to  the  laws  of 
statical  forces,  the  momentum  which  the  body  already  pos- 
sesses with  the  momentum  which  the  pressure  would  generate 
in  the  same  time. 

For    the  resulting  velocity   was   found  by  compounding 

the  velocities  according  to  this  rule ;   Law  2,   Cor.  5 ;    and 

hence,    if   we  multiply    each  velocity   by   the   mass  of  the 

body,    the  resulting  momentum  will  be  found  by  the  sikme 

.  rule. 

The  mutual  pressures  of  any  number  of  bodies  in  motion, 
connected  in  any  manner,  are  determined  by  the  laws  of 
statics,  the  system  being  considered  as  a  machine,  and  the 
pressures  as  forces  which  keep  each  other  in  equilibrium  on 
the  machine. 

Hence  the  ihotions  of  any  number  of  bodies  will  be  such 
as  result,  when  we  combine  with  the  momenta  which  the  bodies 
already  possess^  the  momenta  which  their  mutual  pressures 
communicate  to  th^n :  and  the  mutual  pressures  will  depend 
on  each  other  by  the  laws  of  statics. 

This  rule  will  be  further  explained  under  the  name  of 
D'^Alemberfs  Principle. 

The  three  Laws  of  Motion  are  thus  proved  by  experiment ; 
and  these  are  the  only  mechanical  principles'  which  we  require 
in  order  to  calculate  the  motions  of  any  bodies  whatever, 
acting  upon  each  other  in  any  manner. 

The  motions  of  various  machines  and  matepal  systems, 
some  simple  and  some  complicated,  of  the  most  diverse  forms 
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and  acted  upon  by  various  kinds  of  forced,  have  been  calculated 
upon  the  preceding  principles.  The  results  of  calculation  have 
been  found  to  agree  with  the  results  which  occur  in  fact,  to  as 
great  a  degree  of  nicety  as  has  been  found  attainable  in  ob- 
servation. By  this  agreement,  the  truth  of  the  laws  which 
are  made  the  foundation  of  this  calculation,  is  established 
beyond  the  possibility  of  a  doubt. 

ON  THE  PROOF  OF  THE  LAWS  OF  MOTION. 

The  three  Laws  of  Motion  are  proved  from  observation 
and  experiment,  and  no  other  kind  of  proof  is  applicable  in 
this  case.  Arguments  derived  from  abstract  considerations 
are  sometimes  given  as  demonstrations  of  these  laws :  but  in 
all  these  cases  there  is  some  fallacy  in  the  reasoning,  A 
few  such  may  be  mentioned. 

Law   1.  It  is   sometimes    asserted  to  be  manifest   that 

a  body   left  to  itself  can  neither  accelerate  nor  retard   its 

own  motion,  and  that  therefore  the  velocity  will  continue 
constant. 

If  it  be  meant  that  a  body  so  circumstanced  cannot  exert 
any  accelerating  or  retarding  force  on  its  own  motion,  this  is 
true,  because  such  force  is  something  extraneous:  but  in 
this  sense  it  does  not  follow  that  the  velocity  will  remain 
constant :  for  the  thing  to  be  proved  is  that  this  will  not  change 
without  the  action  of  extraneous  force.  If  it  be  meant  that 
a  body  so  circumstanced  can  neither  increase  nor  diminish  its 
own  velodty,  this  is  neither  obvious  nor  certain,  without  re- 
ference to  experiment. 

This  Law  is  sometimes  attempted  to  be  proved  in  the 
fpllowing  manner.  The  velocity  will  not  change;  for  if  it 
change,  that  change  must  be  according  to  some  function 
of  the  time:  as  v  =  c  +  at^ +  bi^ +  &c.  Now  there  is  no 
condition  involved  in  the  nature  of  the  case  by  which  the 
coei&cients,  a,  6,  &c.  can  be  determined  to  be  of  any  one 
magnitude  rather  than  of  any  other.  Hence  there  cannot  be 
such  coefficients ;   therefore  a  =  0,  6  =  0,  &c.  and  «  =  c. 
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This  is  fallacious;  for  the  question  is  not  what  is  the 
law  of  the  velocity  of  a  body  from  the  nature  of  the  caee^ 
that  is,  from  our  definitions,  but  what  it  is  in  fact* 

There  would  be  no  contradiction  in  supposing  the  velocity 
to  decrease  perpetually  in   a  geometrical  ratio,  as  the   time 

increases.     Thus  let  ty  s— -,  where  t  is  measured  in  seconds. 

tnr 

If  m  were  — ,  the  velocity  would  in  each  second  lose  ^  of 

if 

the  value  which  it  had  at  the  beginning  of  that  second*. 

Law  2.  The  object  of  this  law  is  to  give  a  rule  for 
the  combination  of  the  effect  of  a  force  acting  on  a  body,  with 
the  velocity  which  the  body  already  possesses.  Hence  it  is 
not  properly  proved,  either  by  the  combination  of  two  velo- 
cities, or  two  forces;  though  propositions  relating  to  such 
combinations  are  sometimes  offered  as  proofs  of  this  law. 

The  combination  of  two  velocities  represented  in  magni- 
tude and  direction  by  the  two  sides  of  a  parallelogram,  will 
produce  a  resulting  velocity  represented  by  the  diagonal. 
Hence  it  is  sometimes  said,  that  if  a  body  moving  with 
one  of  these  two  velocities  have  the  other  communicated  to 
it,  it  will  describe  the  diagonal.  But  the  object  of  the  second 
law  is  to  show  that  the  body  tvill  have  the  second  velocity 
communicated  to  it,  this  velocity  being  that  which  the  force 
would  produce  in  the  body  if  at  rest. 

It  is  sometimes  said  that  the  action  of  a  force  parallel  to 
the  line  DB  cannot  accelerate  or  retard  the  approach  of  the 
body  to  the  line  DB.  But  this  is  not  obvious,  except  we 
suppose  the  body  to  retain  the  two  velocities  independently : 
whereas  in  reality,  the  two  velocities  are  confounded  into  a 
single  velocity,  and  the  d^ndence  of  this  on  the  two  in 
nature  cannot  be  known  from  our  definitions  merely. 

•  Id  the  case  when  «  »  — ;  we  have  -r:  =  ^*;  and  #  =  6 tt — .     When 

c 
t^OyC  is  the  velocity ;  and  when  t  is  infinite^  the  space  descrihed  is  -^ — .    If 

m^^ylm^  .105,  and  the  whole  space  descrihed  is  9i  x  c  nearly. 

£ 


It  is  iMrnieUnie^  «aid  Ihut  tiie  velocity  J>B  my  be.  pro- 
dtioed  by  a  certain  fc^ce,  which  force  will  be  pr^peitioiiid  to 
the  velocity,  and  -may  be  substituted  fcNr  the  velocity ;  and 
then,  this  force  being  compounded  with  the  force  which,  acts 
in  the  direction  ADj  by  the  laws  of  statics,  the  result  will  be 
a  force  in  the  direction  AB^  and  a  motion  in  that  direction. 

To  this  reasoning  the  folio Wn^  objections  exist;  1.  It 
doe9  not  follow  because  the  velocity  DB  may  be  prodticed  by 
It  GMTtain  force,  that  we  taay  therefbre  9tibsiUute  the  force  *  for 
the  velocity.  2.  The  force  here  spoken  of  is  an  inipulsive 
pr  instantaneous  force;  but  we  are  in  no  way  justified  in 
applying  to  such  forces  the  proposition  concerning  the  statical 
composition  of  forces  of  a  kind  quite  different.  3.  There  are 
no  forces  physically  instantaneous;  impact  being  really  a 
short  pressure.  4.  If  we  suppose  instantaneous  forces,  we 
have  no  right  to  assume  that  they  are  governed  by  the  same 
rules  as  physical  forces,  in  the  action  of  which  time  is  a  neces- 
sary element.  5.  If  we  attempt  to  substitute  physical  forces, 
acting  in  time,  for  instantaneous  forces,  in  this  proof,  the  whole 
reasoning  becomes  inapplicable. 

Law  3.  The  third  Law  is  sometimes  understood  to  be 
asserted  in  the  expression  that  ^^  action  and  reaction  are  equal 
9nd  Ofi^site.''''  This  assertion  expresses  a  truth  of  statics, 
whelfe  aotieiii'and  reaction  denote  statical  forces,  namely,  pres- 
sures in  equilibrium.  To  msAae  thi«  assertion  include  the 
third  Law  of  motion,  we  must  give  to  action  and  rectctian 
entirely  new  meanings,  namely,  the  momenta  gained  and  lost. 
That  these  momenta  are  proportional  to  the  pressures,  is  the 
part  of  the  law  which  requires  a  proof  from  experience. 

In  some  treatises  on  Dynamics,  and  especially  in  French 
writers,  the  second  and  third  Aws  are  both  understood  to 
be  included  in  the  Proposition  that  **  the  force  is  as  the 
velocity.""  This  Proposition  is  then  taken  in  two  different 
senses.  In  order  thftt  it  may  express  the  third  Law,  it  means 
that  the  velocity  directly  communicated  to  a  given  body  is  as 
the  pressure  which  communicates  it.  In  order  that  the  pro- 
position, that  ^^  the  force  is  as  the  ^docity,''^  may  express  tiie 
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second  Law,  it  means  that  the  velocity  which  a  body  has  may 
be  replaced  by  a  force  proportional  to  it,  and  that  this  force, 
and  the  extraneous  forces  which  act  on  the  body,  may  be 
compounded  according  lo  the  laws  of  statics.  These  are  two 
different  assertions,  and  require  separate  proofs. 

The  third  Law  determines  what  is  the  amount  of  the 
motion  which  a  given  force  will  produce:  the  second  Law 
determines  in  what  manner  this  motion  will  be  compounded 
with  a  previously  existing  motion. 

The  second  Law  of  motion  is  proved  by  the  experiment 
suggested  by  Laplace;  namely,  by  the  fact  that  the  oscil- 
lations of  the  same  pendulum  are  equally  quick  in  all 
azimuths.  The  third  Law  is  proved  by  experiments  which 
shew  that  the  time  of  oscillation  is  proportional  to  the  square 
root  of  the  length  of  the  pendulum.  One  of  these  laws  cannot 
be  deduced  from  the  other,  except  one  of  these  facts  can  be 
shewn  to  be  implied  in  the  other. 


»        • 
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SECTION   11. 


GEOMETRICAL  SOLUTION  OF  THE  DIRECT  PROBLEM 

OF  CENTRAL    FORCES. 


{[Newton.  Principia.     Book  I,  Section  //.] 


The  direct  problem  of  central  forces  is,  to  find  the  force, 
tending  to  a  given  centre,  which  will  cause  a  body  to  describe 
a  given  curve.  The  motion  is  supposed  to  take  place  in  non- 
resisting  spaces. 

Prop.  I.  When  a  body  moves  in  a  curve^  acted  on  by 
forces  tending  to  a  Jixed  pointy  the  areas  which  it  describes 
by  rays  drawn  to  the  centre  of  force^  are  in  a  constant  plane^ 
and  are  proportional  to  the  times. 

Fig.  16.  Let  the  time  be  divided  into  equal  portions, 
and  in  the  first  portion  let  the  body  describe  AB.  By  the 
first  law  of  motion,  if  no  force  were  to  act  on  the  body,  it 
would  in  the  second  portion  of  time  go  on  to  c,  in  the  same 
straight  line,  describing  B  c  equal  to  AB.  But  when  the  body 
comes  to  j9,  let  a  force  tending  to  the  centre  act  on  it  by  a 
single  instantaneous  impulse,  and  turn  the  motion  in  the 
direction  BC.  Draw  cC  parallel  to  BS;  and  by  the  second 
law  of  motion,  the  body  will  describe  BC  in  the  second  portion 
of  time,  C  being  in  the  plane  ASB.  Join  SC;  the  triangle 
SBC  is  equal  to  SBc^  because  cC^  BS,  are  parallel;  and 
therefore  to  SAB,  because  Be  is  equal  to  BA. 

In  like  manner  if  a  centripetal  force  towards  S  act 
impulsively  at  C,  2),  E,  &c.  at  the  end  of  equal  successive 
portions  of  time,  causing  the  body  to  describe  the   straight 
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» 

lines  CD  J  DEj  EF  &c. :  these  lines  will  all  lie  in  the  same 
plane,  and  the  triangles  SCD^  SDE,  SEP  will  all  be  equal 
to  SAB  and  SBC.  Therefore  these  triangles  will  be  described 
in  equal  times,  and  in  a  constant  plane.     And  we  shall  have 

SADS  :  SAFS  ::  time  in  AD  :  time  in  AF. 

Let  now  the  number  of  the  portions  of  time  in  AD,  AF^  be 
augmented,  and  their  magnitude  diminished,  indefinitely ;  and 
the  above  proportion  will  still  be  true. 

Therefore  also  ultimately  SADS  :  SAFS  ::  time  in 
AD  :  time  in  AF. 

But  ultimately  the  polygon  ABCDEF  &c.  becomes  a  curve 
line,  and  the  force  which  acted  impulsively  at  5,  C,  I>,  -E,  &c. 
becomes  a  force  which  acts  continuously  at  all  points*. 

Therefore  in  this  case  also  we  have  curviL  areas  SADS 
:  SAFS  ::  time  in  AD  :  time  in  AF. 

Cob.  1.  The  velocity  of  a  body  attracted  to  a  fixe4 
centre,  is  inversely  as  the  perpendicular  from  the  fixed  centre 
upon  the  tangent  to  the  curve. 

For  the  velocities  in  the  polygon  at  two  points  Aj  D  are 
as  AB,  DE,  because  these  lines  are  described  in  equal  portions 
of  time.  But  if  SY,  SZ  be  perpendicular  on  these  lines, 
SY.  AB  3=  SZ*  DEy  because  the  triangles  are  equal. 

Therefore  vel.  at  A  :  vel.  at  D  ::  SZ  :  SY. 


*  The  force  in  the  polygon  is  a  force  which  acts  instantaneously  at  the 
angles,  and  thus  produces  a  motion  composed  of  straight  lines.  The  force  in 
the  curve  acts  continuously.  The  force  at  each  angle  of  the  polygon  is  sup- 
posed to  be  such  as  will  produce^  instantaneously^  the  velocity  which  the 
continuous  forces  produces  in  the  time  of  describing  the  side  of  the  polygon. 
Let  ABf  BC  Fig.  15^  be  two  successive  sides  of  the  polygon,  BE  =  BA,  and 
EC  the  space  described  by  the  action  of  the  instantaneous  force.  Then 
if  £D  be  a  tangent  to  the  curve  ABC  at  B,  by  Lemma  xi.  since  BC  «=  BA 
ultimately,  DC  =  DE  ultimately,  and  BC  is  half  EC  ultimately.  Hence  by 
Lemma  x.  Cor.  3,  DC,  the  deflection  from  the  tangent  is  the  space  described 
by  the  action  of  the  continuous  force,  as  it  ought  to  be. 
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Aad  ttUimat^fy  the  vekxsity  in  tbe  polygon  beanne&the 
teloeity  in  the  carre,  and  the  lines  AY^  DZ  are  the  tangents 
at  Ay  D.     Tb^elbrey  &e. 

C«^».  a'.  All  the  preceding  pra^iritions^  are  true,  inrheii 
the  planes  in^  wkieh  the  bodies  mo^e,  and  the  centres  of  force 
situate  in  these  planes,  are  carried  with  a  uniform  and  rec- 
tilinear motion.  For  the  relative  motion  dt  P  with  regaf d  to 
S  will  be  the  same  in  both  cases :  and  the  motion  of  P  will  be 
that  which  will  arise  from  the  action  of  Si  compounded  with 
tbe  motion  (3i  the  plane,  by  Law  2. 

Prop.  II.  If  a  body  moves  in  a  curve  line  in  u  ctmstant 
plane f  and  by  a  ray  drawn  to  a  fixed  pointy  describes  areas, 
about  that  point,  proportional  to  the  times,  it  is  urged  by  a 
central  force  tending  to  that  point. 

The  same  is  true  if  the  point,  instead  of  being  fixed,  be 
liiOTing  uniformitj  in  a  straight  line. 

Case  1.  Fig.  l6.  Every  body  which  moves  in  a  curves 
is  deflected  from  a  straight  line  by  some  force  acting  upon  it. 
If  the  body  were  to  describe  the  pcdygon  ABCDEF,  de- 
scribing the  equal  triangles  SAB,  SBC  &c.  in  equal  times,  it 
must  a-t  B  be  acted  on  by  a  ibrce  parallel  to  e  C  (i7e  being 
equal  to  AB)  by  the  second  law  of  motion.  And  cC  is 
parallel  to  BS,  because  SBC  is  equal  to  SAB  or  SBC: 
therefore  the  force  in  the  polygon  acts  to  the  centre  S. 
But  ultimately  the  motion  in  the  polygon  will  coincide  with 
the  motion  in  the  curve,  and  the  force  in  the  polygon  will  be 
proportional  to  the  force  in  the  curve.  Therefore  in  the 
curvilinear  motion  the  proposition  is  true. 

Cask  2.  And  by  Cor.  ^  to  Prop.  1,  the  fwrce  is  the  same, 
whether  the  plane  in  which  the  motion  takes  place  be  at  rest, 
or  move,  along  with  the  body,  the  figure  described,  and  the 
centre  of  force,  uniformly  in  a  right  line. 

Cob.  1.  In  a  non-resisting  space,  if  the  area  is  not  pro- 
portional to  the  time,  the  force  does  not  tend  to  the  point  to 
which  the  rays  are  drawn.  It  deviates  to  the  side  towards 
which  the  motion  is,  if  the  description  of  areas  is  accelerated ; 
to  the  opposite  side  if  the  description  is  retarded. 
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Con.  2.  In  aresi^ting  medium  also,  H  the  description  of 
areas  is  accelerated,  the  direction  of  the  force  deviates  to  the 
side  towards  which  the  body  moves. 

Pbop.  IIL  If  >a  bodjf  r99okm  dbmU  tm^i^ker  bodg 
which  is  moving  in  any  manner  whatever,  and  ifthejirst'bsdjf 
describe  about  the  secondy  areas  proportiowil  to  the  Umesy 
the  first  body  is  acted  on  by  a  centripetal  force  tending  to 
the  second  body,  and  also  by  the  whole  of  the  force  by  which 
the  second  body  is  acted  on. 

Ijst  L  be  the  first,  T  the  second  body.  iLet  F  be  the 
force  by  which  T  is  acted  on ;  and  let  a  new  force  equal  to  f, 
and  in  the  opposite  direotimi,  act  upon  T  and  L  in  parallel 
MiuQB.  Then  the  motion  of  L  with  respect  to  T,  will  >be 
exactly  the  same  as  before,  by  Cor.  4  to  Law  2.  But  on  this 
supposition  T  is  acted  upon  by  two  equal  and  opposite  forces; 
and  is  therefore  in  the  same  condition  as  if  it  were  acted 
upon  by  no  force;  and  therefore  will  either  remain  at  rest, 
or  move  uniformly  in  a  straight  line.  Hence  by  Prop,  ii,  the 
body  L  is  on  this  supposition  acted  upon  simply  by  a  force 
tending  to  the  centre  T.  But  if  we  now  suppose  L  to  be 
acted  upon  by  the  force  F,  in  a  direction  parallel  to  that  in 
which  it  really  acts  on  T,  L  will  be  rioduced  to  its  real  con- 
dition. Therefore  L  is  really  acted  on  by  a  force  tendfaig 
to  Ty  ^nd  by  the  force  F  which  acts  on  T. 

CoR.  1.  Hence  if  L  describe  areas  about  T,  proportional 
to  the  times,  and  if  from  the  whole  forc^  (simple  or  compound) 
which  acts  on  L,  we  subtract  the  force  which  acts  on  T,  the 
residue  of  force  which  acts  on  L,  will  tend  to  T. 

CoE.  £.  And  if  the  are%s  which  L  describes  be  very 
nearly  proportional  to  the  times,  the  residue  of  the  force  so 
obtained  will  tend  to  T  very  nearly. 

CoR.  S.  And  conversely  if  the  residue  of  the  force  so 
obtained  tend  very  nearly  to  T,  the  areas  will  be  very  nearly 
proportional  to  the  times. 

Cor.  4.  If  L  describe  about  T  areas  which  are  very 
far  from  being  proportional  to  the  times,*  L  is  either  acted 
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upon  by  no  centripetal  force  tending  to  T,  or  this  force  is 
mixed  and  compounded  with  very  powerful  actions  of  other 
forces,  besides  the  force  which  act  on  T»  And  the  whole 
residual  force  on  L  tends  to  some  other  centre  moveable  or 
immoveable. 

Since  it  appears  that  the  equable  description  of  areas 
about  a  centre,  by  a  moving  body,  indicates  necessarily  that 
the  main  force  by  which  the  body  is  aifected,  deflected  from 
a  straight  line,  and  retained  in  its  orbit,  tends  to  that  centre, 
if  the  body  be  governed  by  the  ascertained  laws  of  motion; 
we  may  in  ai>y  case,  as  for  instance  in  tlie  cases  of  the  earth, 
moon,  planets,  and  satellites,  suppose  that  those  centres  about 
which  the  heavenly  bodies  describe  equal  areas,  are  the  centres 
about  which  the  motions  of  such  bodies  are  performed  in 
free  space,  according  to  the  laws  of  motion. 

Prop.  IV.  When  bodies  describe  different  circles  with 
unifarm  motions,  the  forces  tend  to  the  centres  of  the  circles, 
and  are  as  the  squares  of  arcs  described  in  equal  times, 
divided  by  the  radii  of  the  circles. 

The  forces  tend  to  the  centres  of  the  circles  by  Prop.  ii. 

Fig.  18.  Let  JB,  ab  be  arcs  described  in  equal  times, 
BD,  ftd  perpendicular  to  the  tangents  at  A,  a.  Then  DB, 
db  are  the  spaces  through  which  the  bodies  are  deflected 
from  the  tangents,  by  the  action  of  the  forces  to  S  and  s\ 
and  ultimately  are  as  the  forces. 

AB^              ab"" 
Now      DB^——,  db  = . 

^AS  2a8 

Therefore 

'  AB"       ab^     ^  . 

force  at  A  :  force  at  o  ::  — 7--  :  ultimately. 

2AS      2as  ^ 

But  if  AE,  a  6  be  arcs  described  in  any  other  equal  times, 
AE  :  AB  ::  ae  :  ab,  because  the  motions  are  uniform. 

Therefore  AB  :  ab  ::  AE  :  ae  :  and 

AE^      ac^         AE'      ae^ 


Force  at  A  :  force  at  a 


2AS  *  2as   "    AS   '   as 
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Cob.  1.     The  arcs  AEj  a^  are  as  the  velocities:  hence  in 

P 

circles  if  F  be  the  force,  V  the  velocity,  R  the  radius  Foe  —  . 

Cor.  2.  Also  if  P  be  the  periodic  time,  (or  time  of 
describing  the  whole  circle) 

„.        circumference         ,    ,       ^  R 

P  IS  as  z — : ,  and  therefore  as  -- . 

velocity  V 

V*      R 
Therefore  ^^^^R*-^*^-^- 

Cor.  3.     If  P  be  constant,  Foe  JJ,  Poc  R. 

CoE.  4.  If  Poc  ^J?,  Foe  -y/il,  Poc  1,  and  the  force  is 
the  same  in  all  circles. 

1 
CoE.  5.     IfPocJJ,  Foci,  Poc  — . 

R 

CoE.6.     IfPoeijI,  Foe— =,Poc— . 

Cor.  7.     IfPociI%   ^'^^^gJn,  ^^^^i' 

Cor  8.  What  has  been  proved  of  circles,  is  true  of  simi- 
lar portions  of  similar  curves  having  centres  similarly  situated. 
Thus  in  two  such  points  of  two  similar  curves,  force  in  one 

curve  (P)  :  force  in  the  other  (f)  ::  DB  :  db  ::  —rj=  :  — . 

AG      ag 

And  AB  '.  ab  i:  V  I  Vy  these  being  the  velocities.  Also,  since 
the  curves  are  similar  and  AGy  ag  are  the  diameters  of  curva- 
ture, AG  :  ag  ::  AS  :  as. 

Hence    P  :  /  ::  -=r  •  —  • 

-^       R      r 

CoR.  9.  Let  F  be  the  velocity  in  a  circle  at  J,  P  the 
force,  ^  the  time  of  describing  AB,  R  the  radius, 

AB  ^  Vt,  BD  ^  ^Ff.     Hence—.  —  . 

JjB*  F*  F* 

But  ultimately  — —  =  2R ;  hence  -=  =  J? ;.  P  =  — . 

F 


42 

Cob.  10.  Let  P  be  the  pmodic  time :  ir  the  ratio  of  the 
circumference  of  a  circle  to  the  diameter.     Then  2irR  ^  PV, 

47r*JJ*  =  i»P  and  jP  =  47  =^^^- 

Cob.  11.  In  any  time  T  the  arc  described  is  FT;  the  space 
fallen  through  by  force  Fi%\  FT^.  Now  P  7*  =  ^  FT^ .  2R, 
because  RF  =  F*.  Therefore  the  arc  described  in  T  is  a 
mean  proportional  between  the  space  fallen  through  in  T  and 

the  diameter. 

^. 

Lemma  to  Prop.  v.  Fig.  17.  /jf  TXSY  be  any  quadrila^ 
terdl figure^  and  if  DM,  DN  be  parallel  to  SX,  SY,  and 

DM  :  DN  ::  SX  :  SY; 
T,  D,  S  shall  be  in  a  straight  line. 

For  because  SX^  SY  are  parallel  to  DMy  DNy  the  angle 
MDN  is  equal  to  XSY.  Also  the  sides  are  proportional  by 
supposition :  therefore  the  triangles  XSY^  MDN  are  similar ; 
and  the  angle  SXY  =  DMN.  But  the  angle  SXT  =  DMT ; 
therefore  YXT  =  NMTj  and  the  triangles  YXTj  NMT  are 
similar.     Therefore 

YX  :  XT  ::  NM  :  MT 
also     SX  :  YX  ::  DM  :  NM 
therefore     SX  :  XT  ::  DM  :  MTi 

and  the  triangles   SXT,  DMT  are  similar,  and  the  angle 
DTM  =  STX,  whei\ce  D  is.  in  the  straight  line  ST. 

Peop,  Y.  Having  given  the  velocity  and  direction  of 
motion  at  three  points  of  afigy/re  described  by  a  body  acted 
on  by  a  central  force ;  to  find  t fie  centre  of  force. 

Fig.  17.  Let  PT,  QV,  RZ  be  the  three  directions  or 
tangents  at  P,  Q,  J?,  meeting  in  T  and  F.  At  P,  Q,  R 
erect  three  perpendiculars  PA,  QB,  RC,  reciprocally  pro- 
portional  to  the  velocities ;  that  is,  such  that 

PJ  :  QB  ::  vel.  at  Q  :  vel.  at  P 
QB  :  RC  ::  vel.  at  R  :  vel.  at  Q. 
Draw  JD,  DBE,  EC,  parallel  to  PT,  TV,  VR,  and  meeting 
in  D,  E;  join  TD,  VE ;  these  lines  produced  to  meet  will  give 
the  centre  of  force. 
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For  let  S  be  the  centre,  SX,  SV,  and  SZ  perpendiculars 
upon  the  tangents:  DMj  DN  parallel  to  SX^  SY.  By 
Prop.  I.  Cor.  1,  we  have 

SX  :  SY  ;:  veLatQ  :  vel.atP  ::  PA  :  QB  ::  DM  :  DN. 

Hence,  by  the  Lemma,  SDT  is  a  straight  line.  For  a  like 
reason  SEV  is  a  straight  line.  Therefore  S  is  at  the  con- 
course of  the  two  lines  TD,   VE. 

Peop.  VI.  If  a  body  revohe  about  a  ficoed  centre  of 
flfirce/and  if  at  the  extremity  of  a  small  arc,  the  subtense  of 
the  angle  of  contact  at  any  point  be  drawn  parallel  to  the 
line  joining  the  centre  of  force  and  that  point ; 

The  force  tending  to  the  center  is  ultimately  as  the  sub- 
tense directly,  and  as  the  square  of  the  time  of  describing 
the  arc  inversely,  when  the  time  is  indefinitely  diminished. 

Fig.  25.  Let  a  body  revolve  in  the  line  PQ,  about  the 
centre  S :  and  PR  being  a  tangent,  let  QR  be  parallel  to  SP. 

Let  F  be  the  force  at  P,  T  the  time  of  describing  PQ, 
Then  by  Cor.  1  to  the  second  Law  of  Motion,  RQ  is  ultimately 
equal  to  the  space  described  in  7  by  JP  continued  constant ; 
that  is,  to  ^FT".     Therefore 

QR  »  ^FT"^  ultimately, 
and    F  =  ■■        ultimately. 

Whence  this  proposition  is  manifest, 

CoE.  1.  Let  QT  be  drawn  perpendicular  on  SP:  then 
(Lemma  viii)  the  area  SPQ  is  ultimately  equal  to  ^  SP.  QT. 
But  if  ^  be  the  area  described  in  a  unit  of  time,  by  Prop.  i. 

Ave&SPQ  :  A  ::  T  :  1;  hence  ^ SP .  QT  ^  A .  T ultimately, 

and    i»S/*.  Q!r=  ^*.  T*  ultimately. 

Multiply  this  into  the  equation  in  the  proposition,  and  we 
have   i SP" .  QT^ .F^^JP.QR  ultimately, 

whence     F «         '        ■  ultimately* 


r 
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Cor.  2.  Let  SThe  drawn  perpendicular  on  the  tangent 
PR:  then  (Lemma  vii  and  viii)  the  area  SPQ  is  ultimatelg 
equal  to  ^SY.PQi  hence  by  the  same  reasoning  as  in  the 
last  corollary,  we  shall  have 

Cob.  S.  Let  PF  be  the  chord  of  the  circle  of  curvature 
passing  through  S\  then,  by  Lemma  xi.  Cor.  1,  PV.QR 
^PQt,  and  if  we  put  PV'ORioT  P(^  in  Cor.  2,  we  fic^^ 


sr'.pv 


CoE.  4.  If  F  be  the  velocity  of  the  body  at  P,  PQ  =  F .  T 
ultimately  by  Cor.  2  to  the  Definition  of  velocity ;  and  P(f 
=  F»r» ;  therefore  PF.  QU  =  P  T*  ultimately :  but  Qfi=^Pr* 
tdtimateiy,  as  in  the  proposition:    hence  ^PF. /"a  F*,  and 

^=Pf 

CoE.  5.  If  Z'  be  a  constant  force  and  V  the  velocity 
acquired  in  falling  through  a  space  iS,  F*  =  2FS^  by  Cor.  4 
to  Lemma  x.  Now  F*  =  2jF.  JPF,  by  last  Cor.  Hence  the 
velocity  in  any  curve  is  equal  to  that  acquired  in  falling 
down  ^  the  chord  of  curvature  passing  through  the  center  of 
force,  the  force  being  constant  during  this  fall. 

It  appears  from  this  Proposition  and  its  corollaries,  that 
a  curve  being  given,  which  is  described  by  the  action  of  a 
central  force,  the  law  and  magnitude  of  the  force  may  be 
determined  by  determining  the  tUtimate  value  of  any  of  the 
foUowihg  quantities : 

2QR      8J\QR        SAKCIR 
or  the  value  of  either  of  the  following  quantities 

ST'.PV  \pv' 
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The  determination  of  the  law  and  magnitude  of  the 
force,  when  the  curve  is  given,  is  the  solution  of  the  direct 
Problem  of  central  forces. 

The  following  Propositions  are  Examples  of  such  so- 
lutions. 

Pbop.  VII.  A  body  revolves  in  the  circumference  of  a 
circle  J  the  force  tending  to  any  point :  to  find  the  force  (F.) 

Fig.  19.  Let  S  be  the  *  centre  of  force,  and  SY  perpen- 
dicular on  the  tangent  PY,     Then  by  Cor.  3,  to  last  Prop.    ' 

sy^.pv 

Let  ^r  be   the   diameter:     then   by    similar   triangles 

AVP,     PSYy 

PV.SP 


AV  :  PV  ::  SP  :  SY 


AV 


SA^  .AV^ 
putting  this  value  for  SY,  F  =  ^pg'  pp  • 

Hence  in  di£Ferent  points  of  the  curve  the  force  varies 
inversely  as  ^/*.  PP. 

Cob.  1.     Hence  if  the  centre  of  force  be  in  the  circum- 
ference  of  the    circle,    the  points   S  and    V  coincide,    and 

SAKAS^ 


F^ 


SP" 


The  force  in  this  case  varies  inversely  as  the  fifth  power 
of  the  distance. 

CoE.  2.  Let  the  force  =  -^n^f  M  being  constant.  Also 
let  P  be  the  periodic  time :  then  P  .A^  the  whole  area  of 
the  circle  =  — .      Hence  A  « 


4  4P 

And  M-(8^.^/-)^!^^, 
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^         6 
whence  -P  =  —  AS^, 

2/* 

About  the  same  centre,  /u  is  the  same,  and  P  oc  AS^  ' 


Cob.  3.     By  Cor.  1.  Prop.  i. 

vel,  at  f      SA      SA   SP      SA^ 
vel.  at  ^  ""  SY^  SP'  SY^SP 


by  i^milar  triangles. 


Cob.  4.  Let  R,  S  he  two  centres  of  force,  A  the  area 
described  in  a  unit  of  time,  when  the  body  moves  in  a  circle 
about  R ;  B  the  area  described  in  a  unit  of  time  when  the 
body  moves  in  the  same  circle  about  S;  F^  Gy  the  two  forces. 

SAKAV 


Then     F  = 


G  = 


rFTpt^' 

SBKAV 


Hence 


^  ^    •  RP'.PT'  '  SP'.PV^''''''        PT^  ''        SF' 

Let  SG  parallel  to  TP  meet  the  tangent :  then  by  similar 
triangles  PSG,  TPV,  PV  :  PT  ::  SG  :SP\ 

PV      SG 


hence 


PT     SP' 


n 


And  F:  G  ::  ^'-^  '  ^  sS'  ""^ ''  ^^S(?  :  B'.SP.RP'. 

Cob.  5.  In  any  curve  touching  GP  at  P,  and  having 
PTV  for  its  circle  of  curvature,  the  subtenses  of  the  angles  of 
contact  are  ultimately  equal  to  those  of  the  corresponding  arcs 
of  the  circle ;  and  hence  (Prop,  vi)  the  forces  in  such  a  curve  are 
ultimately  equal  to  the  forces  in  the  circle  in  the  same  direc- 
tions, and  for  the«same  velocity.  Hence  in  any  curve,  if  F  be 
the  force  tending  to  £,  G  the  force  tending  to  S^  SG  parallel 
to  RPy  A  and  B  the  areas  in  a  unit  of  time  described  about 
R  and  S  respectively. 

F  :  G  ::  A\  SG^  ::   B'.SPRP'. 


♦7 

Peop.  VIII.  Fig  90.  Lei  a  body  mo^e  in^  a  ^emidtele. 
FQAv  the  fwee  tending  in  parallel  lines  PM^  QN :  to  find 
the  law  and  magnitude  of  the  force. 

This  may  be  considered  as  a  case  of  a  body  acted  on 
by  a  central  force,  by  conceiving  the-  centre  to  be  indefinitely 
distant,  so  that  all  lines  tending  to  it  may  be  assumed  to  be 
parallel. 

Let  C  be  the  centre^  and  CMN  a  diameter  perpendicular 
to  the  direction  of  the  force.  On  account  of  the  similar  tri- 
angles CPM,  PZTj  RZQ,  we  have  CP"  :  PJf* ::  PR" :  QT»; 

Also  by  the  property  of  the  circle  PJB*  =  QR.RW^  and 
ultimately  ^QR.PV^QR.2  PM.     Hence 

CP^  :  PM*  ::  QR.ZPM  :  Q7«;  CP^.QT*^  QR.^PUP; 

QR       <7/* 


QT*     ^PJIP 


ultimately ; 


Also  --^  is  constant ;    for  J  is  constant,  and  SP «  SO 

ultimately,  when  S  is  indefinitely   distant,  and  is  therefore 
constant. 

8  J*      A\zMlSr     ^MN* 


Now 


8 


SP"     ISP'.QT*         T 

because  \  SP.QT  :  A  .:   T  i  i,  (Prop-  i) 

MN  MN 

Hence  is.  constant :  let  -^  s  17,  and  multiplying  to- 
gether the  expressions  for 

—  and  for  — ,  we  have  the  force  at  P=— ^^^  . 

Here  U  is  the  velocity  parallel  to  CA. 

Hence  it  appears  that  the  force  is  inversely  as  PM^. 

Lemma  to  Prop.  ix.  In  the  spiral  which  cuts  all  its  rays 
at  equal  angles,  rays  at  equal  angular  distances  have  every- 
where  equal  ratios. 

Fig.  21.  Let  any  angle  PSQ  be  c6nceived  to  be  divided 
into  any  number  of  equal  parts,  PSO,  OSC/j  O^SQ ;  and  let 
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pSq  be  an  equal  angle  in  another  part  of  the  curve,  divided 
into  an  equal  number  of  parts.  UUimcUelyj  when  the  number 
of  parts  in  each  case  is  indefinitely  increased,  the  triangles  will 
be. all  similar :  for  SPO  =  SPR  ultimately ,  and  Spo  =  Spr; 
an4  the  other  angles  of  the  triangles  are  equal  by  the  con- 
struction: hence,  whatever  be  the  number  of  angles,  we  have 
such  proportions  as  these. 


So; 

So; 

Sq;  therefore 

Sq. 


SP  :  SO  ::  Sp 
SO  :  SO^  ::  So 
SO^  :  SQ  ::  So 
SP  :  SQ  ::  Sp 

Cob.  1.  Let  (i  be  the  angle  which  the  curve  makes  with 
the  ray  :  and  let  the  angle  Q^SPbe  =  7,  and  the  ratio  SQ  :  SP 
be  1  :  1  +  c.     Let  the  angle  QSP  be  divided  into  equal  parts, 

PSO9  &c,  each  =  — ;  therefore  the  ratios  SO  :  SP,  &c.  are  all 

n 

equal;  and  ^0»  :  SP""  ::  SQ  :  SP;  or 

11  1 

SO  :  SP  ::  SQ''  :  SP''  ::  1  :  (l  +c)». 

Now  if  OM  be  an  arc  with  centre  Sy  and  RN  a  perpen- 
dicular on  SP,  we  have 

RN  =  SO .  sin  PSOy  NP  =  MP  uUimately,  =^SP-SO; 

RN     SO  sin  PSO      ,  . 
•  ^^^    lirE  ~  ""oD — cf?r  '  ultimately ; 


tan^ 


NP       Sp- 

SO 

ain  PSO 

~  SP        '  ' 
SO 

v^nenc 

•   7 
sin  — 

n 

nbei 

1        » 

(l+c)»-l 

7 

~                I 

' "    . 

«  (1  +  c)  • 

-n 

Now,  by  the  binomial  theorem. 


4» 


w  (1  +c)»  -«  =  nu  +  -C  + c*+  fcc.l  -n 

'       n  1.2  * 


\n       )    \n       ) 


1 
1 

«  c  +  —  C*  +  ----———  if  +  &c. 
1.2  1.2.S 


and  since  n  is  infinite,  this  is  =  c +  —  —  &c. 

'  2      8 


Hence  tan  fi 


i?     i?     ^        1(1 +c) 
2      3 


CoE.  2.     Hence  1(1  +  c)  =  — ~r;  and 

'     tanj3 


1  +  c  =  e^^ ,  e  bdng  the  base  of  natural  logarithms. 

Cob.  S.     If  PSOy   OSff,   &c.   be  taken  all  equal,  the 
similar  triangles  thus  formed  will  be  in  geometrical  progression 

for  OSa     SO.S(f     SCF 

PSO^  SP.80^ SP^^ 
Hence  the  whole  area  will  be  the  sum  of  this  infinite  de- 
creasing geometrical  profession  tdtimately^  PSO  being  dimi- 
nished without  limit,  (Lemma  iii)  and  this  sum  gives 

triangle  PSO 


areas 


Now  if  the  angle  PSO  =  7,  ^^d^— -  =  — - , 

SP     1  +  c 

triangle  PSO ^^SO.SP sin 7, 

h^lftse 


area 


^SO.SPtiny     ^^^SO^     SP*il+c)fioy 
S^      "  2  '~~SP  "    2     (1  +  c)«  -  1  • 

G 


6© 

But,  by  Cor.  2,  sin  ^  =  7  ultimately  =  (<?  -     + &c.)  tan  j3, 

hence 

^P^  (1  +  c)  (c  -  &c.)         ^     ^'P*  (1  +c)  (1  -  &c.)        ^ 
area  = ^ J  ^   ^ ^  tan  fl  « ^        ^^ ^ tanjS, 

ops 

and  ultimately y  since  ^  =  0  and  c  «=  0,   this  area  = tan  /3. 

4 

Pbop.  IX.  Let  the  body  revolve  in  the  equiangular  spirat 
just  described  :  to  ^nd  the  force. 

Fig.  22.  Let  PSQf  pSq  be  two  small  equal  angles ;  and 
since  the  angles  SPRj  Spr  are  also  equal,  and  their  supple- 
ments PRQy  prq;  and  abo  SP  :  SQ  ::  Sp  :  Sq  by  the 
Lemma  to  this  proposition ;  the  figures  SPRQj  Sprq  are  si- 
milar.    And  QT  will  be  a  similar  line  in  each  figure;  hence 

QR_qr  QR       qr  1         ^       ^        J. 

QT^  Tt  QT^  'qf  '''   Qf'Tt"  SP'Vp' 

QR 

Now  if  the  angle  PSQ  be  different  from  pSq^  — =  remains 

the  same  as  before,  by  Lemma  xi.     Hence,  in  all  cases, 

QR       qr         I  1 


and 


QT^  '  qf  "  SP  '  Sp' 

QR  qr  1  I 


SP»^QT^      SpKqt       SP"      Sf 
and  the  force  is  inversely  as  the  cube  of  the  distance. 

Cor.  1.     To  find   the  actual   value    of   the  force:    let 

SP 
PSa^  yy -^^  I  +  c. 

QR^TN::-PT-'  PN^  SP  -SQcosPSQ  -  «J\rcotan  RPN 

=  SQ  (1  +  c  -  cos  7  -  sin  7  cot  j3) 

QT*  =  sin  ^PSQ  =  S(^  sin  ^7,  and  SQ  =  SP  ultimately ; 

QR      1  +  c  -  cos  'y  —  sin  7  cot  j3 

hence  ■,„„  =  ^y>  ;  ^ • 

QT^  SP  nm^y 
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Now  when  7  is  very  small,  by  Cor.  «, 

tan/S     1.2*tan*/3 
cos  v  *1 ^—  +  &c. 

«in  7  cot  j3  «  — ^r  +  &c. 
'  tan  j3 

sin*  7  =  ♦y*  —  &c. 

hence,  neglecting  terms  beyond  y^y  because  the  ultimate  value 
is  wanted. 


QR      2tatf/3      2        1      /cos«/3 


\sin*  3       J 


QT»  SP.y""         ^SP\sin'(i       J      2^Psin«/3' 


Hence  force  = 


SP"  QT^     8in«/3 .  SP" 


Cob.  2.  The  figure,  taken  to  any  distance  from  the 
centre,  is  always  similar  to  itself.  Hence  (Lemma  v)  the  area 
^8  as  Sr^;  and  the  area  A  being  constant,  the  time  of 
descending  to  the  centre  from  P  is  as  *yJ*. 

SP^ 
CoE.  S.  By  Cor.  3  of  last  Lemma,  whole  area  = .  tan  j3. 

4 

Hence  time  to  centre  = 7  tan  j3. 

Let  force  =  — ;  hence  by  Cor.  1,  ^  =  ^r^,  -^  = • 


Whence  time  to  centre  = 


CoE.  4.     By  Cor.  1  to  Prop.  i. 


2/u^cos/3  ' 


vel .  at  P      Sy       Sp     ^      ...      ^  .       , 
-— — =:_^«  -^,  by  simUar -triangles. 

vel .  at  p      SV      SP 


S2 

Pkop.  X.    A  body  rewj^ve^  in  an  ellipse^  the  eenlre  of 
force  being  in  the  centre  of  the  ellipse :  to  find  the  force, 

4 

Fig.  23.  Let  CA%  CB  be  the  semiaxes  major  and  minor, 
P  any  point,  and  DK  a  diameter  conjugate  to  the  diameter 
PG;  QJR  parallel,  QT  perp«idiciilMr  to  CP;  Q«  parallel  to 
the  tangent  PR ;  PF  perpendicular  to  DK. 

By  Conies  (Hustler,  Ellipse,  Prop,  xvi.) 

Pv.vG  :  Qt>*  ::   CP"  :  CD\ 
also  Q«* :  QT^ ::  CP^  :  PF^  by  similar  triangles, 

hence     P«.t>G  :  QT* ::  CP*  :  Ciy.PF^. 

::  CP*  :  AC  .BC\  Hust.  Prop.  xv. 

Pf>.vG  CP^ 

Thfirefpre 


HT*        A(?.B(? 

Write  QJ^  fear  its  equal  Pt>  i  and  for  «  Q,  « CP,  to  which 
4t  is  ultimately  equal  i  and  dividkig, 

QJ?  CP 


m^m^^mm—^^m 


•whence  we  hare  (by  Prop.  vi.  Cor.  3,  8P  being  here  CP.) 

Hence  the  force  is  as  the  distance  CP^ 

CoK.     Let  the  &rce«M-CP;  therefore 

4^^  .       ,^C.JBC 


whole  area      ir»AC.BC 
And  the  periodical  time  = -^ "^ ]J 


27r 


Hence  the  periodic  time  is  the  same,  about  the  same  centre, 
whatever  be  the  milgnitude  of  the  major  axis  of  the  ellipse. 
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Pbop.  a.  Having  gioen^  at  ^  gwen^p^mU  the  vebciiy 
and  direeiion  of  the  motion  of  a  body^  revolving  about  a  given 
centre  of  force  varying  aa  the  distance,  to  find  the  curve 
described. 

Fig.  ^.  Let  PR  be  the  given  direction. of  projectioii,  O 
being  the  centre*  And  let  PVbe  four  tioies  the  space  through 
which  a  body  must  fall  to  acquire,  by  the  action  of  the  force 
at  P,  {^fjL.CF)  continued  constant,  the  velocity  which  the 
body  has  at  P,     Hence  PV  ia  given  by  the  formula  for 

constant  forces,   F^ «  2  ^ . « . 

4  2 

Draw  DCJT  parallel  to  PR,  PF  perpendicular  on  it,  and 

CP  PV 
take  in  PF,  PH  so  that  PH^ «  .     Join  CH;  bisect 

2 

it  in  /;   join  P/;  take  /ilf,  IN  each  equal  to  IC  or  IH. 
DmwCJf,  CN;  UkeCA^PM,  CB^PN. 

CAy  CB  are  the  positions  and  magnitudes  of  the  aemiaxes 
major  and  minor  of  the  ellipse  described. 

By  CiHiics  (Hustler,  Ellipse,  xix).  If  PV  be  tlie  chord 
pf  icurvature  at  P,  and  CD  the  conjugate  semidiaineter 

PVJS^,  whence  dy^^^^^CH'. 
CP  2 

With  centre  /  and  radius  IC  describe  a  circle;  it  will 
pass  Uirough  (7,  JET,  JIf,  JV,  and  F  because  CFH  is  a  right 
angle.     Ther^ore  PF  .PH  ^PM  .PN  ^  CACB. 

m  * 

Also  PC»+  PH*  ='PP  +  IC*  +  PP  +  IIP, 

=  PP  +  liP  +  PP  +  IN*, 
=  (PI  +  IM)*  +  {PI  -  IN)*, 
=  PM*  +  PN*, 
^CJ*  +  CB*. 
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Hence,  since  CD  s  PH,  we  have 

PF.CD^AC.CB,  PC' +  Ciy  ^  JC -¥  CB". 

And  these  are  two  equations  which  determine  AC 9  BC. 
But  these  are  two  properties  of  the  semiaxes  major  and  minor. 
(Hust.  Ell.  XIV.  and  xv.)  Therefore  JC  and  BC  have  the 
due  magnitude  of  the  semiaxes  of  the  ellipse,  of  which  the 
chord  of  curvature  ait  P  is  PV. 

Also  they  have  the  due  position.  For  let  PH^  CN  meet 
in  Of 9  and  CF,  NH  in  y.  The  angles  wFy^  wNy  being  right 
angles,  the  circle  on  diameter  wy  will  pass  through  F  and  iVT. 

Also 
,  angle  PNx  =  CNM  =  CFM  =  xFNy  because  CFw  =  MFN. 

Therefore  PNx  is  equal  to  the  angle  in  the  alternate 
segment  aFN^  and  therefore  PN  ip  a  tangent  to  the  circle 
wy  at  N. 

Hence  PF.Px^  PIP  ==  J?C*-  But  (Hust.  Ell.  ?:i.)  this 
is  true  if  Cw  be  the  position  of  the  major  axis.  Therefore  CA 
is  the  position  of  the  major  axis  :  and  NCM  is  a  right  angle ; 
therefore  CB  is  the  position  of  the  minor  axis. 

Therefore  the  ellipse  of  which  PV  is  the  chord  of  cur- 
vature is  rightly  determined  by  the  preceding  construction. 
But  the  curve  described  by  the  body  can  be  no  other  than 
this  ellipse ;  for  a  body  acted  on  by  the  force  and  having 
at  P  the  velocity  and  direction  which  are  here  supposed, 
may  move  in  an  ellipse,  of  which  the  chord  of  curvature  will 
jbe  PV  (Prop.  vi.  Cor.  5)  and  there  cannot  be  two  curves  de- 
scribed by  two  bodies  setting  out  .with  the  same  velocity,  in 
the  same  direction  from  the  same  pointi»  and  acted  on  by  the 
same  force. 
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SECTION  III. 


ON  THE  MOTION  OF  BODIES  IN  CONIC  SECTIONS, 
THE  FORCE  BEING  IN  THE  FOCUS. 


[Nbwton.  Principia.     Book  I.  Section  Ilf.J 


Pbop.  XI.  A  body  revolves  in  an  ellipse;  it  is  re- 
quired to  Jind  the  force  tending  to  the  focus  of  the  ellipse. 

Fig.  S6.  Let  S  be  the  focus,  PQ  a  small  arc,  QR  the 
subtense  parallel  to  iSjP,  QT  perpendicular  to  SP;  C  the 
centre,  PC  a  diameter,  Qv  an  ordinate  parallel  to  the  tangent 
at  P,  cutting  SP  in  w. 

Let  CD,  conjugate  to  CPy  meet  SP  in  E ;  PE  is  equal  to 
the  semiaxis  major  AC ;  for  if  ^  be  the  other  forces,  and  HI 
parallel  to  CjB,  we  have  SC  i  CH  ::  SE  :  EI;  therefore 
EI^ES  and  ^PE ^  PE  ^  ES ^^  PE  ^ EI ^  PS ^  PJ ^  PS 
+  PH^  because  IH  being  parallel  to  the  tangent  at  P,  makes 
equal  angles  with  PS^  PR;  (Hust-  Ell.  Prop,  iv.)  But 
PS  +PH^  2ACy  (Hust.  EU.  Prop,  i.)  Hence  PE  =  AC. 
Now  we  have 

QR  (^  Pai)  :  Pv  ;:  PE  :  PC  by  similar  triangles. 

Therefore     Gv.QR 
by  Conies,     Gv .  vP 
ultimately     Qv^ 
and  by  sim.  tri.      Qit^ 


Gv.vP  ::  PE.PC  : 

/»C», 

Q«*      ::        PC     : 

CD*, 

Q«*      ::           1        : 

1; 

QJTS       ..     pj5« 

:  PF*. 
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Compounding  these  four  proportions,  and  observing  that 
ultimately  Gv  —  iPC,  we  have  tUHmatelyt 

iPC.QR  :  QT*  ::  PI?. PC  :  CD^.PF*, 

'A  AC*. PC  :  AC.BC, 

9PC.QR     AC.  PC     QR       AC 


heme 


QT* 


*m<mt0 


«i  »    I    I   »^— ^^  .       ^-^ 


BO    '  QT'     2J?C* 


Now 


Hence 


2J?C 
AC 

QR 


L  the  latus  rectum  (Hust.  Ell.  iii.) 


QT'     L 


The  force  = — rr=-.  w  = 


QT'.SP*"     L.SP"' 
Hence  the  force  varies  inversely  as  SP^. 

P&OP.  XII.  A  body  moves  in  a  hyperbola :  His  require^ 
to  find  the  force  tending  to  the  focus. 

Eig.  27«  As  before  let  CA,  CB  be  the  semiaxes  major 
and .  minor,  PGy  DK  two  conjugate  diameters ;  S  the  focus, 
Qxv  an  ordinate,  parallel  to  the  tangent  at  P  and  meeting 
SP  in  w ;  QJR  the  subtense  parallel  to  SP. 

Let  SP  meet  CD  in  E\  PE  is  equal  to  the  semiaxis 
major ;  for  if  jET  be  the  other  focus,  and  if,  in  the  figure, 
HI  were  drawn,  meeting  SP  produced  in  the  point  /,  we 
should  have  SC  :  CB  ::  SE :  EI.  Therefore  EI=  ESj  and 
2PE^EI^EP^{ES''EP)  =  IP''SP^HP''SPy  [be- 
cause  ffl  bemg  parallel  to  the  tangent  at  P,  makes  equal 
angles  with  P/,  PH.  (Hust.  Hyp.  Prop,  iv.)]  But  HP-SP 
«  2  AC.     (Hyp.  P.  I.)     Hence  PE^AC     And  we  have 

QR  (==  Pa)  :  Pv  ::  PE  :  PC,  by  similar  triaogfea. 

Therefore  Go.  ^ 
by  Coflics^     Gv .  vP 

ultimately,       Qtj* 
and  by  sim.  tri.      Qa^ 


Gv.vP  : 

:  PE.PC  :  PC*, 

Qt>»      : 

PC*   :  ciy, 

Qaf      : 

:          1:1; 

QT*     : 

PE*     {  PF*. 
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Compounding,  we  have  ultimately  {Gv  being  then  «  iPC), 
2PC.QR  :  QT*  ::  PI?. PC  :  CD'.PF', 

::  AC  .PC  :  AC.  BC*,  by  Conies. 

OR        AC       1 


Whence 


Hence  the  force 


QT*      2BC*~L* 

SA'QR         8A^ 


QT».SP*     L.SP*" 

and  the  force  varies  inversely  as  the  square  of  the  distance. 

f 

In  a  similar  manner  it  may  be  shewn  that  if  the  body 
move  in  the  opposite  hyperbola,  it  must  be  acted  on  by  forces 
tending  from,  instead  of  to,  the  centre,  and  varying  inversely 
as  the  square  of  the  distance. 

Peof.  XIII.  Let  a  body  move  in  a  parabola :  it  is  re^ 
quired  to  find  the  body  tending  to  the  focus  of  the  figure. 

Fig.  28.  Let  S  be  the  focus,  A  the  vertex,  P  any 
point,  QR  the  subtense  parallel  to  SP^  QT  perpendicular  to 
SP9  PG  parallel  to  the  axis,  Qwv  parallel  to  the  tangent; 
SN  perpendicular  to  the  tangent. 

Then  PG,  PS  make  equal  angles  with  the  tangent, 
(Parab.  11)  to  which  Qxv  is  parallel:,  therefore  wP'O  is  an 
isosceles  triangle ;  and  Pu  =  Pw  =  QJ?.  Now  by  Conies 
(Parab.  XI)  4^SP*Pv^Q^\  or  A^SP.QR^Qa?  ultimately 
(Lemma  vi.) 

But  Qaf"  :  QT^  ::  SP"  :  SN^  ::  SP  :  SA ;  (Parab.  viii.) 
whence  4SP.QR  :  QT^  ::  SP  :  SA. 

And     «*         ' 


Hence  the  force  = 


QT^     4SA ' 
8^«.QJ?  2  A' 


SP".  QT""     SA.SP"' 


Peof.  XIV.       When  several  bodies  revolve  in  ellipses 
about   the  same  centre  of  force^    varying   inversely  as  the 

H 
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square  of  the  disttmcey  the  principal  latus  rectum  in  each, 
is  as  the  square  of  the  area  described  by  its  ray  in  a  unit 
of  time. 

sA 
By    Prop.    XI.      The    force    in    this    case    is   ■- — ^^> 

where  J  is  the  area  described  by  a  unit  of  time,  and  L  the 

latus  rectum.     But  about  the  same  centre,  the  force  is  -— ^ ; 

therefore 

JUL  =  — =— ,  L  = ,  or  Zr  IS  as  A% 

L  fji 

CoE.     H^M^e  A  =  — — -^ —  . 

Peop.  XV.  On  the  same  suppositions,  the  periodic  times 
in  the  ellipses^  are  in  the  sesquiplicate  ratio  of  the  major 
aans  (that  is  in  the  ratio  of  the  power  of  which  the  indew 

For  the  whole  area  s  ^ .  AC .  JSC     Hence 

whole  area 


periodic  time  ^ 


area  in  time  1 ' 


y/zti^/L        y      BC  A? 

2>v/2        '^^^/AC 

CoE.  Hence  the  periodic  time  depends  only  on  the 
major  axis,  and  is  therefore  the  same  in  the  ellipse,  and  in  a 
circle  of  which  the  diameter  is  equal  to  the  major  axis  of  the 
ellipse. 

Fig.  26.  If  PQ  be  an  arc  described  in  any  time  T, 
PQ  is  ultimately^  ^  T.V,  V  being  the  velocity  at  P.  Also 
the  area  SPQ  is  ultimately  ^A.T.     But  2aS'PQ  is  ultimately 

A 
-  SY.PQ.     Therefore  SY.  V.T^A.  T,  and  hence  V^-—. 
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Pbop.  XVI.  On'ths  same  suppoiiiimB,  ike  velodtke  of 
the  bodies  at  any  points^  are  inversely  as  the  perpendiculars 
from  the  centre  of  force  upon  the  tangents  at  these  points ^ 
and  directly  as  the  square  roots  of  the  Latera  recta  of  the 
orbits. 

Now  by  Prop,  xiv  A  «  ^ — '-^ — ; 

ft  ^/ 8. 

hence,  by  Prop.  xV,  r«^^.^ 
and  the  velocity  is  as  ^      . 

Cob.  1.     Hence  £«-.P.5'F*,  andLocJ^. SYK 

Cob.  S.  At  the  greatest  and  least  distances,  the  curve  is 
perpendicular  to  the  ray;    SY  coincides   with  the  distance, 

(as  ^^)  and  Foe ^^. 

Cob.  S.  To  compare  the  velocity  at  any  point  of  a  eonic 
section,  with  the  velocity  of  a  body  revolving  in  a  circle  at 
the  same  distance,  and  acted  on  by  the  same  force. 

The  velocity  in  any  curve  is  equal  to  that  acquired  by 
falling  down  ^  the  chord  of  curvature,  by  the  force,  continued 
constant.  Prop,  vi.  Cor.  S.  Hence,  PV  being  the  chord  of 
curvature, 

PV  SP 

P  in  conic  section  :   F*  in  circle  ::  2  F. :  2  F.  — 

::  PV  :  2^P. 

2Ciy     2SP.HP 


Now  in  the  ellipse  or  hyperbola  PV  = 


AC   "       AC 


2 .  SP .  HP 

Hence  F*  in  conic  section  :   F*  in  curve  ::   -^ — -j^ :  2  SP. 

AC 

::  HP  :  AC. 

Cob.  4.     At  the  mean  distance  in  the  ellipses,  HP  ^  AC ; 
hence  the  velocity  is  equal  to  that  in  the  circle. 


!6^ 

CoE.  5.     In  the  same  figure,  or  in  different  figures,  for 
which  the  latus  rectum  is  the  same,  ^^c  — - . 


CoE.  6.     In  the  parabola  SY^^  y/SP  >SA^  hence 

^'^W'^V^m^VsP^^'''^^'^  is  constant. 

SIP  SP 

In  the  eUipse  SY^^BC^ (Hust.  EU.  vii)  =  BC^     ,^    ^^ 
^  HP^  ^  ^AC-SP 

1        y/^AC-SP 


^SY  BC^SP  \ 
Hence,  when  SP  diminishes,  V  increases  in  proportion  to 
.  p,  in  consequence  of  the  denominator:  but  it  also  in- 
creases in  consequence  of  the  numerator,  for  2  -4C  —  SP 
increases;  hence  the  velocity  increases  faster  than  in  pro- 
portion to— ^. 

SP  S!P 

In  the  hyperbola,  Sr^BC^p^BC* ^^^+SP  ^^^P'  "''^ 

t 

1        y/^ACVSP 


SY        BCy/SP    ' 
Hence   when   SP  diminishes,    V  increases    in    proportion   to 

^    ■  in  consequence  of  the  denominator :  but  it  diminishes 

in  consequence  of  the  numerator,  for  2  AC  +  SP  diminishes : 
hence  the    velocity  increases    slower    than  in  proportion  to 
1 

CoE.  7.     In  the  parabola  Pr=  4  SP.     Hence,  by  Cor.  S, 
F^  in  parabola  :   F*  in  circle  ::       2  :  J, 
and     Fin  parabola     :   Fin  circle    ::  v2  :  1. 
In  the  ellipse,  HP  ^^AC  -  SP\  hence,  by  Cor.  3, 
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V  in  ellipse  :   V  in  circle  ::  \/2  AC  -  SP  :  's/AC 

::    \/  2 :   1  • 

^         AC 

Hence  the  ratio  is  less  than  -y/s  :  l. 
In  the  hyperbola  HP='i  AC  +  SP;  hence,  by  Cor.  S, 
Kin  hyperbola  :   V  in  circle  ::.  y/s  AC  +  SP  :  y/AC, 


.  /       SP 

Hence  the  ratio  is  greater  than.  y^2  :  1 
Cob.  8.     In  the  same  way  as  in  Cor.  3, 

V  in  conic  section  :   V  in  circle  of  radius  iL  ::  ^^— -r  :  % — 

^  SY       \L 

::  \L    :  SY, 

by  Cor.  5,  for  the  latus  rectum  L  is  the  same  for  both  curves. 

Cob.  9*    By  the  same  reasoning. 

Fin  circle  of  radius  ^L  :  V  in  circle  of  radius  SP ::  y/^P :  V^Ji'* 

Prop.  yi.  Cor.  3.     Compounding  this  with  the  Proposition  in 
last  Cor. 

r*  in  conic  section  at  P  :  P  in  circle  of  radius.  SP 

::  ^/SP.]^L  :  SY. 

Pbop.  XYII.  a  given  force  being  inversely  as  the  square 
of  the  distcmce  from  the  center^  and  the  velocity  and  direction 
of  the  motion  at  a  given  point  being  known;  to  determine  the 
curve  described, 

* 

Fig.  29.     Let  the  force  at  P  be  -— ,  and  V  being  the  ve- 

2  JUL      PV  2  V^SP^ 

locity  at  P,  assume  PV  so  that  F*  =  -— -_ . or  PV  = . 

•^  SP^      4  M 

Draw  PH  making  the  angle  ZPH  =  YPS. 

If  PV  be  less  than  4  SP,  take  PH  on  the  same  side  of  YZ 
as  S,  and  such  that 
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^^  =  I^SPTPK'   -hence  PF  =  -^^^^  .      If  then  we 

construct  an  ellipse  with  foci  ^S*  and  H^  PV  will  be  its  chord 
of  curvature  through  S;   for,   CD  being  conjugate  to  CP, 

chord  of  curvature  ==  -.^^.  — ^  «  ^p^gp  by  Comes. 

If  PF  =  4  SP,  produce  fl^P  on  the  other  side  of  YZy  take 
PJT  =  P5,  and  draw  a  line  WX  perpendicular  to  PX,  If  we 
construct  a  parabola  with  focus  S  and  directrix  WP^  the  chord 
of  curvature  at  P  will  be  4  SP  or  PV. 

If  Pr  be  greater  than  4  SP,  take  PA  in  HP  produced, 

1   «    «  n     SP •  PV     .       ___  ^4}SP . hp  _^  - 

such  that  A P  =  ^^^^        ,  whence  PF  =  ^p_gp •  '^ *®r^ 

fore  we  construct  a  hyperbola  with  foci  *y  and  A,  PF  will  be  its 
chord  of  curvature  through  S.     For,  CD  being  conjugate  to 

^^    1.    J    ^  4C.2)«     A^SP.hP^    ^     . 

CP^  chord  of  curvature  = -rp^  =  — -^ — ~~  by  Comes. 

2  AC        hP  —  SP 

And  the  conic  section  found  by  this  construction  will  be 
the  curve  which  the  body  describes :  for  if  the  body  move  in 
this  conic  section  and  have  the  velocity  F  at  P,  the  force  at 

P  wiU  be  ^^,  by  Prop,  vi,  Cor.  4.     And  there  cannot  be  two 

curves  which  a  body  may  describe,  departing  from  P  with  the 
same  velocity  in  the  same  direction,  and  acted  on  by  a  force  of 
the  same  magnitude,  and  varjdng  according  to  the  same  law : 
for  if  this  were  supposed,  there  would  be  nothing  to  determine 
which  of  the  two  curves  the  body  should  describe  in  any  given 
instance.  Therefore  the  conic  section  just  found  will  be  the 
path  of  the  body. 

Cob.  1.     If  the  direction  of  motion  at  P  be  perpendicular 

2  CD*     2  jBC* 
to  aSP,  P  is  the  vertex  of  the  curve,  PV-  =  — j—  =  L. 

AC  AC 

And  HP^ —      '    -in  the  ellipse ;  hP=— — -^-^^  in  the  hy- 
4  SP  —  Z/  //  —  4  o  Jr 

perbola. 


r 
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Cob.  2.  If  the  velooity  at  the  vertex  be  F,  unce  at 
that  point  SY=SP,  by  Prop,  xvi,  i  =  -  V*.SP^;  and  the 
orbit  may  be  constructed  by  the  last  corollary. 

Cob.  3.  If  the  velocity  of  the  body  at  any  point  be  altered, 
the  change  in  the  orbit  may  be  found  by  the  proposition. 

Thus  at  the  point  P  of  an  ellipse.  Fig.  29,  let  the  velocity 
be  altered  in  the  ratio  1  :  n,  the  force  remaining  the  same, 
since  the  direction  of  the  motion  is  supposed  to  be  unchanged, 
Pjff  will  be  in  the  same  direction  as  before.  Let  F  be  the 
force,  V  the  velocity  at  P,  then  by  the  change  V  becomes  n  V : 
let  PV  become  PV\  and  PH  become  Plt^    Now 

PV  PV 

r^  =  2  F". ,  7i»  F«  =  2  pi—,  whence  n\  PV ^  PV. 

But  PV  =  — - — -—  ,  therefore  PV  = 


And  ITP  = 


SP-^-HP'  SP  +  HP 

SP.Pr  ^n^.SP^.HP 


ASP-^Pr     4>SP  (SP  +  HP)''4^n^SP.HP" 

HP  n?SP 

HP"  SP'{n^'-l)HP' 

And  the  position  of  It  being  found,  SIf  the  new  position 
of  the  major  axis  is  known. 

Also  we  have  ITP  =  ---- — T-z;r=, , 

SP^{n^^  I)  HP 

SP  +  StP  SF^^SP.HP 


n^SP-'in^-l)  {SP-^HP) 
(Smce  SP  +  HP  ^2  AC), 

SP  +  H'P SP 

^AC      'n^SP-(n''^l)2AC' 
And  SP  +  H'P  is  the  new  axis  major. 

The  centre  C  is  the  bisection  of  SH'j  and  the  new  ellipse 
is  determined. 
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Cor.  4.  If  the  force  which  acts  on  the  body  at  any  point 
be  altered,  the  change  [n  the  orbit  may  be  found  by  the  propo- 
sition. 

At  the  point  Pof  an  ellipse,  Fig.  29,  let  the  force  be  altered 
in  the  ratio  1  :  m,  the  velocity  remaining  the  same.  As  iii 
last  Cor.  the  direction  of  the  motion  being  supposed  to  be  un- 
changed, PH  will  continue  the  same  direction  as  at  first.  Let 
F  the  force  become  mF,  and  PF,  PH  become  PV,  Pit. 
Then 

PV  py 

V^^9.F. — ,   r»  =  2wiP. ,  whence  Pr=m.Pr'. 

4    '  4 

But  PV  =  -— — -  ,  therefore  PV  = 


And  irp  = 


SP  +  HP'  m(SP^HP) 

SP.Pr  ^SP'.HP 


^SP-Pr     4>mSP(SP-^HP)-4>SP.HP' 
ffP  SP 


HP     mSP  -(l^m)HP' 
Hence  the  new  position  SH'  of  the  major  axis  is  found. 

Also  we  have  H'P  = 


SP  +  H'P  = 


mSP  -  (1  -  m)  HP 
mSP'^mSP.HP 


SP-(l"m){SP+HPy 
And  since^ SP  +  HP ^2  AC 

SP^H'P  mSP 

2JC      "5'P-(l-w)2JC" 

And  SP  +  H'P  is  the  new  axis  major. 

The  new  centre  C  is  the  bisection  of  SH'  and  the  new 
ellipse  is  determined. 
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The  following  pages  have  been  taken  with  some  slight 
alterations  from  the  Manuscripts,  which  have  been  used  of 
late  years  in  St  John^s  College,  and  are  now  printed  with 
the  view  of  saving  to  the  Student  the  time  and  trouble, 
which  it  has  hitherto  been  necessary  to  bestow  in  copying 
them.  The  few  Propositions  of  the  Seventh  and  Eighth 
Sections,  now  generally  read  in  the  University,  will  be 
found  in  the  Appendix  ;  and  the  Ninth  and  Eleventh 
Sections  will  be  published,  it.  is  expected,  in  the  course  of 
a  few  weeks. 


St  John's  College,   Jan.  1834. 


SECTION  I. 


or   THE   METHOD  OF   LIMITS  AND  LIMITIKG   RATIOS. 


■ 

Def.  The  Limit  of  a  continually  increasing  or  decreasing 
quantity  or  ratio  is  that  quantity  or  ratio,  to  which  it  con- 
tinually approximates^  but  to  which,  though  it  may  approach 
nearer  than  by  any  assignable  difference,  it  never  becomes 
actually  equal. 

Obs.  The  limit  of  a  varying  quantity  or  ratio  is  fre- 
quently called  the  ultimate  value  of  that  quantity  or  ratio ;  when' 
we  say  that  one  quantity  is  ultimately  equal  to  another,  it  is  not 
to  be  inferred  that  the  two  quantities  are  ever  equal,  though 
their  difference  may  be  less  than  any  assignable  quantity. 


Lemma  I. 

Quantities  and  the  ratios  of  quantities,  which  tend  con- 
tinually to  equality,  and  whose  diffidence  may  be  made  to  bear 
to  either  of  them  a  ratio  less  than  any  finite  ratio,  have  their 
limits  equal. 

For  if  the  limits  be  not  equal,  let  L  and  L  +  D  represent 
them ;  then  the  difference  of  the  limits  to  one  of  them 

=  /)  :  L  or  JD  :  i  +  JD. 
A 
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Now  since  the  quantities  or  ratios  tend  continually  to  equality, 
the  ratio  of  their  difference  to  either  of  them  must  always  be 
greater  than  that  of  the  difference  of  their  limits  to  either  of 
the  limits,  that  is,  than  D  :  L  or  D  :  L  +  Dy  either  of  which 
is  a  finite  ratio.  But  by  the  hypothesis  the  ratio  of  their 
difference  to  either  of  them  may  be  made  less  than  any  finite 
ratio,  which  is  absurd;  therefore  the  limits  are  not  unequal, 
that  is,  they  are  equal. 

Cob.  Hence  if  the  quantities  or  ratios  be  finite,  the  limit 
of  their  difference,  as  they  tend  continually  to  equality,  must 
equal  0.  If  they  be  indefinitely  great,  the  limit  of  their  dif- 
ference may  be  a  finite  quantity  or  ratio,  for  it  would  bear  to 
either  of  them  an  indefinitely  small  ratio.  Lastly,  if  they  be 
indefinitely  small,  it  must  be  a  quantity  or  ratio,  which 
vanishes  compared  with  either,  that  is,  it  must  be  a  vanishing 
quantity  or  ratio  of  a  higher  order  than  either  of  them. 

Lemma  II. 

If  in  any  figure  AKa^  bounded  by  the  straight  lines  J  a, 
AKy  and  the  curve  line  Ka^  there  be  inscribed  any  number  of 
parallelograms  Ab^  Be,  Cd^...  on  equal  bases  AB,  BC,  CDy..,, 
and  the  parallelograms  Ba^  Cb,  Dc...,  be  completed ;  then  if 
the  number  of  these  parallelograrj^s  be  increased  and  their 
breadths  diminished  indefinitely y  the  limit  of  the  sum  of  each 
series  will  be  the  curvilinear  area  AKa, 

For  as  their  bases  are  dimi- 
nished, each  series  of  parallelograms 
continually  approximates  to  the 
area  AKa.  Also  the  difference 
between  the  two  series  is  the  sum 
of  the  parallelograms  06,  6c,  cd... 
which  sum  is  equal  to  the  parallel- 
ogram a  By  for  the  base  of  each  is 
equal  to  ABy  and  the  sum  of  their  altitudes  to  that  of  a  By  and 
by  diminishing  the  bases  this  difference,  and  therefore,  afortioriy 
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the  difference  of  either  series  and  the  area  AKa  may  be  made 
less  than  any  assignable  quantity,  and  therefore,  by  Lemma  i, 
the  limit  of  either  series  is  the  curvilinear  area  AKa. 

Lemma  IIL 

If  the  two  series  of  parallelograms  be  described  in  the  same 
manner  as  in  the  last  Lemma^  except  that  their  bases  are  not 
all  equals  the  limit  of  each  series^  when  their  bases  are  di- 
minished indefinitely,  is  in  this  case  also  the  curvilinear  area 
AKa, 

For  take  AF  equal  to  the  great- 
est base,  and  complete  the  parallel^ 
ogram  Fa ;  then  this  parallelogram, 
which  is  evidently  greater  than  the 
difference  between  each  series  of 
parallelograms,  may,  by  diminishing 
the  base,  be  made  less  than  any 
assignable  quantity.  Hence  the  dif- 
ference between  the  two  series,  and  therefore,  a  fortiori^  the 
difference  between  each  series  and  the  area  AKa,  may  be  made 
less  than  any  assignable  quantity ;  and  they  tend  continually  to 
equality,  therefore,  by  Lemma  i,  the  limit  of  each  series  is  the 
curvilinear  area  AKa, 

Cob.  1.    If  the  chords  a6,  60,  cd,..  be  drawn,  the  limit  of 

the  area  bounded  by  A  a,  AK  and  the  chords,  when  the  bases 

ABy  BC9  CD.,.,  are  diminished  indefinitely,  is  the  curvilinear 

area  AKa,  for  it  always  lies  between  this  area,  and  the  inner 

*  sericfs  of  parallelograms. 

CoR.  2.     The  limit  of  the  figure  bounded  by  Aa,  AK  and 
the  tangents  through  a,  6,  c...  is  the  same  curvilinear  area, 
since  it  lies  always  between  the  curvilinear  area,  and  the  oute^'^ 
series  of  parallelograms. 

Cor.  3.     The  curve  line  oiT  is  the  limit  of  the  boundary 
formed  by  the  chords. 


.   .V 


Lemma  IV. 


If  in  two  curvilinear  figures  there  can  he  inscribed  the 
same  number  of  parallelograms,  which,  when  their  number  is 
increased  and  their  breadths  diminished  indefinitely,  are  ulti- 
mately to  each  other  in  a  given  ratio,  the  areas  of  the  curvi- 
linear figures  will  be  in  that  ratio. 

Let  PQJR,  pqr  he  the  figures,  and  let  the  parallelograms 
Ai9  Af,  A^, ...  be  inscribed  in  the  one,  and  a^,  o^,  03, ...  in  the  other, 

AAA 

and  let  —  =  m  +  d?i,     —  =  m  +  d?2,     —  =  m  +  iTj,     &c.  =  &c. 


Wi  W2  t^s...  being  quantities, 
which  vanish,  when  the 
breadths  of  the  parallelo- 
grams are  diminished  inde- 
finitely, so  that  according 
to  the  hypothesis. 


limit  —  =  m=  limit  —  =  limit—  =  &c. 

Hence  Ai^ma^  +^1^1,  A^^^ma^-^  w^a^,  A^tsma^  +^3^9  &c.  =  &c. 
.-.  Ai  +  Ai  +  Az-^.*.  =m(ai+a2 +  «8 +...)  + ^1^1  ■♦■^«^  +  ^3«3 -I-.-. 


9 

/         a      * 

n    « 

> * 


Ai  +  A2  +  A^  +... 


.•.  limit 


-4x  +  ^2  +  -^8  +  •  •  • 

Oi  +  O2  +  03+... 


=  ll»  + 


a?iOi  +  a?2a2  +  ^303  +  ... 

Oi  +  O2  +  03  +  --* 


=  m  +  limit 


Ol  +  02+  Os  +... 


Now  since  Wi  vanishes  in  the  limit,  Wi  Oi  is  a  vanishing  quantity 
of  a  higher  order  than  o^;  similarly  Wia^  vanishes  compared  with 
02,  af^Os  compared  with  03,  and  so  on;  the  number  of  terms 
also  in  the  two  series  is  the  same,  therefore  ultimately 
<27iOi  +  ^20s+  ^8^  +•-•  vanishes  compared  with  Oi  +  02  +  03  +..., 


or  limit  ^^^^  "*"  ^a^g  +  ^s^  "^  *" 

Oi  +  02  +  03+  ... 


=  0. 


J 


Also  limit  = , 

fli  +  a2  +  03  +  ...        area  pqr 

area  PQR 


area  pqr 


s  tn* 


Cob.  If  there  be  two  quantities  of  any  kind,  which  are 
divided  into  the  same  number  of  parts,  if  these  parts,  when  their 
number  is  continually  increased  and  the  magnitude  of  each  con- 
tinually diminished,  are  to  each  other  in  a  given  ratio,  the  whole 
quantities  will  be  in  that  ratio. 

For  if  the  parts  be  substituted  for  the  parallelograms,  and 
the  whole  quantities  for  the  figures  PQ/Z,  pqr,  the  reasoning 
will  be  the  same  in  the  two  cases. 

Def.  1.  A  curve  is  a  line  traced  out  by  a  moving  pcHnt,. 
which  is  continually  changing  the  direction  of  its  motion. 

Def.  2.  One  curvilinear  figure  is  said  to  be  similar  to 
another,  when  any  rectilinear  figure  being  inscribed  in  the  first, 
a  similar  rectilinear  figure  may  be  inscribed  in  the  other. 

Obs.  The  curves  and  curvilinear  figures,  treated  of  in  this 
Section,  are  always  supposed  to  lie  in  one  plane. 

Lemma  V. 

•  The  homologous  aides  of  all  similar  curvilinear  figures 
are  proportionals^  and  their  areas  are  in  the  duplicate  ratio  of 
the  sides. 

Let  ACBj  acb  be  two  similar  figures,  of  which  the  sides 
ABy  AC 9  BC9  are  homologous 
to  aby  acj  bc^  respectively;  then 
by  definition,  if  ADEBC  be  a 
polygon  inscribed  in  ABC^  a 
similar  polygon  adebc  may  be 
inscribed  in  abc.  Join  CX>, 
CE9  and  cdf  ccy  &c.,  dividing 
the  polygons  into  the  same 
number  of  similar  triangles, 


.-.  AD  :  AC  =  ad   :  ac^ 

2l\&  ad  :  ad  =  AC  :  ac, 

Similarly  DE  :  de  —DC  :  dc  =  AC  :   ac, 

EF  :  ef  ^  AC  :  ac. 


therefore,  componendo 

AD  -^  DE  -^  EF+  &c.  :  ad  +  de -{- ef  +  ...  =  AC  :  ac. 

Now  this  being  always  true,  will  be  true  when  the  number 
of  sides  is  increased,  and  their  magnitudes  diminished)  without 
limit ; 

•.  limit -42>  +  Z>jE  +  EF  +  ...  :  limit  ad  +  de  +  ef -{-...  -  AC  :  ac*, 

and  therefore  by  Lem.  iii.  Cor.  3. 

ADB  :  adh  =  AC  :  ac 

=  BC  :  be. 
Again,  polygon  ADEBC  :  polygon  adehc  =AC^ :  ac^, 

and  thjs  being  always  true  will  be  true  in  the  limit ; 

.'.  limit  polygon  ADEBC  t  limit  adebc  =  AC^  :   ac^; 

therefore  by  Lem.  iii.  Cor.  1, 

curvilinear  Ggure  ABC  :  curvilinear  fig.  abc  =  AC^^  :  ac^ 

^IdbY  :  ^rf^' 
«  BC^  :  6c^. 

CoR.  If  ACBy  acb  be  two  similar  figures,  and  CE^  ce  be 
equally  inclined  to  AC,  ac,  then  AC  :  CE  =  ac  :  ce.  Hence 
also  this  definition, 


Two  curves  are  said  to  be  similar,  when  there  can  be  drawn 
in  them  two  distances  from  two  points  similarly  situated,  such, 
that  if  any  two  other  distances  be  drawn  equally  inclined  to  the 
former,  the  four  are  proportional. 

Pbob.  Let  the  chord  AB  of  the  curve  ACB  be  produced 
to  6,  to  describe  on  Ah  bl  curve  similar  to  ACB. 

In  ACB  take  any  point  P,  join  ^ 

AP^  and  produce  AP  to  jj,  so  that       ^^^^^^^^^-^^'^xT^^^v 

Ap  :  Ab^AP  :  AB ;    then  if   the     {^^^^ -^^ -^ 

curve  Aph  be  the  locus  of  all  points, 

whose  position  is  determined  in  the  same  manner  as  that  of  p, 

it  will  be  similar  to  the  curve  APB. 

Def.  1.  The  tangent  to  a  curve  AB  at  A  is  the  straight 
line,  in  which  the  generating  point  would  move,  if  instead  of 
changing  the  direction  of  its  motion,  it  moved  on  in  the  direc- 
tion, which  it  had  at  A, 

Def.  2.  The  curvature  of  a  curve  is  said  to  be  continued^ 
when  the  curve  is  wholly  convex  or  concave  to  a  given  straight 
line  on  the  same  side  of  it,  and  when  the  change  of  direction  is 
not  abrupt,  but  gradual ;  that  is,  \i  ATU^  BT^  (F^g*  Lem.  vi.) 
be  tangents  at  A  and  By  in  a  curve  of  continued  curvature,  the 
angle  BTU  as  B  moves  up  to  -4,  diminishes  through  every 
change  of  magnitude  from  its  original  value  and  ultimately 
vanishes. 

Lemma  VI. 

If  ACB  he  an  arc  of  contintied  curva^ure^  AB  the  chard, 
and  ATU  the  tangent  at  A,  the  angle  BAT  hetween  the  chord 
and  tangent,  as  B  moves  along  the  curve  towards  A,  and 
ultimately  coincides  with  that  pointy  continually  diminishes 
and  ultimately  vanishes. 

Let  the  tangents  at  A  and  B  meet  in  the  point  T;  then 
the  angle  BTU  measures  the  change  in  the  direction  of  the 
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motion  of  the  generating  point  which  takes 
place  in  passing  from  B  to  J,  and  since 
the  curvature  is  continued,  this  angle,  as  B 
moves  towards  and  ultimately  coincides  with 
Af  continually  diminishes  and  ultimately 
vanishes,  therefore  a  fortiori  the  interior 
angle  BAT  continually  diminishes  and  ul- 
timately vanishes. 

Cob.  Similar  conterminous  arcs,  which  have  their  chords 
coincident,  have  a  common  tangent. 

Let  the  similar  conterminous  arcs  APB,  apb  have  their 
chords  ABy  Ab  coincident,  ^d  let 
APp^  AQq  be  any  other  coincident 
chords ;  then  since  the  curves  are  si- 
milar AP  :  Ap  =  AB  :  Ab=^  AQ  :  Aq, 
therefore  the  arcs  APy  Ap  are  similar, 
that  is,  the  chords  of  the  similar  arcs 
APf  Ap  coincide.  Now  let  P  and  p 
move  up  to  Aj  the  arcs  AP^  Ap^  since  they  are  always  similar, 
will  vanish  together,  and  APp  in  its  ultimate  position  will  be  a 
tangent  to  each,  that  is,  the  arcs  AB^  Ab  have  a  common 
tangent. 

Def.  The  subtense  of  an  arc  is  a  straight  line,  drawn  from 
one  extremity  of  the  arc  to  meet  at  a  finite  angle  the  tangent 
to  the  arc  at  its  other  extremity. 

Lemma  VII. 

If  BD  be  a  subtense  of  the  arc  ACB  of  continued  cur- 
vatuTCy  the  chord  AB,  the  arc  AC  By  and  tike  tangent  ADy 
when  BD  moves  parallel  to  itself  up  to  Ay  are  ultimately  equal 
to  each  other. 

Produce  AD  to  any  fixed 
point  dy  and  draw  db  parallel 
to  DB  to  meet  AB  produced 
in  6;  on  Ab  describe  the  arc 
Acb  similar  to  AC  By  and  as 
B  moves  up  to  Ay  \et  Acb  so 
alter  its  form  as  to  be  always 


similar  to  ACB ;  hence  the  two  arcs  have  a  common  tangent^ 
and  the  three  lines  ABy  ACBj  AD  are  always  propcnlional  to 
A  by  Acby  Ad.  Now  as  B  moves  up  to  Ay  the  angle  bAd 
continually  diminishes  and  ultimately  vanishes,  {Lemma  vi.), 
the  point  b  moves  up  to  and  coincides  with  dy  and  therefore 
Ab  and  Ady  and  therefore,  afortioriy  the  intermediate  arc  Acby 
are  ultimately  equal.  Hence  ABy  ACBy  ADy  which  are  always 
proportional  to  them,  are  ultimately  equal  to  each  other. 

Cor.  1.  Since  the  proof  holds  whatever  be  the  inclination 
of  BD  to  the  tangent,  provided  it  be 
finite,  if  BE  be  a  subtense  making  any 
other  finite  angle  with  ADy  the  tan- 
gents AEy  ADy  and  the  chord  ^d  are 
are  ultimately  equal. 

CoE.  2.  Also  if  the  parallelograms  ADBFy  AEBG  be 
completed,  since  ADy  AE  are  always  equal  to  BFy  BG 
respectively,  the  lines  ADy  AEy  BFy  BG  are  ultimately  equal 
to  the  chord  and  arc ;  and  in  all  geometrical  investigations  the 
ultimate  values  of  all  these  lines  may  be  tised  indiscriminately 
for  each  other. 

Lemma  VIII. 

If  the  straight  lines  ARy  DBRy  which  meet  in  i?,  make 
with  the  chord  ABy  the  arc  ACBy  and  the  tangent  ADy  the 
triangles  ABRy  ACBR,  ADR ;  these  three  triangles  when  B 
moves  up  to  Ay  are  ultimately  similar  and  equal  to  each 
other. 

Produce  AD  to  a  fixed  point  dy  and  draw  dbr  parallel  to 
DBRy  meeting  ABy  AR  produced  in  6,  r. 
On  Ab  describe  the  arc  Acb  similar  to 
ACBy  and  let  it  so  alter  its  form,  as  B 
moves  up  to  Ay  as  to  be  always  similar  to 
ACB.  Then  the  two  arcs  will  have  a 
common  tangent  ADdy  and  the  three 
triangles  ABRy  ACBRy  ADR  will  be 
always  similar  to  the  three  Abry  Acbr, 
Adr  respectively,  and  will  bear  each  to 
each  the  same  ratio,  viz.  that  of  RA^ :  rA^; 
hence,  alternando,  ABR  :  ACBR  :  ADR  =  Abr  :  Acbr  :  Adr. 

B 
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Now  let  BD  move  parallel  to  itself  up  to  A^  then  the  angle 
bAd  continually  diminishes  and  ultiixiately  vanishes;  and  Ah 
and  therefore  the  intermediate  arc  Ach  ultimately  coincide  with 
Ad\  hence  the  triangles  Ahr^  Acbr,  are  ultimately  similar  and 
equal  to  Adr;  therefore  the  triangles  ABR^  AC  BR,  ADR* 
which  are  always  proportional  to  them,  are  ultimately  similar 
and  equal  to  each  other. 

Obs.  In  the  Lemma  RBD  is  supposed  to  move  parallel 
to  itself  towards  A,  that  is,  b  moves  along  rd  fixed,  and  the 
triangles  Abr,  Acbr,  Adr  are  always  finite ;  but  the  same  thing 
will  be  true,  if  RBD  revolve  round  R  fixed,  in  which  case  also, 
though  r  moves  off  to  an  inf^iite  distance,  and  the  triangles 
Abr,  Acbr,  Adr  increase  indefinitely,  they  will  be  ultimately 
similar  and  equal' to  each  other. 

Lemma  IX. 

If  the  right  line  AE  and  the  arc  ABC,  given  in  position, 
cut  each  other  in  a  finite  angle  at  A,  and  the  ordinates  BD, 
CE  be  drawn,  making  any  other  given  angle  with  AE ;  when 
BD,  CE  move  parallel  to  themselves  up  to  A,  the  limiting  ratio 
of  area  ABD  :  area  ACE  equals  that  of  AD^  :  AE^. 

Produce  AE  to  a  fixed 
point  e,  and  take  Ad  in  Ae 
such,that  Jd:  Ae—AD:  AE. 
Draw  db,  ec  parallel  to  DB, 
or  EC,  meeting  AB,  AC  pro- 
duced in  b,  e;  and  on  ^c 
describe  an  arc  similar  to 
ABC  :  this  arc  shall  pass 
through  b,  for  by  similar  triangles  and  by  construction, 

AB  :  Ab:^AD  :  Ad  =  AE  :  Ae  ^  AC  :  Ac, 

and  therefore  (Cor.  Lemma  v.)  6  is  a  point  in  the  arc.     As  B 
and  C  move  up  to  A,  let  the  curve  -46  c  so  alter  its  form  as  to 
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be  always  similar  to  ABC^  then  the  area  ABD  will  be  always 
similar  to  Jbd,  and  ACE  to  Ace.     Hence 

area.  ABD  :  axea.  Abd  =  AD^  :  Ad^  =  AE-  :  A^ 

=  area  ACE  :  area  AcCy 
.-.  area  ABD  :  area  ACE  «  area  Abd  :  area  Ace. 

Also  the  two  arcs  being  similar  have  ai  common  tangent  at 
A  9  let  this  be  AFGfg ;  and  let  BD^  CE  move  parallel  to 
themselves  up  to  ^1;  then  the  angle  cAg  continually  diminishes 
and  ultimately  vanishes,  and  therefore 

L.  R.*  area  Abd  :  area  Ace  =  L.  R.  A  Afd  :  A  Age 

=  L.R.  Ad'  :  A€» 
Hence  L.  R.   area  ABD  :  areaACE^^  TL.K.  area, Abd:  aiea Ace 

=  L.R.  Ad^  :  Ae" 
=  L.  R.  AD"  :  AE". 

Lemma  X. 

The  spaces,  described  from  rest  by  a  body  acted  on  by  any 
finite  force,  are  in  the  beginning  of  the  motion  as  the  squares 
of  the  times,  in  which  they  are  described. 

Def.  a  finite  accelerating  or  retarding  force  is  such,  that 
the  ratio  of  the  time  to  the  velocity  generated  or  destroyed  in 
that  time  is  finite. 

Let  the  straight  line  AK  represent    ^ 
the  time  of  the  body's  motion  from  rest,    b 
and  Kk,  drawn  at  right  angles  to  AK, 
the  last  acquired  velocity ;  suppose  the 
time  divided  into  equal  intervals  AB,    » 
BC,  CD  he,  and  let  Bb,  Cc,  Dd  &c., 
drawn  at  right  angles  to  AK,  represent 
the  velocities  acquired  in  the  times  AB, 
AC,  AD  &c. ;  lei  Abe dk  be  the  curve 

passing  through   the   extremities   of    all    the   ordinates   thus 
drawn ;  and  complete  the  paraUelograms  A  b,  Be,  Cd  he. 


L.  R.  signifies  <4imit  of  the  ratio*'  oi  '^limiting  ratio. 


»» 


.•» 
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If  now  the  force  be  supposed  to  act  by  impulses,  which 
would  cause  the  body  to  move  uniformly  during  the  times 
JB,  BC,  CD  &c,,  with  the  velocities  Bb,  Cc^  Dd  &c.  re- 
spectively, the  spaces  described  in  the  1st,  2d,  3d  8ec.  intervals 
will  be  represented  by  the  parallelograms  Ah^  Bc^  Cd  &c. 
On  this  supposition  therefore,  the  space  described  in  time 
AD  :  space  in  time  AK  =  sum  of  the  parallelograms  in  the 
former  case  :  sum  in  the  latter ;  and  this  being  true  always, 
will  be  true  when  the  intervals  are  diminished  and  their  number 
increased  indefinitely,  in  which  case  the  force,  which  was  sup- 
posed to  act  by  impulses,  approximates  to  a  continued  force, 
and  the  sums  of  the  parallelograms  to  the  areas  ADd,  AKk. 

Hence 
space  in  time  AD  :  spa)ce  in  time  AK  =  area  ADd  :  area  AKk. 

Let  the  tangent  at  -4  cut  Kk  in  T ;  now,  the  force  being 
finite,  the  ratio  AK  :  Kk  is  always  finite  ;  .'.  AK  :  KT^ 
which  equals  L.  R.  AK  :  Kk  is  a  finite  ratio,  and  therefore, 

tan  KAT  (  =  — -  j    is  finite, 

or  KA  makes  a  finite  angle  with  the  curve  at  A  ; 

Hence  by  Lemma  ix, 

L.  R.  area  ADd  :  area  AKk  =  L.  R.  AD^  :  AK\ 

and  therefore  in  the  beginning  of  the  motion,  space  oc  (time)^* 

CoE.  1.  Force  is  measured  by  the  velocity  generated  in 
any  time,  divided  by  the  time,  the  force  being  supposed  to  re- 
main constant  for  that  time.  Hence  if  Dd'  be  the  velocity 
generated  by  the  force  at  A,  continued  constant,  in  time  AD, 

F  at  A  = . 

AD' 
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and  this  being  always  true,  will  be  true  when  AD  is  diminished 
indefinitely, 

Dd!      .    .   Dd 

.-.  /*»  limit —----  =  limit -7— 

AD  AD 

KT      KT.AK  ^  triangle  AKT  .    area  AKk 

^  AK^      A1P      '  AK^  *^   ^™^^       AIP 


=  2  Hmit   'P^'^ 


(time)^  * 

CoE.  2.  The  effect  produced  by  F  upon  the  body  is  in- 
dependent of  any  motion  which  it  may  have,  when  F  begins  to 
act  upon  it.  Hence  generally  if  iS  be  the  space,  through  which 
a  force  F^  acting  on  a  body  moving  in  any  orbit,  draws  the 
body  in  T"  from  the  place  it  would  have  occupied  if  the  ex- 

traneous  force  had  not  acted,  /^  =  2  limit  — — . 


On  the  Curvature  of  Curve  Lines. 

Peop.  I.  If  in  PR^  pr  tangents  at  the  points  P,  p  in  the 
curves  PQy  pq,  PR  be  taken  equal  to  pr,  and  the  subtenses 
QRy  qr  be  drawn  equally  inclined  to  them, 
then  when  QR^  qr  move  parallel  to  them- 
selves to  P,  j», 

curvature  of  PQ  at  P     ,.    .    QR 

r s=  bmit . 

curvature  of  pq  at  p  qr 

Draw  the  chords  PQ,  pq^ 

V       curvature  of  PQ  at  P      angle  of  contact  at  P 
curvature  of  pq  at  p      angle  of  contact  at  p 

,.    .    angle  QPR 

a=  hmit  — ^ 

angle  qpr 
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,.    .sinQPR 

a  limit  — : 

sin  qpr 


QR  .     ' 

=  limit  ^— — 


qr   . 
—  smr 


rp 


1 


«    =  limit 

qr 


Prop.  II.    The  curvatures  in  different  circles  vary  inversely 
as  the  diameters. 


Let  PQVy  pqv  be  two 
circles,  draw  the  diameters 
PF,  pvy  and  the  tangents 
PR,  pr.  Take  Pit  =  pr, 
and  draw  the  subtenses  QR, 
qr  parallel  to  the  diameters, 
and  QJV,  qn  parallel  to  the 
tangents; 


then 


nv 


QR  _^_OJ^^q^_ 

qr       pn       NV  *  nv      NV 


curvature  at  P      ...   QR 

=  limit  — 


curvature  at  p 


qr 


s:  limit 


nv 

NV 


pv 
PV 


or  the  curvature 


diameter  * 
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Cor.  Hence  in  the  same  circle  the  curvature  is  the  same 
at  every  point. 

From  this  property  of  the  circle,  and  also  because  by 
varying  the  diameter  it  may  be  made  to  have  any  curvature 
we  please,  the  circle  is  made  use  of  to  measure  the  curvature  at 
any  proposed  points  of  other  curves. 

Def.  The  circle  of  curvature  at  any  point  of  a  curve  is 
that  circle,  which  has  the  same  tangent  and  curvature  as  the 
curve  has  at  that  point. 


Hence  if  QqR  he  a  common  sub- 
tense to  the  curve  PQ  and  the  circle 

QR 

Pq,  and  limit  -—  =  1,  Pq  will  be  the 

qR 

circle  of  curvature  at  P. 


The  radius,  diameter  and  chord  of  the  circle  of  curvature 
are  generally  called  the  radius,  diameter,  and  chord  of  curv- 
ature. 


Prop.  III.     If  Pq  V  be  the  circle  of  curvature  at  any  point 
P,  and  PV  a  chord  drawn  in  any  given 
direction,  then 


Pr=  limit 


(arc)^ 


subtense  parallel  to  the  chord 


Take  PQ  sl  small  arc  of  the  curve, 
through  Q  draw  the  subtense  RQq  parallel 
to  PF,  and  join  P9,  q  V;  then  since  the  triangles  PiJg,  Pq  V 
are  evidently  similar. 


PV^ 


'qR 
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Now  this  being  true  whatever  be  the  magnitude  of  PQ, 
will  be  true,  when  RQr  moves  parallel  to  itself  up  to  P,  in 
which  case  Pq  =  PQ  ultimately,  and  qR  =  QR  ultimately, 

Pq^ 
.-.  Pr  =  Umit-^ 

qR 

QR 

Cor.     Hence  the  diameter  of  curvature 


=  limit 


(arc)^ 


subtense  perpendicular  to  the  tangent 


Prop.  IV.  If  in  the  curve  PQ,  PG 
and  QGy  drawn  perpendicular  to  the  tangent 
PR  and  the  chord  PQ  respectively,  intersect 
in  G,  then  when  Q  moves  up  to  P,  the  limit 
of  PG  is  the  diameter  of  curvature  at  P. 

Draw  the  perpendicular  subtense  QR^ 
Then  by  similar  triangles  PQR,  PGQ 


PG^ 


PQ\ 


limit  PG  =  limit 


PQr 

QR 


ss  limit 


(arc  PQ)' 
QR 


as  diameter  of  curvature  at  P. 


Def.  The  curvature  of  a  curve  at  any  point  is  said 
to  be  finite,  when  tbe  diameter  of  curvature  at  that  point  is 
finite. 
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Lemma  XI. 

In  curves  of  finite  curvature  the  limiting  ratio  of  the 
suhten^ea  equals  that  of  the  squares  of  the  conterminotis  arcs. 


Let  AbB  he  the  curve  having  a  finite 
curvature  at  A; 

First,  Let  the  subtenses  bd,  BDhe  per- 
pendicular to  the  tangent  at  A.  Draw  bg, 
BG  at  right  angles  to  the  chords  Aby  AB, 
and  let  them  meet  AgG,  which  is  drawn  at 
right  angles  to  the  tangent  AD^  in  the  points 
g  and  G. 


Then  as  b  and  B  move  up  to  A,  g  and  G  move  up  to  /, 
the  extremity  of  the  diameter  of  curvature  of  Ay  as  their 
limit.     (Prop,  iv.) 


Now  by  similar  triangles, 

AE^ 


BD  = 


AG' 


bd 


AV 


BD  :  bd  = 


AB'    AV 


AG  '  Ag' 


L.  R.  BD  :bd:=^  L.  R. 


AB"  jy 

AG  '  Ag 


=  L.R.  ^^:  J6«, 

(since  AGy  Ag  are  ultimately  equal  to  A  I) 

=  L.  R.  (arc  ABy  :  (axe  Aby. 


Secondly^  Let  the  subtenses  be  in- 
clined at  any  equal  angles  to  the  tan- 
gent. Draw  BEy  be  perpendicular  to 
the  tangent :  then  by  similar  triangles, 


D    E 
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BD.BE^bd'.  he, 
alternando  BD  :  ftd  =  BE  :  be ; 
.-.  L.  R.  BD:bd=:  L.  R.  BE  :  be 

r=  L.  R.  (arc  ABf  :  (arc  Abf. 

Thirdly^  Let  the  subtenses,  inclined  at  unequal  angles 
to  the  tangent,  converge  to  a  point,  and  revolve  round  that 
point  fixed,  or  approach  to  A  according  to  any  other  given 
law. 


Let  O  be  the  point  in  which  2)5,  db 
meet  when  produced;  draw  BE,  be  al- 
ways parallel  to  ^0;  then  since  the  angles 
at  D  andd  are  always  finite,  AO  must  al- 
ways be  finite,  and  L.  R.  DO  :  AO  will  be 
a  ratio  of  equality,  as  also  L.  R.  do  :  A0> 


e  dE 


But  BD:  BE  =  DO:  A0\ 


and   bd  :    be  =  do  :  AO 


. ,  always  and  therefore  ultimately ; 


.-.  L.R.  BD:  BE»  L.R.  bd:be; 
r.  L. R.  BD:bd=:  L.R.  BE  :  be 

=  L.  R.  (arc  ABf  :  (arc  A  bf. 

Cor.  \,  Hence  by  Lemma  vii.  the  limiting  ratio  of  the 
subtenses  will  equal  that  of  the  squares  of  the  arcs,  chords, 
and  tangents. 

Theorem.  The  subtense  of  an  arc  is  ultimately  equal  ta 
four  times  the  parallel  sagitta. 

Def.  The  sagitta  of  an  arc  is  a  line  drawn  at  a  finite 
angle  to  the  chord  from  its  middle  point  to  meet  the  arc. 
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Let  BD  be  a  subtense  pf  the  arc 
AB^  EC  the  sagitta  parallel  to  it, 
bisecting  the  chord  in  £,  and  pro- 
duced to  meet  the  tangent  in  F, 

Then  by  similar  triangles, 

AF=\AD,  and  EF^^BD. 

Also  by  the  Lemma, 

L.  R.  CF  :  BD  =  L.  R.  AF" :  AD" 

=  1:4 
.-.  L.  R.  C£  :  52)  =  1  :  4. 

CoE.  2.     The  limiting  ratio  of  the  sagittae,  which  bisect 
the  chords  and  converge  to  a  given 
point,  equals  that  of  the  squares  of 
the  arcs,  chords,  and  tangents. 


Let  ECf  ec  he  the  sagittae  of 
the  arcs  AEB,  A  eh,  bisecting  the 
chords  AB,  -46  in  C,  c;  draw  the 
subtenses  BD,  bd  respectively  parallel  to  them ; 

then  L.  R.  EC  :  BD  =  1:4 

=  L.  R.  ec  :  &d; 
,-.  L.R.  EC  :  ec  =  L.  R.  52>  :  fed; 

=  L.R.  (arc  AB)^  :  (arcJfe)* 

=  L.  R.  (chord  J5)*  :  {chord  Aby 

=  L.  R.  (tangent  JD)*  :  (tangent -icQ^ 

Con.  3.  Hence  if  a  body  describe  the  arcs  AB,  Ah  with 
any  given  velocity,  the  limiting  ratio  of  the  sagittas  will  be  that 
of  the  squares  of  the  times,  in  which  they  are  described. 
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Cob.  4.     If  the  subtenses  DBj  db  be  perpendicular  to  the 
tangent,  as  in  the  first  case  of  the  Lemma, 

£s.ADB  :  AJdb  =  JD.DB  :  Ad.db; 
,\  L.R.    aADB  :  AAdb         =L.R.  AD.DB:  Ad.db 

=:L.R.  AD^  :  Ad^ 
or  =  L.  R.  2>#  :  dfc*- 

CoE.  5.     Since  L.  R.  DB  :  db  ^  L.  R.  AD^  :  Ad\  the 

limiting  form  to  which  every  curve  of  finite  curvature  approx- 
imates is  the  common  parabola. 

Hence L. R. BxeaADB  :  area Adb^'L.'R.^ AD . DB  :  ^ Ad.db 

=  I..n.AD^  :  Ad^ 
or  =L.R.  DB^  :  db^. 

Scholium  to  Lemma  XL 

It  was  proved  in  the  Lemma  that  if  the  curvature  be  finite, 
the  subtense  varies  ultimately  as  the  square  of  the  conterminous 
arc;  conversely. 

If  the  subtense  vary  ultimately  as  the  square  of  the  arc^ 
the  curvature  is  Jmite^  and  if  it  vary  according  to  any  other 
power  of  the  arc,  the  curvatwre  is  infinitely  great  or  infinitely 
smaU. 

Let  PQ  and  Pq  be  arcs  of  a 
curve  and  circle,  having  a  common 
tangent  PR,  and  let  iiQ  9  be  a  com- 
mon subtense. 

Since  in  the  circle  qRoz  ult.  PR^,  let  qR  =  a .  PR^  ultimately, 
and  suppose  that  QJR  oc  ult.  PR*  and       ==  b .  PR^  ultimately 

curvature  of  PQ     ,.    ,QR      b         .    „„«  2 

.•.  ^rr^r-  =  limit  — ^  =  -  .  hmit  PR^'-K 

curvature  of  Pq  qR      a 
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I{n^2y  the  curvature  of  the  curve  PQ  bears  a  finite  ratio 
to  that  of  the  circle,  and  is  therefore  finite.  If  n  be  greater 
than  2,  limit  PU*"*  =  0,  and  therefore  the  curvature  of  PQ  is 
infinitely  small  compared  with  that  of  Pq^  and  the  curve  will 
lie  between  Pq  and  the  tangent.  If  n  be  less  than  2,  limit 
PR*-*  3=  00,  and  therefore  the  curvature  of  PQ  is  infinitely 
great,  and  the  curve  will  lie  below  Pq. 

Cob.  Since  an  infinite  number  of  values  may  be  given  to 
n,  to  each  of  which  there  will  be  a  corresponding  curve,  an  in- 
finite number  of  curves  may  be  described  between  Pq  and  the 
tangent,  corresponding  to  values  of  n  greater  than  2,  and  an 
infinite  number  below  Pq,  corresponding  to  values  of  n  less 
than  2. 


SECTION  II. 


On  the  motion  of  a  body,  considered  as  a  point,  moving  in  a  non- 
resisting  MEDIUM,  AND  ATTRACTED  TO  A  SINGLE  FIXED  CENTER  OF 
FORCE. 


Prop.  I.  If  a  body  move  in  any  orbit  about  a  fixed 
center  of  force^  the  areas^  described  by  lines  drawn  from  the 
center  to  the  body,  lie  in  one  plane,  and  are  proportional  to 
the  times  of  describing  them. 


Let  S  be  the  center  of  force ; 
and  suppose  a  body  unattracted 
by  the  force  in  S  to  describe  the 
straight  line  AB  with  a  uniform 
velocity  in  a  given  time  (  T).  Then 
if  suffered  to  proceed^  it  would 
move  on  uniforndy  in  the  direction 
of  AB  produced,  and  describe 
Be  =  AB  in  the  next  interval  (T) ; 
but  at  B  suppose  an  instantaneous 
impulse  communicated  to  it  in  di- 
rection BS,  which  causes  it  to  move  in  direction  jBC;  draw  cC 
parallel  to  BS,  then  by  the  principles  of  Mechanics,  the  body 
at  the  end  of  the  second  interval  will  be  found  at  C  Join 
SAy  SB,  Sc,  SC.  Since  cC  is  parallel  to  BS,  the  triangle 
SBC  =  SBc  =  SAB,  since  Be  =  AB ;  and  these  triangles  are 
in  the  same  plane,  as  no  force  has  acted  to  draw  the  body  out 
of  the  plane  SAB.  Similarly,  if  impulses  be  communicated 
at  the  end  of  every  interval  of  T",  in  directions  tending  always 
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to  S9  causing  the  body  to  describe  CD,  DE,  &c.  in  the  third, 
fourth,  &c.  intervals,  the  triangles  SABy  SBC,  SCD,  &c. 
will  be  all  equal,  and  will  lie  in  the  same  plane ;  and  their  bases 
AB,  BCy  CD,  &c.  are  described  in  equal  times,  therefore  the 
area  of  any  number  of  these  triangles,  or  the  polygon  SABCDE 
varies  as  the  time  of  describing  it.  Now  let  the  number  of 
intervals  be  increased,  and  the  magnitude  of  each  diminished 
indefinitely,  then  the  polygon  approximates  to  a  curvilinear 
area,  and  the  sum  of  the  impulses  to  a  continued  force  always 
tending  to  S,  as  their  limits ;  and  what  was  proved  of  those 
quantities  is  true  of  their  limits,  and  therefore  the  curvilinear 
area  described  in  any  time  is  proportional  to  the  time. 

Obs.  The  area,  described  by  the  line  joining  S  and  the 
body,  is  frequently  called  the  area  described  by  the  body 
round  S. 

Cor,  1.  If  F  be  the  velocity  of  the  body  at  A,  and  p  the 
perpendicular  frpm  S  upon  the  tangent  at  that  point,,  the  area 
described  mf  =  ^p,t,v. 

Draw  Sy  perpendicular  to  AB-^  then  since  AB  is  ultimately 
the  tangent  at  A,  limit  of  Sy  =  p.  Also  if  t  be  divided  into  n 
equal  intervals,  and  AB  be  the  space  described  in  the  first 
interval,  the  force  in  S  being  supposed,  as  in  the  Prop.,  not 


to  act,  AB  =  -- .  V. 

•  n 

Hence,  polygonal  area  described  in  f  »  n  ,  triangle  SAB 

-n.^.Sy.  —  .v 
^  n 

=  ^  Sy  .t.v; 
and  the  same  is  true  in  the  limit, 

.-.  curvilinear  area  described  in  t"=  ^p.t  .v. 

CoE.  2.     Hence  the  time  of  describing  any  part  of  the  orbit 

2 

= .  area  described. 

p .  V 


2-4 
Con.  S.     If  ^  =  1,  area  described  in  l"  =  ^ p ,v. 

Hence  in  different  orbits,  the  velocity  at  any  point 

area  described  in  1^^ 

perpendicular  from  S  upon  the  tangent ' 


cc 


and  in  the  same  orbit,  the  velocity 


perpendicular  upon  the  tangent' 

Prop.  II.  If  a  body,  moving  in  a  curve,  describe  in  one 
plcme  areas  proportional  to  the  times  by  Unes  drawn  from  the 
body  to  any  point,  the  body  is  acted  on  by  centripetal  forces  all 
tending  to  that  point.     (Vide  Fig.  Prop,  i.) 

Let  S  be  the  point,  about  which  areas  proportional  to  the 
times  are  described;  and  suppose  as  in  Prop.  1.  that  a  body, 
unattracted  by  the  force  in  S,  describes  the  straight  line  AB  in 
a  given  time  T.  % 

In  AB  produced  take  Be  =  AB ;  then  if  suffered  to  pro- 
ceed, the  body  would  be  at  c  at  end  of  the  second  interval 
of  T".  But  at  B  suppose  an  impulse  communicated,  which 
causes  it  to  describe  BC  in  the  second  interval,  such  that  the 
triangle  SBC  =  SAB.     Join  c  C,  Sc. 

Then  the  triangle  SBC  =  SAB=  SBc,  therefore  cC  i% 
parallel  to  BS,  and  therefore  by  the  principles  of  Mechanics 
the  impulse  communicated  at  B  tends  to  S.  Similarly  if  2>, 
E,  &c.  be  the  places  of  the  body  at  the  ends  of  the  third, 
fourth,  &c.  intervals  of  T",  so  that  the  triangles  SAB,  SBC, 
SCD,  &c.  are  all  equal,  all  the  impulses  communicated  may  be 
shewn  to  tend  to  S. 

Now  suppose  the  number  of  intervals  increased,  and  the 
magnitude  of  each  diminished  indefinitely,  then  the  limit  of  the 
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polygon  is  the  curvilinear  area  and  that  of  the  sum  of  the 
impulses  a  continued  force  tending  to  S ;  and  the  above  reason- 
ing still  holds  in  the  limit,  therefore  the  body  is  acted  on  by  a 
continued  force  tending  to  S. 

Peop.  III.  Cob.  Draw  CV  parallel  to  AB  meeting  SB 
in  r  and  join  AV.  Then  CV^Bc=AB,  .-.  ^F  is  equal 
and  parallel  to  CJ?,  or  ABCV  is  a  parallelogram.  Draw  the 
diagonal  CA  bisecting  BVin  m. 

Now  suppose  gAB'CBf  to  be 
another  orbit,  in  which  the  chords 
^'J?',  jB'C"  are  described  in  the  same 
time  as  either  of  the  chords  AB  or 
BC\  and  let  the  same  construction 
be  made  as  in  the  former  orbit,  then 
impulse  at  B  :  impulse  at  B!  ^cC 
:  cC  =  Bm  :   5W  and  therefore 

force  at  B  :  force  at  J?'=  L.  R.  Bm  :  5W;  or  the  centri- 
petal forces  in  different  orbits  are  in  the  limiting  ratio  of  the 
isagittse  of  arcs  described  in  equal  times,  which  ultimately  pass 
through  the  centers  of  force. 


•  Peop.  IV.  The  centripetal  forces^  by  which  bodies  de- 
scribe different  circles  with  uniform  velodtiesy  tend  to  the 
centers  of  the  circles^  and  are  as  the  squares  of  the  arcs, 
described  in  the  same  time^  divided  by  the  radii. 

Since  in  each  circle  a 

the  motion  is  uniform, 
the  arcs  described  are 
proportional  to  the 
times.  But  the  sectors, 
i.  e.  the  areas  described, 
are  as  the  arcs  on  which 
they  stand;  and  are 
therefore  proportional 
to  the  times.  Hence  (Prop,  ii.)  the  forces  tend  to  the  centers 
of  the  circles. 

D 
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Again  let  CAB,  cab  he  arcs  described  in  the  same  time  in 
the  circles,  whose  centers  are  S^  Sj  and  let  A,  a  be  their  middle 
points;  join  AB,  ab,  and  draw  the  diameters  ASV,  aav  cutting 
the  chords  CB,  eft  in  D,  d;  then  (Prop.  ii.  Cor.) 

Force  at  A  :  force  at  «  =  L.  R.  AD  :  ad 

(chord  ^S)'      (chord  afcf 


=  L.  xt. 


=  L.  R. 


AV  av 

(arc  ABy      (arc  abf 


AS  as 

Take  AE^  ae  any  other  arcs  described  in  equal  times; 

then  AE  :  ae  =  AB  :  ab^ 

and  this  being  true  whatever  be  the  magnitudes  of  AB,  ab  will 
be  true  when  they  are  diminished  indefinitely, 

.-.  AE  :  ae  -la.  R.  AB  :  a6, 

AE^      a^ 


and  therefore  force  at  A  :  force  at  a  = 


AS       as 


CoE.   1.    Since  ^£  =  velocity  x  time,  if  r=  velocity  of 
the  body,  R  =  radius  of  the  circle,  and  the  time  be  given, 


Foe-. 


CoE.  2.     Let  P  equal  the  periodic  time,  then  since  s  =  tv^ 


27ri?  =  P.r;    ..   jP  oc  ^;^^-^  oc    ^^ 


R'  R 

'^c  -— - 

PKR        P' 


CoE.  3.     If  P  be  given,  F  oc  R,     If  P  oc  i?*,   jP  oc  -—  ; 
and  generally  if  P  oc  /?%    P  oc 


R 


2»-l 
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Peop.  V.  Given  the  velocities  of  a  body,  and  the  di- 
rections of  its  motion  at  three  points  of  its  orbit,  to  determine 
the  position  of  the  center  of  force. 

Let  PMf  MQN,  NR  be  the  directions,  in  which  the  body 
is  moving  at  the  three  points  P,  Q,  R;  draw  Pp,  Qq,  Rr  at 
right  an^es  to  these  lines  respectively,  and  such  that 

Pp  :   Qq  s  velocity  at  Q  :  velocity  at  P, 

and  Qq  :  Rr  =^  velocity  at  R  :  velocity  at  Q. 


Through  p,  q,  r  draw  pm,  mw, 
nr  respectively  parallel  to  PM,  MN, 
NR  ;  join  Mm,  Nn  and  produce 
them  to  meet  in  aS";  S  will  be  the 
center  of  force. 

Draw  SX,  SY,  SZ  perpendi- 
cular to  PMy  MNy  NR,  respectively, 


then 


SX      Pp 
SM  "  Mm  ^ 


and 


SM      Mm 
'sfOq' 


SX      Pp  _  velocity  at  Q 
'  ^Y  ~  Q^""  velocity  at  P 


Similarly 


SY     velocity  at  R 
SZ  "  velocity  at  Q 


Hence  the  perpendiculars,  drawn  from  S  upon  the  tangents 
at  P,  Q,  R,  are  inversely  as  the  velocities  at  those  points; 
therefore  S  must  be  the  center  of  force.     (Prop.  i.  Cor.  3.) 
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Prop.  VI.  A  body  moving  round  a  Jixed^  center  of  force 
S,  deserts  the  arc  PQ  in  T";  if  F  he  the  central  force  at  P, 
and  QR  a  subtense  parallel  to  SP,  when  PQ  and  T  are  di- 
minished indefinitely^ 


jP  =  2  limit 


QR 

y2 


The  motion  of  the  body  on  leaving  P 
is  compounded  of  two  motions,  one  uniform 
in  direction  of  the  tangent  PR^  the  other 
variable,  arising  from  the  action  of  S  and 
taking  place  in  direction  of  the  line  join- 
ing the  body  with  S\  therefore  since  RQ 
is  parallel  to  PS^  its  ultimate  value,  when 
T  is  diminished  indefinitely,  will  be  the 
space  described  by  the  action  of  S  in  that 
time. 


R 


Hence  (Lemma  x.  Cor.  2.)     F  =^ limit 


QR 


CoE.  1.     Draw  QT  perpendicular  to  SP^  and  join  SQ^ 
QP ;  let  A  =  2  area  described  in  l", 


then 


r"      2  area  PSQ 


n 


h 


also  limit  area  PSQ  =  limit  triangle  PSQ 

^llimit  QT  .SP; 


*  The  above  expression  for  the  force  being  obtained  independently  of  the  preceding 
propositions,  it  is  not  necessary  that  the  areas  described  should  be  proportional  to  the 
times.  It  is  therefore  true  in  orbits  described  round  several  centers  of  force,  in  which 
case  the  expression  represents  the  magnitude  of  the  resultant  of  all  the  forces  acting  on 
the  body  at  the  point  P.  It  is  clear,  however,  that  the  equable  description  of  areas  is 
supposed  to  be  preserved  in  the  three  succeeding  corollaries.  The  result  in  Cor.  4.  is 
general,  and  might  easily  be  obtained  from  Cor.  3,  in  the  particular  case  of  the  areas 
being  described  equably,  by  substituting  for  h  its  value  Sy .  F,  obtained  in  Cor.  2. 
Prop.  I. 
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2  —  .  limit 


4  ^QT'.SP' 

2A«     ,.    .    OR 
.  limit 


5/*  QT' 

Cor.  2.  Draw  iS^j^  perpendicular  to  the  tangent  PR,  then 
since  the  angle  QPR  ultimately  vanishes,  the  triangles  QPT, 
SPy  are  ultimately  similar ; 

V     ,QT      Sy 
,.    .    QR      SP*..   .    QR 

•'•^"^''qt''-s^^'°'''p^\ 

„     2A«  ,.    .    QR 

■■^'sf^''^''p(^- 

CoE.  5.     If  PF  be  the  chord|  of  curvature  at  P  through  *y, 
PF=  limit  ^,     .-.  F  = 


QR  '  5'y^P^ 

Obs.     If  J  =  the  area  described  in  P",  A  =  -^^  ,   which 

F 

value  may  be  substituted  for  A  in  the  above  expressions  for  the 

force. 


Cor.  4.  The  space j  through  which  a  body  must  descend 
from  rest  by  the  action  of  the  force  at  P  continued  constant,  in 
order  to  acquire  the  velocity  at  P,  is  -^th  of  the  chord  of  curv- 
ature pr* 

Smce  hmit  j^^h     ^  =  2  limit  -y^  =  2  limit  j^ryY) 
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w 

QR        1  PR 

Now  limit  — -  =  ~~ ,  and  limit  -—  =  velocity  at  P  =  F ; 

2P  PV 

.-.  F  s=  -j—    and  therefore,  P  =  F.  —  . 

Let  S  =  space  due  to  V  by  the  action  of  F  continued  con- 
stant, 

then,    P=2F»y, 
hence  equating  this  to  the  above  expression  for  P,  we  have 

CoE.  5.     To  find  the  velocity  and  periodic  time  of  a  body, 

revolving  in  a  circle  and  acted  on  by  a  centripetal  force  tending 

to  the  center  of  the  circle. 

< 

Here  PV  =  the  diameter  =  2i?,    ,\  v  =  \/F.  R  ; 


«     circumference        SttjR  /r 

Also  P= ,     .,  =  -7=  =  27r  V  ^  . 

velocity  y/F.R  F 

'  CoE.  6.  If  F,  V  be  the  velocities  at  P,  />,  points  similarly 
situated  in  similar  orbits,  described  round  S^  8  centers  of  force, 
also  similarly  situated, 

Force  at  P  (F)  :  force  at  p  (/)  =  -—   :  —  . 

&P      sp 

Let  PQj  pq  he  arcs 
described  in  equal  times, 
QRy  qr  subtenses  parallel  a 
to  *yP,  «p,  and  PF,  pv 
chords  of  curvature  at  P, 
p  through  *y,  8. 

Then  since  the  times  are 
equal. 
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F  :  /=L.R.  QR  :  qr 


^  L.  xi« 


PV  '   p^' 


also   r:t,=  L.R.^:S 

T       T 

=  L.  R  PQ  :  pq, 

and  since  P  and  p  are  points  similarly  situated  in  similar  orbits, 

SP  :  sp^PV  :  pv, 

*  Cor.  7.  If  similar  arcs  of  similar  orbits  be  described  in 
times  T,  t  round  S^  «,  centers  of  force  similarly  situated, 
(Fig.  Cor.  6.) 

„      ^     SP      sp 

Let  Pi,  pi  he  similar  arcs  described  in  times  Tj  t^  and 
take  PQ,  pq  other  similar  arcs  described  in  times  Pj  p; 
QR9  qr  subtenses  parallel  to  SP,  sp ;   then 

join  SQ9  SL,  sq^sL 

Then  T  :  P  =  area  PSL  :  area  PSQ 

:^aTea.psl  :  areap«^  by  similar  figures 

.\    T  :   t^P  :  p; 
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and  this,  being  always  true,  will  be  true  when  P  and  p  are 
diminished  indefinitely. 


-.   T  I  t^  L.  R.  P  :  p, 


and  by  similar  figures. 


SP  :  sp  =  QR  :  qr  always  and  therefore  in 


the  limit ; 


.-.  F  :  /= 


SP      sp 

It  ''  T 


Prop.  VII.  A  body  revolves  in  the  circumference  of  a 
circle,  to  find  the  law  of  force  by  which  it  is  attracted  to  a 
given  point. 


Let  PAV  be  the  circumference 
of  the  circle,  and  S  the  center  of 
force ;  PQ  a  small  arc,  QR  a  subtense 
parallel  to  SP,  QT  perpendicular 
to  SP.  Let  RQ,  and  PS  produced 
if  necessary,  meet  the  circumference 
in  G,  F;  draw  the  diameter  P/,  join 
IV,  and  produce  TQ,  PR  to  meet  in 
Z.  The  triangles  PTZ,  PVI  are 
evidently  similar. 


Hence 


OR .  RG      RP 


ZP'      PP 


Qf^  =  Qyi  (Eue.  m.  S6.)  =  ^T^  =  ;pp  • 


Now  let  Q  move  up  to  P, 

QR  PP 

then  limit  -r-z=.  =  limit  -rr: 


QT" 


PV^.RG 


PP 

=  l™it  — ~,  since  limit  RG  =  PV. 
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2^2      /  .     QR 
.*.  F  =  — — -  .  limit 


2A«  pr       hk'ip 


if  JSt  =  radius  of  the  circle. 

Let  JUL  represent  that  part  of  the  expression  for  F^  which  in 
the  same  orbit  is  invariable;   then  in   this  case, 


Hence     F  = 


SF'.PV' 


and  therefore  in  the  same  circle  oc 


SP' .  PP 


CoR.  1.     To  find  the  velocity  at  any  point. 


V~  =  F, =    ,      or  =  ir^;:: — ^-  ; 


2        SP'.PV  ^.SP'.PV 


2hR 
•*.  V  =  — T- — — -- ,     or 


SP.PV  ^  2'SP.PV' 

Obs.  The  quantity  (m)  here  introduced  is  that  part  of 
the  general  expression  for  the  centripetal  force  in  any  orbit, 
which  is  invariable  for  all  points  in  that  orbit,  and  may  always 
be  determined,  if  the  actual  force  at  any  given  point  be  known. 
The  force,  by  which  a  body  is  retained  in  a  given  curve,  is  in 
most  cases  undergoing  a  continual  change  in  magnitude ;  but 
its  magnitude  at  any  given  point  is  to  be  estimated  by  the 
effect  it  would  produce,  that  is,  by  the  velocity  it  would  gene- 
rate in  a  unit  of  time  from  rest,  supposing  it  to  remain  constant 
for  that  time.  Hence  if  a  second  and  a  foot  be  the  units  of 
time  and  space,  the  magnitude  of  the  centripetal  force  at  any 

E 
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point  is  represented  by  twice  the  number  of  feet,  which  it 
would  cause  a  body  to  describe  from  rest  in  l";  if  for  instance, 
it  draws  a  body  from  rest  through  10  feet  in  l",  its  magnitude 
will  be  20,  and  it  will  be  to  the  force  of  gravity  in  the  ratio  of 
20  :  32-i-orof  100  :  l6l.  Suppose  then  in  the  preceding  pro- 
position, that  the  force  at  A^  the  extremity  of  the  diameter 
through  iS,  would  if  conthiued  constant  draw  a  body  through 
(/)feetin  l". 


I 


then 


M 


SAK(2R) 


-  =2  /*• 


.-.  fji  =  2f.SA\(2RY 


CoE.  2.      Let  S  be  in  the  circumference,  then  PV  =^  SP. 


Hence  r  =    •     or  =  -rr^n ;    and  therefore. 


SP'  ' 


V  =   ,     or 


sr 


SP 


5? 


SP"' 


=  v?. 


2   SF" 


CoE.  3.  To  compare  the  forces,  by  which  a  body,  at- 
tracted separately  to  two  centers  of  force,  may  describe  the 
same  circle  in  the  same  periodic  time. 


Let  R  and  S  be  the  two  centers 
of  force;  produce  PR^  PS  if  ne- 
cessary to  meet  the  circumference  in 
U,  V\  draw  SG  parallel  to  iZP  to 
meet  the  tangent  at  P  in  G,  and 
join  UY\  then  the  triangles  SPG^ 
PVU  are  evidently  similar. 


SG       PV 


SP      PU 


^,^     PV.SP 
orSG^.-^- 
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Also   since   the  periodic   time   is  the   same,    A,    which 

2  area  of  circle     . 

7— jT — -; ,  IS  the  same  for  both  centers,  hence 

periodic  time 


FtoRiFtoS^  ^ 


RI^.PIP      SP'.PV^ 


PV .  SP' 

p!p 


:  RP'.SP 


=^SG'':  RPKSP, 


CoE.  4.  What  has  been  proved  in  the  last  corollary  in 
the  case  of  the  circle  is  true  of  anv  orbit  described  round 
two  centers  of  force  separately  in  the  same  periodic  time. 
For  if  PUV  be  the  circle  of  curvature  at  P,  the  expression 

QR 

for  F^  viz.  2  limit  — — ,  is  the  same  in  the  curve  and  circle, 

and  therefore  what  has  been  proved  in  the  one  case  is  true  in 
the  other.  Hence  generally  in  any  orbit  described  in  the 
same  time  round  two  centers  of  force, 

F  to  R  :  F  io  S  =  SG^  :   RP".  SP. 


If  the  periodic  times  are  not  the  same, 


„  ^  r.  c  SO'  RPKSP 

F  to  R  :  F  to  S  = 


P'  round  R  '   P^  round  .S ' 


Peop.  VIII.  To  find  the  law  of  force  by  which  a  body 
may  describe  a  semicircle^  the  center  of  force  being  so  distant^ 
that  all  lines  drawn  from  it  to  the  body  may  be  considered 
parallel. 
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Let  PQ  be  a  small  arc  of  the 
semicircle,  C  the  center;  drawP*?,  QS 
parallel  to  each  other  toward  the  center 
of  force;  CM  perpendicular  to  PS^ 
then  CM  produced  both  ways  will 
determine  the  semicircle  described. 
Draw  Qr  perpendicular,  and  QR  pa- 
rallel to  SP,  and  produce  PR,  TQ 
to  meet  in  Z ;  join  CP-  The  triangles 
PZT,  CPM  are  evidently  similar ; 


QR,(RN+QN)  _  RP'  ^  ZP'  _  CP' 
of'  ~  QT'  "  ZT'  ~  PJT^' 


OR         CP^ 


.-.  F  = .  limit  — — - 

SP'  QT' 


h' .  CP' 


^ 


SP' .  PM' 


•1  9 


"••  =  16175 '    -'"^  •  "•  °= 


PM 


PM 


CoE.     To  find  the  velocity  at  any  point. 


„,      „    PV        hKCP^ 

V  =  F   —  = PM 

2        SP'.PAP 


SP^~PM' ' 
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Scholium  to  Prop.  VIII. 

If  JQP  be  any  conic  section^  it  may  be  described  by  the 
action  of  a  force  tending  to  a  point  at  an  infinite' distance^  and 
varying  inversely  as  the  cube  of  the  ordinate. 


Let  POf  the  diameter  of  curvature  at 
Pj  cut  the  axis  of  the  conic  section  in  K ; 
draw  OV  perpendicular  to  PS^  then  PF  is 
the  chord  of  curvature  at  P  in  direction  of 
the  force ;  and  complete  the  construction  as 
in  the  proposition. 

By  similar  triangles  ZPT,  PMK, 


QT'     RP' 


QR       QjR 


=  ZT^  :  ZP^  =  PM'  :  PK% 


and  this  being  true  always  will  be  true,  when  Q  moves  up 
to  P, 

QT'      RP^ 
•     L.R.  ^  :  ^777  =  Pif'  :  PK\ 
QR        QR  ' 

and  PV  :    PO  ^  PM  :   PK, 

RP^       .    .   P(? 

.-.  since  limit  -zrzr  =  limit  -:r2r  —  PV^ 


QR 


QR 


limit  -^  :  PO  =  PM^  :  PK\ 
QR 


Now   (Appendix  Arts.  4,  5«)   in   all   conic   sections,   the 

8 


diameter  of  curvature  =  — .  PIPy 


.'.  limit 


QR 


D 


and   .•.  F 


hKL 


1 


^SPKPM^        PM 
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Prop.  IX.     To  find  the  law  of  force  tending  to  the  poky 
by  which  a  body  may  describe  an  equiangular  spiral. 


Def.     An  equiangular  spiral^  is  a  spiral  cutting  all  the 
radii  at  the  same  given  angle. 


Let  PQ  be  a  small  arc 
of  the  spiral,  S  the  center 
of  force  in  the  pole.  QR  a 
subtense  parallel  to  SP9  QT 
'  perpendicular  to  SP^  and 
let  the  constant  angle  SPR^ 
which  the  curve  makes  with 

the  radius,  =  o.     Join  PQ,  and  let  PV  be  the  chord  of  curva- 
ture through  S, 


.       QT'      PR"   .  , 


.    QT^      .    .    PR^  PQ^ 

.-.  limit  — —  =  limit  — — -  sin^a  =  limit  — -—  sin^a  =  PV  sin^o. 
QR  QR  QR 


Let  the  tangent  at  Q  intersect  PR  in  JC.  Then  since  SP^ 
SQ  make  equal  angles  with  the  tangents  at  P,  Q,  the  angles 
SPXy  SQX  are  equal  to  two  right  angles,  therefore  the  angle 
PSQ  =  angle  QXR»  Also  since  T  is  a  point  in  the  circum- 
ference of  the  circle  of  curvature,  the  angles  XPQj  XQP  are 
each  ultimately  equal  to  QVB.  Hence  the  angle  QXR,  and 
therefore  the  angle  QSP  is  ultimately  double  of  the  angle  QVS, 
therefore  A  SQV  is  ultimately  equal  to  ^  SVQ,  or  SV  =^  SQ 
ultimately  =  SP.     Hence  PF=  2SPy 


and    .-.  F  =  |^  limit  ^ 
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2h*  1 

SP"'  iSP  sin*  a 


sin"  a'  SP^* 


1  M  ,  1 

or  =  rrrr: ,  and  .•.  oc 


SP' 


SP' 


Cob.     To  find  the  velocity  at  any  point. 


F»  =  J". 


PV 


1 


or 


sin* a'  SP"'         SP* ' 


•   r=  - 

•  .     r    —     , 


VM 

sina'  SP'   "'    aSP 


or 


Prop.  X.     A  body  describes  an  ellipse  round  a  center  of 
force  in  the  center  of  the  ellipse^  to  find  the  law  of  force. 


Let  PQ  be  a  small  arc  of  the 
ellipse,  C  the  center,  QR  a  subtense 
parallel  to  CP;  ACy  BC  the  semi- 
axes  major  and  minor ;  QV  parallel 
to  PR ;  QT,  PF  perpendicular  to  a 
CP  and  the  semi-conjugate  CD 
respectively,  produce  PC  to  meet 
the  ellipse  again  in  6;  then  the 
triangles  QVT^  PCF  are  evidently 
similar. 


Now 


PV,  VG      CP"" 


QV 


2 


CJ5»' 


and 


QV^      CP' 


QT*      PF' ' 


PV.VG 


CP' 


CP* 


QT 


» 


PF' .  CDf     AC* .  BC" ' 
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,.    .     QR      ,.    .    PV  CP' 

.*.  limit  — — -  =  limit 


Q7"  QT*     ACKBC\iCP' 


(since  limit  FG  =  2  CP) 

CP^ 


zAC'.BC^" 


or  =  /x .  CP,  and  therefore  oc  CP^ 

Cor.  1 .     To  find  the  velocity  at  any  point. 

A* 


AC.BC 


CD^; 


•  ^=2c^-^^'  -v^-^^- 


Cor.  2.     To  find  the  periodic  time. 

Since  /x  =  ^^^  ^^^ ,   A  =  ^C.  BCV/m  ; 

also  the  area  of  the  ellipse  ='n-AC  *  BC ; 

2  area  of  ellipse 
'•  ^ h 

Hence  the  periodic  times  in  all  ellipses  round  the  same  center 
of  force  in  the  center  are  equal. 
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Cor.  3.  If  a  body  be  projected  in  a  direction  making  any 
angle  with  its  distance  from  a  fixed  pointy  and  be  attracted  to 
that  point  by  a  force  varying  as  the  distance^  it  will  describe 
an  ellipse  J  whose  center  is  the  center  of  force. 

Let  C  be  the  center  of  force,  P  the     x> 
point  from  which  the  body  is  projected 
in  direction  PF,   V  the  velocity,  and  F 
the  force  at  P. 

Then  space  («)  due  to  the  velocity 
at  P  =  -— .     In  PC,  produced  if  necessary,  take  PF  =  4«,  and 

draw  CD  parallel  to  PY  and  =  y/\CP.PV.  With  CP,  CD 
as  semi-conjugate  diameters  describe  an  ellipse,  and  suppose  a 
body  revolving  in  it  to  come  to  P ;  then  it  is  moving  in  the 
direction  of  the  tangent  at  P,  that  is,  in  a  line  parallel  to  CD  or 
in  direction  PY.  Also  space  due  to  velocity  at  P  =  ^  chord  of 
curvature  at  P 

The  force,  distance,  and  law  of  force  are  the  same  also  in 
both  cases ;  hence  the  two  bodies  are  under  the  same  circum- 
stances at  P,  and  will  therefore  describe  the  same  orbit ;  that  is, 
the  projected  body  will  describe  an  ellipse,  whose  center  is  C 

If  CPY  be  a  right  angle,  and  »  =  J  PC^  the  orbit  described 
will  be  a  circle. 

Cor.  4.  To  compare  the  velocity  at  P  with  the  velocity 
in  a  circle,  radius  s  CP^  described  round  the  same  center  of 
force. 

V.  in  ellipse  =  Vm •  CD. 

r.  in  circle  (radius  ^  CP)  ^  \/F.CP,  (Prop.  vi.  Cor.  5.) 

^^/^.CP\ 

.-.   V.  in  ellipse  :    V.  in  circle  (rad.  =  CP)  =  CD  :  CP. 

F 
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Scholium  to  Prop.  X. 

1.  It  was  proved  in  the  proposition,  that,  when  a  body 
moves  in  an  ellipse  round  a  center  of  force  in  the  center,  the 
force  varies  as  dist.  The  same  is  also  true,  when  a  body 
moves  in  an  hyperbola,  the  construction  and  proof  being  exactly 
the  same  as  for  the  ellipse. 

2.  If  the  orbit  be  a  parabola,  the  center  of  force  is  remov- 
ed to  an  infinite  distance,  and  the  force  acts  in  lines  parallel  to 
the  axis ;  in  this  case,  since  the  difi^erence  of  any  two  distances 
vanishes  compared  with  the  distances  themselves,  the  force  is 
invariable. 

Or  the  following  proof  may  be  applied  in  the  case  of  the 
parabola. 


Let  PQ  be  a  small  arc  of  the 
parabola,  A  the  vertex,  S  the  focus; 
PC  parallel  to  the  axis,  and  there- 
fore in  the  direction  of  the  force; 
QR  a  subtense  parallel  to  PCy  and 
QV  parallel  to  the  tangent  PR; 
QT,  SY  perpendicular  to  CP,  PR. 


Since  ^SP.PV^QV\ 


QR       PV         I 
QP~  Qp-  4^p» 


and  by  similar  triangles,  QTV,  SPY, 


QV* 

SP' 

SP 

QT» 

SY" 

SA' 

.•.  limit 

QR 

1 

.-.   F  = 

2A» 

1 

CP"    ^SA 


SECTION   III. 


ON   THE    MOTION   OF   BODIES  IN    CONIC   SECTIONS,  ABOUT   A  CENTSK 

OF   FORCE   IN  ONE   OF   THE  FOCI. 


•     Peop.  XI.      A  body  revolves  in  an  ellipse,  to  find  the 
lo>w  of  force  tending  to  one  of  the  foci. 

Let  the  focus  S  be  the  center 
of  force,  PQ  a  small  arc ;  QR  a 
subtense  parallel  to  SP;  C  the 
center  of  the  ellipse,  join  PC  and 
produce  it  to  meet  the  ellipse  in  G; 
draw  Qofv  parallel  to  the  tangent 
PRf  cutting  SP9  CP  in  Of,  v;  and 
QT,  PF  respectively  perpendicu- 
lar to  SP9  and  the  semi-conjugate  diameter  CD :  and  let 
E  be  the  point,  in  which  SP  cuts  CD,  then  PE^ACy 
the  ^  axis  major. 

By  similar  triangles,  QxT^  PEF, 

and  by  a  property  of  the  ellipse, 

Pv  CP^ 

Qv'"  vG.CD"' 

also  by  similar  triangles,  P«t  F,  PEC, 

P.v      PE      uW 
T^^"  PC"  PC' 
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Now  Pa  s  QR,  Qx  ultimately  •=  Qv,  and  « G  ulti- 
mately s  2  CP  i  hence  multiplying  the  above  quantities 
togeth^,  and  taking  the  limits  of  the  products. 


limit 


ACCP 


AC- 


QR     ^ 


AC 
zBC 


1 


./'  =  -E.Hmit«« 


or  = 


SP' 


SP 


F&op.  XII.     A  body  moves  in  an  hyperbola,  to  Jind  the 
law  of  force  tending  to  one  of  the  foci. 

Let  the  center  of  force  be  in  the  focuis  *S,  and  let  the 
body   move   in    the   branch  PA,   which  is  nearcfr  to  S  than 


the  other  branch  of  the  hyperbola.  Then  the  same  con- 
struction being  made  as  in  the  ellipse,  it  may  be  shewn  in 
precisely  the  same  manner  that  the  force 


2h 


2 


L    SP 


or  = 


SP 


and 


SP"' 
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Cor.     In   the  same  manner  it  may  be  shewn,    that  if 
the  body  describes  the  opposite  branch  pa   by   a  repulsive 

force  proceeding  from  S,  the  force  will  vary  as  -x-^. 

Prop.  XIII.     A  body  moves  in  a  parabola,  to  find  the 
law  of  force  tending  to  the  focus. 

Let  A  and  S  be  the  ver- 
tex and  focus  of  the  parabola, 
PQ  a  small  arc ;  QR  a  sub- 
tense parallel  to  SP,  QXV 
parallel  to  the  tangent  PR, 
cutting  SP  in  X,  and  the 
diameter  through  P  in  F; 
or,  SY  perpendicular  to  SPy 

PR ;  L  =  latus  rectum.      Then  by  a  property  of  the  para- 
bola Pr=PX  and   .-.  =:QR;  also4SP,Pr=QP. 

Hence 

QR       PV         1 


QV""      yP  4  6'P' 
and  by  similar  triangles, 

QX'     SP^  SP 

Now    QX   ultimately  '^^  QV;  hence    multiplying    these 
quantities  together,  and  taking  the  limits, 

,.    .,   QR         1  1 
hmit 


„     2A»  QR 


2  A* 

L 

1 

1 

«' 

A* 

or 


SP"' 


46 


Cor.  If  a  body  be  projected  at  a  given  distance  from 
a  center  of  force^  which  oc  (dw#.)~^  «^^  *^  «  direction 
making  a  finite  angle  with  the  distance^  it  will  describe  a 
conic  section,       *^%^        ' 

^Let  S  be  the  center  of  force,  P  the  point  and  PY  the 

direction   of  projection,   F=  the   force  at  P,    then  if  s  be 

f  velocity^ 
the  space  due  to  the   velocity  of  projection,   s  =  -^ ^-^ 

and  is  therefore  known. 


1.  Let  s  be  less  than  SP. 
In  PS  take  PK  = «,  and  draw 
Pjff,  making  with  YP  produced 
the  z  ffPZ=  z  SPY;  in  PIT  take 
PL  =  SKy  and  through  S,  X,  L  de- 
scribe a  circle  cutting  PL  in  jff; 
so  that  PH.PL^^PS. PK.  With 
foci  iS*  and  H  and  axis  major 
=  SP  +  i/P,  describe  an  ellipse,  and  suppose  a  body  re- 
volving in  this  ellipse  and  acted  on  by  the  same  force  in  S, 
to  come  to  P ;  then  space  due  to  velocity  at  P «  ^  chord 
of  curvature  at  P  through  S, 

(^  conjugate  diameter)^       SP .  HP 


axis  major 


SP+HP 


SP 


SP 


1  + 


SP 
HP 


1  + 


PL 
PK 


^  PK. 


Hence  the  velocity  is  the  same  in  both  cases ;  also  the 
revolving  body  is  moving  in  direction  P  F,  since  ZPy^  making 
equal  angles  with  SP,  HP,  is  a  tangent  at  P;  and  the  force 
and  the  law  of  force  are  the  same  for  both  bodies ;  they  will 
therefore  describe  the  same  curve,  that  is,  the  projected 
body  will  describe  an  ellipse. 
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SK 


2.  Let  8  be  greater 
than  SP.  In  PS  pro- 
duced take  PK  =  s  ;  draw 
Pif  on  the  other  side  of 
PY,  making  the  z  FP/Z' 
=  z  FPaS,  take  PL  =  SK, 
and  through  *y,  JT,  L,  de- 
scribe a  circle  cutting  PL 
produced  in  H:  then  if  with  foci  S  and  H  and  axis  major 
=  HP^  SP9  an  hyperbola  be  described,  it  may  be  shewn,  as 
in  the  preceding  case,  that  the  body  will  move  in  the  hyperbola 
thus  constructed. 

PK    PS 
3     Let  8=SP^      Here  SK=0,  and  .-.  PH=  — ^^  =  00 

Let  the  circle  described  with  cen- 
ter S  and  radius  SP  cut  PY 
in  T;  draw  SY,  YA  perpendicu- 
lar to  PTy  TS  respectively,  and 
with  focus  S  and  vertex  A,  de- 
scribe a  parabola ;  then  it  may  be  ''' 
shewn  as  in  the  former  cases,  that  the  body  will  move  in 
the  parabola  thus  constructed. 

Prop.  XIV.  If  any  number  of  bodies  revolve  about 
one  common  center  of  force^  which  varies  as  (rfi«^.)"^  ^^^ 
is  the  same  at  equal  distances  in  all  the  orbits  described^ 
the  latera  recta  of  the  orbits  will  be  as  the  squares  of 
the  areas  described  in  equal  tim^s. 

Let  be  the  force  in  any  orbit  at  the  distance  aSP, 

SI 

then   since  the  forces  at  equal  distances  are  equal,   /m  is  the 
the  same  for  all  the  orbits: 


2A^ 


Also  by  Props,  xi,  xii,  xiii,  yu  =  -=-> 


.'.   L  oc  h^  oc 


area  described  in  a  given  time 


time 


) 


oc 


(area)^  described  in  a  given  time. 
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Prop.  XV.     A  body  revolves  in  an  ellipse  round  a  center 
of  force  in  the  focus,  to  find  the  periodic  time. 

Let  AC,  BC  be  the  semi-axes  major  and  minor,   Pthe 
periodic  time. 

_,,        P"        area  of  the  ellipse 

1  hen  -7?  = ..     .  .      „ , 

1        area  described  in  1 

P     vAC . BC 


and»ince^  =  M,   A  =  \/^  =  \/^ ' ^^' ^  gg \/Z, 
^  ^2        ^      AC  ^  AC' 

P     Z-rACi 

Cor.  Hence,  the  squares  of  the  periodic  times  in  all 
ellipses,  described  round  the  same  center  of  force  in  the 
focus,  are  as  the  cubes  of  the  major  axes. 

Prop.  XVI.  To  find  the  velocity  at  any  point  of  a 
conic  section^  described  about  a  center  of  force  in  the  focits. 

Let  V  be  the  velocity  at  the  point  P, 

Now  in  the  ellipse  and  hyperbola, 

PV     Ciy      SP.HP      ^^    /        SP\ 

and  in  the  parabola, 

2 
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Hence  in  the  ellipse   F=\/  — (2 1  « 

^  ^  SP\       AC)  ' 


in  hyperbola  V=  \/  —  (^  ^ 


in  parabola   F=  \/ ^  . 


^P\ 


jcr 


Coil.  To  compare  the  velocity  with  that  of  a  body 
moving  in  a  circle,  radius  =  SP^  and  described  round  the 
same  centre  of  force. 

Let  C7  =  velocity  in  the  circle^ 
then  (Prop.  vi.  Cor.  5.), 


V  /       JP  ,          /- 
.-.  in  ellipse  --  =  \/  2  --7T7  which  is  less  than  v  2, 

V  /       iSP 

in  hyperbola  -- «   '^2+  ^.- greater 


in  parabola  —  *  v2. 


G 


APPENDIX. 


Note  to  Lemma  II. 

1.      To  find  the  area  of  a  plane  curve. 

Let  the  area  ABC  be  bounded 
by  the  curve  AC^  and  the  straight 
lines  AB^  BC  Let  AB  be  divided 
into  n  equal  parts,  and  let  MN  be 
the  T^  part  from  A ;  draw  ATP,  ATJI 4 
parallel  to  BC^  and  complete  the  pa- 
rallelogram MNRP.  ^        M  N 

h 
Let  AB^h,    then  MN^-, 

n 

LABC^i, 

area  of  parallelogram  FN ^^  yr  sin  i. 

Therefore  giving  to  r  the  values  1,  2,  3...W,  the  sum  of  the 
parallelograms  described  on  all  the  parts 

r=-sini  (^1  +  ^2  +  ^8+  ...  +y„)  =  Asint.S.—. 
n  n 

Therefore  area  of  curvilinear  figure  =  h  sin  i  .  limit  2  —  , 
when  n  is  infinite. 


h 
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Ex.  1.     To  find  the  area  of  a  portion  of  a  parabola  cut 
off  by  a  diameter,  and  one  of  its  ordinates. 

Let  ABC  be  the  parabolic  area  cut 
off  by  the  diameter^Aand  a  semi-ordinate 
BC.  Complete  the  parallelogram  ^5CJ5:      n/ 5 


then  AD  is  a  tangent  at  A>  ^^—y^^ 

Let  AD  =  A,  AB^  k,  and  let  AM   i 
be  the  abscissa,   and   MP^   parallel   to 
AB,  the  ordinate  to  the  point  P;  then  by  a  property  of  the 
parabola, 

PM      AB  ^_  k    (ThV 


AM""     AD" 


k    (Thy      ,  r^ 
;     .-.  PM  or  y,  =  -  .    —      =  A?  —  , 


.'.  area  ADC  =  h  sin  i  .  IJmit  .  2—  =  AA  sin  i  limit  2  -r , 

n  nr 

=  hk  sin i .  limit . -  .  (l*+  2*  +  3*+  ...  +  n*), 

=  hk  sm  I .  limit  — -    —  +  —  +  - 

=  ^hk  sin  i 

=  -^  parallelogram  ABCD^ 

and  .'.  parabolic  area  ^£C  =  ^  circumscribing  parallelogram. 

2.     The   volume   of  a  solid   of   revolution  may   be   de- 
termined in  a  similar  manner. 

Let  ABC  be  a  plane  curvilinear  area  by  the  revolution 

of  which  round  AB  the  solid  is  generated,  and  let  CB  be 

perpendicular  to  AB.      Then  if  AB  (=  h)  be  divided  into 

n  equal   parts,    and   the    rectangular  parallelogram   PN  be 

described  on  MN  the   r^  part,    the  cylinder  generated  by 

A  h 

the  revolution  of  PN   round  J/jV  =  -  tt  .  PM^  =  -  tt  .  y^^ 
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and  tbe  Tcdttine  of  the  sidid 

=  fimit .  stun  of  all  such  cylinders 


^. limits.-^,  when  n  is  infinite. 


n 
Ex.  2.     To  find  the  volume  of  a  sphere. 

Let    ABC    be    a    quadrant    of    the    graerating    circle 
radius  »  h. 

then  ^=2Aa?  — a?^. 


,  rA      /rM'      ^.  /2r      r»\ 
n       \nf  \n      vr) 


and  therefore  volume  of  hemisphere 


=  irh^  limit  |^(l  +  2  +  ...  n)  -  -^(l*  +  2«+  ...  +  n^j 

=  , A3  limit  (i/^\»)-i5(l%^  + 2)1 
\n*  V2       2/       «'  \3        2       6/j 


and  therefore  volume  of  sphere 

4  2  2    . 

=  -  ttA'ss  -  .  2A  .  ttA*  =  -  circumscribing  cylinder, 

o  o  o 


Ex.  3.  Similarly  the  volume  of  a  cone  and  paraboloid 
may  be  shewn  to  be  -  and  -  of  the  circumscribing  cylinder 
respectively. 


6S 


3.     To  find  the  volume  of  a  pyramid. 


Let  A  be  the  area  of  the  base  of  the  pyramid,  and 
let  the  perpendicular  from  the  vertex  upon  the  base  s  h. 
Divide  h  into  n  equal  parts,  and  through  the  r^  point  of 
division  from  the  vertex  draw  a  plane  parallel  to  the  base. 
Then  the  area  of  the  section  of  the  pyramid  thus  made 


© 


2 


on  this  area  as  a  base  describe  a  right  prism,  whose  altitude 

=  — ;  then  volume  of  prism 
n 

rir   n  rtr 

and  therefore  volume  of  pyramid  =  limit  of  sum  of  all  such 
prisms 

^Ah  limit  2-^«  JA  limit  ~  (l«-f  2^+ ^n^) 


^  Ah  limit  -1    —  +—  +  F 
B  ^  J  A  =  ^ .  base  x  altitude. 


Note  to  Pkop.  XIII.  on  Cukvatuee. 

4.  To  find  the  chords  of  curvature  through  the  center 
and  focus,  and  the  diameter  of  curvature,  at  any  point  of 
an  ellipse  and  hyperbola.     (Vide  Figs.  Props,  xi.  and  xii.) 

Let  Q«,  a  semi-ordinate  to  the  diameter  PCG^  cut  SP 
in  0?,  CP  in  «,  and  PF,  which  is  perpendicular  to  the  semi- 
conjugate  CD^  in  u. 
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Chord  of  curvature  through  C 


=  hmit 


subtense  parallel  to  CP 


limit  ^  =  limit  ^ 
Pv  Pv 


-  "™it  -T7^*  ^ G9    Since =  — — : 

C/*  Pv.vG      CP" 


,   since  »  G  ultimately  =  2  CP. 


Chord  of  curvature  through  S 


2 


=  limit  — zz-z —=  =  limit  -^r- 

subtense  parallel  to  SP  "x 


Qv^   Pv  CLF  PC 

=  Umit-^.^  =  limit  r^.uG.  ^ 

Pv     Pw  CP""  PE 


2Ciy 

— — -,   since  PE  =  JC 


Diameter  of  curvature 

P(^ 


=  limit 


subtense  perpendicular  to  tangent 


,.    .,  Qv'     ,.    .    Q«*    Pv      ,.    .   CZy     ^,  PC 

hmit— =  l,a.,t— .—  =hmit  — .«G.— 
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Cor.    Let  PF  cut  the  axis  major  in  A",  then  PF .  PK=  BC^; 

also  CD.PF^AC.BC, 

^AC*.BC*     ZAC\BC\PK^ 
.'.  diameter  of  curvature  « — =- — — 

SPIP 

5,  To  find  the  chord  of  curvature  through  the  focus, 
and  the  diameter  of  curvature  at  any  point  of  a  parabola. 
(Vide  Fig.  Prop,  xiii.) 

Let  QF,  a  semi-ordinate  to  the  diameter  PF,  cutiSP  in  JC; 
and  the  normal  PK  in  U,  draw  SY  perpendicular  to  the  tangent 
at  P;  then  PX^PV,  hence 

Chord  of  curvature  through  S 

PQ' 


=  limit 


subtense  parallel  to  SP 


PQ^  QV^ 

=  l™it  —  =  limit  — 


=  4>SP,  since  QP  =  ^SP.PV. 


Diameter  of  curvature 

,.  ., P^ ,.  .,QV* 

»=  umit  — ; r: — -. =  nmit  -=— - 

subtense  perpendicular  to  tangent  PU 

^*SP^  =  4^P.  I?,  by  sim'.  triangles  PVU,  SPY, 
PU  Si 

4,SP'  /SP'' 

= ,   or  =  4  \/ . 

SY  '  ^  SA 
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Cott.     Let  PF  meet  the  axis  in  T,  then 

ST=SP=  SK,     .-.  SY=^PK', 

hence '  diameter  of  curvature 

gp,  SY*  4       gy,__L_      PJ.S 

'     SY'     SA'.SY     SA'  iSJ'' 

ePK^ 


Note  to  Peop.  VI.  Cor.  3.  **' 

6.     If  SP^r,   and  SY^p^   PV^^. 

(Miller's  Differential  Calculus.  Art.  95.} 

i 


SYKPV       ,    ^p 

drp 

=  - .  d,p. 
Again,  if  r  =  - ,  -g  =  (d^w)'  +  u^ 


(Miller's  Differential  Calculus.  Art.  89.) 


••  -1  cJrjP  =  - 1  •  rf«P  •  «^^  =  -  3 


1    ^.P.,» 


p3  ^'^  /    ^«''  ;?3  d,w 


t^* 


=  ^^2  (d^«^  +  u)  ; 


p^' 
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Ex.  1.     To  find  the  law  of  force,  by  which  a  body  may 
describe  the  curve  o  =  —       ,     ■  ,  round  a  center  of  force  in 

the  pole. 

1   __6^       l_ 
p'      O'lr       or 

'  1  6* 

and  .'.  — r  drp  = 


p3       ^r-         ^^^ 

m 

„     h^  ,         h^V        1 

Ex.  2.  To  find  the  law  of  force  by  which  a  body  may 
describe  a  conic  section,  round  a  center  of  force  at  one  ex- 
tremity of  the  axis  major. 

Let  S  be  the  center  of  force  at  extremity  of  axis  major  SA^ 
P  any  point  in  the  curve,  FN  perpendicular  to  SA, 

Let  SN^w,   PN^y, 
.*.  y*  *=  2m<r  +  na?^  is  the  equation  to  the  curve. 

Let  SP^r,   PSN^e; 
,\  r^  sin^  0  =  2 mr  cos  0  +nr^  cos^  6^ 
2m  cos  0  2m  cos d 


r  = 


sin^  0  -  n  cos*  9      1  -  (l  +  w)  cos*  0 ' 


2m    [cos9  ^  j 

« 

1      fsinfl       ^  X    .    /i] 

d^u  =  -—  { — -~  +(l+n)  sin  9)  ; 
2fw    (cos^0  J 


H 
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.-.  diu  =  —   { + TTT  +  (1  +  w)  cos  6} , 

*        2m  \cos0       cos'0       ^         ^  J 

dl^u-^u^  —   I s  + 

w   Vcost^ 


cos^0. 


3=  —  sec^fl, 


.\  F=:A*w*(c5w  +  ^^) 


Note  to  Prop,  X.  Cor.  3. 

6.     To  find  the  magnitude  and  position  of  the  axes  of  the 
orbit  described. 

Let  CP  =  r,  CPy  =  a,  «  (  =  -— j  =  space  due  to  velocity  of 
projection,  a  and  h  the  semi-axes  of  the  orbit  described. 

ah     (=    CD .  PF)    =  v/ir7.  r  sin  a] 

from  which  two  equations  a  and  6,  and  therefore  e^  the  eccen- 
tricity, may  be  determined. 

Also  if  0  be  the  inclination  of  axis  major  to  CP, 

h 


r  = 


v/l-e^cos^e' 


.-.  eos0  =  -  \/  1  --T, 
e  r 

which  may  therefore  be  determined. 
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Note  to  Prop.  XIII.  Cor. 

7.  To  find  the  magnitude  and  position  of  the  axes  of 
the  orbit  described. 

Let  SP^r,  L  SPY  =  a,  draw  S  F,  HZ  perpendicular 
to  YPZ ;  and  let  a,  by  L  be  the  semiaxes  and  latus  rectum  of 
the  orbit ; 

then    PLPH^PK.PS, 

or  (r  '^  «)  .  (2a  sf  r)  =  « .  r, 


.  a  = 


2  (r  -^  «) ' 


h^^/SY.HZ^\/SPsma.HP.^\na 

r.«*.sina 

9.V 


a 


=:  4«.sin^a. 


Again,  YZ^  SH  .sm  ASY, 

or  {SP  +  HP)  cos  a  =  2c .  JC  sin  ASY, 


,\  sin  JaSF  =  -  cos  o, 

e 


1  sf  —  is  known,    determines 
a* 

the  position  of  the  axis  major. 
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ON  ANGULAR  VELOCITY. 


8.  The  angular  velocity  of  a  body,  moving  in  an  orbit 
round  a  center  of  force  *y,  (fig.  page  28.)  is  measured  by 
the  angle  uniformly  described  by  SP  round  S  in  l",  in  the 
same  manner  as  linear  velocity  is  measured  by  the  line  uni- 
formly described  in  l".  If  the  angular  motion  of  SP  be 
not  uniform,  the  angular  velocity  at  any  point  is  measured 
by  the  angle,  which  would  be  described  in  l",  if  the  angular 
motion  of  SP  were  to  continue  uniform  for  that  time. 
Hence  if  the  angular  motion  be  not  uniform,  and  PSQ  be 
the  angle  described  in  T"  after  leaving  P,  the  angular 
velocity 

,.    .    angle  PSQ 
«,hrait  -^-^^ , 

for  this  is  the  angle  which  would  be  described  in  l",  if 
the  angular  motion  at  P  were  to  continue  uniform  for  that 
time. 

Peop.  If  a  body  be  moving  in  any  orbit  round  a 
center  of  force  S,  the  angular  velocity  at  any  point  P 


SP' 


Let  PSQ  be  the  angle  described  in  T",  with  center  S 
and  radius  SQ^  describe  a  circular  arc  cutting  SP  in  T, 
and  draw  SY  perpendicular  to  the  tangent  at  P;  then  the 
triangle  PTQ  may  be  considered  as  ultimately  rectilinear, 
and  similar  to  SYP,  hence 

z '  vel.  at  P  =  limit  — -= —  tss  limit 


SQ.T 


,.    .PQ.SY      .       ,.    .   QT      SY 

limit  —^^T~^  5  since  limit  -—--  =  — -- 

SP".  T  PQ      SP 

^r.velatP  .        y    .PQ  ,     ,  p 

h 


SP 


5,  (Prop.  I.   Cor.  ."). 
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9.  Force  varying  as  (distance)"'^.  To  Jind  the  time  of 
motion  and  the  velocity  acquired  by  a  body  falling  through  a 
given  space  from  rest.     (Peops.  xxxiii.  and  xxxvi.) 


Let  S  be  the  center  of  force,  A  the  point    a 
from  which  the  body  begins  to  fall ; 


M 


SP' 


=  force  at  distance  SP. 


c 
o 


Let  JPB  be  a  semi-ellipse,  focus  S  and  axis    ^ 
major  ASB;  ADB  a  semi-circle,  whose  diameter 
is  ASB ;  and  suppose  a  body  revolving  in  the    ® 
ellipse  round  the  focus  S  to  come  to  P ;  bisect  AB  in  O,  draw 
DPC  perpendicular  to  AB^  and  join  OP,  OD, 


Then  the  time   through  ^Pocarea  ^SPocarea  ASD^ 

and  this  being  true  for  all  values  of  the  axis  minor  will  be 

true  when  it  is  diminished  without  limit,  in  which  case  the 

ellipse  coincides  with  the  axis  major  and  the  point  P  with  C, 

or  the  body  is  moving  in  the  straight  line  AC'^  the  point  B 

also  coincides  with  *y,  since  AS .  SB  =  (^  axis   minor)*;    and 

since  space  due  to  velocity  at  A  =  ^  chord  of  curvature  at  A 

,     ^        ,    ,                            (axis  minor)^  ,      _     , 

through  aS  =  ^  latus  rectum  =  ^E ~  ^'    *"®   body 

begins  to  move  from  rest  at  A. 


Hence  time  from  rest  through  AC  oc  area  ABD^ 


time  rhrough  AC 


area  ABD 


time  through  ^£(=  ^periodic  time  in  ellipse)     semi-circle  J5Z> ' 


.-.  time  through  AC  = 


ir.ACA  \AO.{AD^CD) 


/AS 

=  \^—.(^AD  +  CDy 


2/* 
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Again,  velocity  at  P  =  V -^.  — —  (Prop,  xvi.)  and  when 
the  ellipse  coincides  with  the  axi^  major, 


velocity  at  C  ^  V^/^r/^  ==  ^/^^J^. 
^  ^  AS        BC  ^  AS  SC 


10.  Force  varies  as  distance.  To  find  the  time  of 
motion  and  the  velocity  acquired  by  a  body  in  faUing 
through  a  ^ven  space  from  rest,     (Prop,  xxxviii.) 

Let  S  be  the  center  of  force,  A  the  place 
from  which  the  body  begins  to  fall  :  on  AB 
=  2  AS  describe  a  semi-ellipse  APB^  and  a 
semi-circle  ADB,  and  let  a  body  moving  in 
the  ellipse  come  to  P.  Draw  DPC  perpendi- 
cular to  AB,  and  join  SP9  SD. 

Then  time  through  AP  oc  area  ASP 
oc  area  ASDy  and  this  being  true,  whatever  be  *' 
the  axis  minor  of  the  ellipse,  will  be  true  when  it  is  dimin- 
ished without  limit,  in  which  case  the  body  will  be  at  C, 
having  fallen  from  rest  at  A, 

.-.  time  through  AC  oc  area  ASD 

time  through  AC 
time  through  AS(==  ^  periodic  time  in  a  circle) 

sector  ASD 


^  area  of  a  circle ' 

,     .^         -^       h^S.AD 
.-.  time  through  JC  =  — 7=*    ^ rrtr 


AD 


AS\/^' 
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Again,  let  SE  be  the  semi-axis  minor, 

then  vel.  at  P=  semi-conjugate  at  P.y/fjL.     (Prop.  x.  Cor.  l). 

«  ^/ AS' +  SE' ^  SPK  ^, 
.-.  vel.  at  C  =  V-^S'  "SCy/^ 

11.  If  the  velocities  of  two  bodies^  one  of  which  is 
falling  directly  towards  a  center  of  force^  and  the  other 
describing  a  curve  about  that  center,  be  equal  at  any  equal 
distances,  they  will  always  be  equal  at  equal  distances, 
(Prop.  XL.) 

Let  S  be  the  center  of  force,  and  let 
one  of  the  bodies  be  moving  in  the  straight 
line  APS  and  the  other  in  the  curve  AQq; 
with  radii  SQ,  Sq  describe  the  circular  arcs 
QP,  qp  :  let  SQ  cut  pq  in  m,  and  draw  mn 
perpendicular  to  Qq;  and  suppose  the  velo- 
cities of  the  bodies  at  P  and  Q  to  be  equal. 

Since  the  centripetal  forces  at  P  and  Q 
are  equal,  Pp,  Qm  may  be  taken  to  repre- 
sent them :  Pp  is  wholly  eflTective  in  acce- 
lerating P,  but  the  eflRective  part  of  Qm 
is  Q«,  nm  being  wholly  employed  in  retaining  the  body  in 
the  curve.  Also  since  the  velocities  at  P  and  Q  are  equal, 
the  times  of  describing  Pp  and  Qq,  when  the  spaces  are 
diminished  indefinitely,  are  proportional  to  Pp  and  Qq ;  hence 

force  at  P  :  force  at  Q  =  Pp  :   Qn 

and  time  through  Pp  :  time  through  Qq  =  Pp  :   Qq  ; 

.•.  velocity  acquired  at  p  :  velocity  acquired  at  q 

^Pp'  :   Qn.Qq=^Qm'  :   Qn.Qq 

=  1:1, 

and  the   same   may   be    shewn    at    all   corresponding  points 
equally  distant  from  S,  therefore,  If  the  velocities,  SfC, 


ERRATA. 


Page  1,  in  the  last  line  but  one,  after  ^^then**  insert  ^^the  rado  of.** 
—»   16  line    2,    for   RQr   read  RQq. 

—  29   —    10,   for  chords  read  chord. 

—  50  —     8y   for    NR    read  NQ. 
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M.DCCCJEXXIV. 


^  ADVERTISEMENT. 

H  

<  The  Mowing   pages    contain  a   version    of 

^  the    Extract    which    M.  Poinsot    has    published 

of  the  Memoir  presented  by  him  to  the  French 
Institute  on  the  19th  of  May  1834. 

The  object  of  the  Translator  is  to  call  the 
attention  of  those  engaged  in  Mathematical  pur- 
suits in  this  country  to  a  subject  which  has 
acquired  so  great  an  interest  for  the  Mathe- 
maticians of  the  Continent  from  the  animated 
discussions  respecting  it  which  have  arisen  out 
of  the  above  Memoir. 

With  a  view  to  facilitate  the  progress  of 
the  Reader,  but  more  especially  in  the  hope  of 
rendering  this  publication  useful  to  Students  in 
the  University,  demonstrations  of  the  funda- 
mental propositions  have  been  subjoined  in  the 
form  of  notes,  and  an  Appendix  containing 
demonstrations  of  the  leading  principles  assumed, 
viz.  the  existence  of  an  Instantaneous  Axis,  and 
of  three  Principal  Axes,  and  the  Conservation  of 
Couples,  has  been  added. 


IV 


The  Translator  has  been  informed  by  a  dis- 
tinguished Member  of  the  Institute  that  the 
Memoir  will  appear  entire  in  the  fourth  of  a 
succession  of  volumes  to  be  published  by  that 
Society  in  the  course  of  next  year. 


ERRATA. 

PAGE  LINE 

2       5  from  bottom  1  . 

>  /or  "  rotation      read  "  rotatory  motion." 
4       last  line  } 

14       Note  (6)  after  *'bb'"  insert  '*  (fig.  7.)". 

20       18  from  top  after  **  moveable  cone"  insert  *'  whose  vertex  is  O." 

24       22  for  "same  furrow"  read  ** equal  furrows." 
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OF 


ROTATORY    MOTION. 


INTRODUCTORY    REMARKS. 

The  following  enquiry  in  Dynamical  Science 
is  one  which  has  most  frequently  occupied  my 
attention,  and  forms  one  of  the  subjects  which, 
if  I  may  so  say,  I  have  been  most  anxious 
thoroughly  to  understand. 

Every  one  can  form  for  himself  a  clear  idea 
of  the  motion  of  a  point,  that  is  to  say,  of  a 
corpuscle  supposed  to  be  infinitely  small,  which 
gives  us  in  some  degree  the  notion  of  a  mathema- 
tical point.  For  we  have  only  to  figure  to  ourselves 
the  line,  straight  or  curved,  which  the  point  may 
describe,  and  the  velocity  with  which  it  moves 
in  this  line.  But  if  we  have  to  consider  the 
motion  of  a  body  of  sensible  magnitude  and  defi- 
nite shape,  it  must  be  allowed  that  the  idea  which 
we  form  of  it  is  very  obscure. 

At  first  indeed,  the  idea  appears  to  become 
clearer  by  resolving  itself  into  two  others.    For 

A 
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if  we  confine   ourselves   to   the   consideration   of 
one  particular  point  in  the  body,  we  may  on  the 
one  hand  follow  the  motion  of  this  point,  which 
can  only  describe  a  certain  line  in  space,  and  on 
the  other    the   motion   of  the   body,   which   can 
only  turn  at  the  same  time  on  this  point  as  about 
a  fixed  axis.     But  this  second  motion,  namely, 
that  of  a  body  moveable  about  a  point,  round 
which  it  is  at  liberty  to  turn  in  every  direction, 
is  one  of  which  we  have  but  a  confused  notion. 
Not  but  that,  by  referring  the  different  points 
in  the  body  to  planes  or  objects  fixed  in  space, 
we   can   find   differential  equations,  as  they  are 
called,  of  this  motion,  which,  in  the  simple  case 
of  a  body  acted  on  by  no  external  force,  we  have 
even  been  able  to  integrate ^  or  at  least  to  reduce 
to  quadratures.    Euler  and  d'Alembert   (nearly 
at  the  same  time  and  by  different  methods)  were 
the    first    to    solve  this  important   and  difficult 
problem:  and  afterwards,  as  is  known,  the  illus- 
trious Lagrange   undertook   to  investigate  anew 
this   famous   question,   and  to  develop  it  in  his 
own  manner;    I  mean,  by  a  series  of  analytical 
formulse  and  transformations,  remarkable  for  their 
symmetry  and  elegance.     But  it  must  be  allowed 
that  in  all  these   solutions  we  see  nothing  but 
calculations,  without  having  any  clear  idea  of  the 
rotation  of  the  body.     We  may  be  able,  by  means 
of  calculations,  more  or  less  long  and  complicated, 
to   determine  the  place  of  the  body  at  the  end 
of  a  given  time;  but  we  do  not  see  at  all  how 
it  arrives  there.     We  are  totally  unable  to  keep 
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it  in  view  and  to  follow  it,  as  we  might  wish, 
with  our  eyes,  during  the  whole  course  of  its 
rotation. 

Therefore  to  furnish  a  clear  idea  of  this  Rota- 
tory Motion,  hitherto  unrepresented,  has  heen  the 
ohject  of  my  endeavours*. 

The  result  is  an  entirely  new  solution  of  the 
prohlem  of  the  rotatory  motion  of  a  hody,  acted  on 
by  no  force,  whether  it  turns  freely  on  its  centre 
of  gravity,  or  on  any  other  fixed  point  about 
which  it  is  constrained  to  move:  a  genuine  solu- 
tion^ inasmuch  as  it  is  palpable,  and  enables  us 
to  follow  the  motion  of  the  body  as  clearly  as 
the  motion  of  a  point.  And  if  we  would  pass 
from  this  geometrical  representation  to  calculation, 
in  order  to  measure  all  the  different  properties 
or  affections  of  this  motion,  the  formulae  requisite 
for   the  purpose   are  direct  and  simple,  each  of 


*  It  has  always  appeared  to  the  Translator,  that  Geometrical  illus- 
trations, whenever  they  can  be  obtained,  are  of  very  great  use  in 
enabling  us  to  form  clear  and  correct  ideas  of  the  meaning  of 
analytioal  formuls  and  operations.  It  may  be  sufficient  to  advert 
to  the  connexion  between  the  singular  solution  of  a  differential 
equation,  and  the  envelope  of  series  of  curves  described  after  a 
given  law,  or  between  the  first  integrals  of  a  partial  differential 
equation  of  the  second  order>  and  the  characteristics  of  the  curved 
surface  to  which  it  belongs.  In  quadratures  particularly,  a  large 
class  of  integrals  may  be  made  to  depend  upon  elliptic  arcs;  and 
it  may  be  remarked  here,  that  a  distinguishing  feature  of 
M.  Poinsot*s  theory  is  the  explanation  of  all  the  complications  of 
rotatory  motion  by  a  reference  to  the  properties  of  an  ellipsoid, 
with  which  Analytieal  Geometry  has  made  us  familiar :  while  the 
calculations  for  determining  the  actual  position  of  the  body  resolve 
themselves  at  once  into  the  form  of  the  elliptic  transcendents  here 
mentioned. 
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them  expressing  a  dynamical  theorem  of  which 
we  have  a  dear  idea,  and  which  proceeds  at 
once  to  its  ohject.  My  analysis  of  the  question 
therefore  offers  in  addition  this  advantage,  that 
every  thing  therein  is  expressed  and  developed 
in  terms  of  the  immediate  conditions  of  the 
problem,  without  the  intervention  of  those  co- 
ordinates and  angles  which  are  foreign  to  the 
question,  and  which  take  their  rise  only  in  the 
indirect  method  employed  to  discuss  it.  For  we 
may  remark  generally  of  our  mathematical  re- 
searches, that  these  auxiliary  quantities,  these  long 
and  difficult  calculations  into  which  we  are  often 
drawn,  are  almost  always  proofs  that  we  have 
not  in  the  beginning  considered  the  objects  them- 
selves so  thoroughly  and  directly  as  their  nature 
requires,  since  all  is  abridged  and  simplified,  as 
soon  as  we  place  ourselves  in  a  right  point  of 
view. 

I  thought  then  that  a  solution  so  simple, 
and  so  well  calculated  to  throw  new  light  on  the 
most  difficult  questions  of  Dynamics,  might  fur- 
ther  the  real  advancement  of  science,  and  was 
therefore  worthy  the  attention  of  Geometers :  and 
this  consideration  led  me  to  compose  the  Memoir, 
which  I  had  the  honour  this  day  to  present  to 
the  Institute. 

I  divide  it  into  three  principal  sections.  In 
the  first  I  consider  the  actual  motion  of  the  body, 
and  the  forces  which  would  be  capable  of  pro- 
ducing it.  In  the  second,  I  give  the  solution  of 
the  problem  of  the  rotatory  motion  of  a  free  body ; 


and  in  the  third,  I  develope  the  calculations  which 
relate  to  this  solution. 

But  to  give  a  more  precise  idea  of  this  work, 
I  shall  briefly  lay  down  the  first  principles  of 
the  new  theory,  and  afterwards  go  hastily  over 
the  principal  theorems  which  are  the  object  and 
result  of  it. 


SECTION    I. 


ON    THE    ACTUAL    MOTION    OF    BODIES^   AND   ON    THE    FORCES 
CAPABLE   OF    PRODUCING   ANY   GIVEN    MOTION. 


Signi/icatiofi  of  the  terms^    Simple  Rotatory  Motion^ 

and  Angular  Velocity. 

The  only  rotatory  motion  of  which  we  have 
a  clear  idea,  is  that  of  a  body  which  turns  on  an 
immoveable  axis.  For  we  see  plainly  all  the  cir- 
cumferences of  the  circles  which  the  different 
points  of  the  body  describe  about  this  axis,  and 
which  they  can  really  describe  at  the  same  time, 
without  changing  in  any  respect  their  relative 
position,  or  what  we  may  denominate  the  form 
of  the  body. 

We  have  an  equally  dear  idea  of  the  quantity 
or  measure  of  this  rotatory  motion;  for  since  all 
the  points  in  it  describe  similar  arcs  in  the  same 
time,  the  ratio  of  the  velocity  of  a  point  to  the 
radius  of  the  circle  which  it  describes  is  the  same 
for  all  points,  and  it  is  this  constant  ratio  which 
forms  the  measure,  or,  as  it  is  called,  the  angular 
velocity  of  rotation,  (i) 


(l)  Let  OPp  (fig.  1)  be  the  axis  of  rotation,  jR,  r, 
any  two  points  describing  the  circles  RB!^  rr\  which 
must  lie  in  planes  perpendicular  to  Op,  and  therefore 
parallel  to  each  other. 

Let  RR\  tt',  be  arcs  described  uniformly  in  the 
same  time  {t). 

Draw  PS  parallel  to  pr,  and  when  pr  comes  into 
the  position  pr\  let  PS'  be  the  corresponding  position 
of  PS. 

Then    L  SPS'  ^  Lrpr',    (Euc.  xi.  10.) 
But  since  the  body  is  rigid, 

SR  =  S'R\ 

and  therefore,  z  RPR'  =  z  SPS'  =  lTpr\ 

Hence  every  point  in  the  body  describes  round  Op  in 
the  time  {t)  an  angle  =  RPR!, 

Let  (o))  be  the  angle  described  in  l"  by  every  point, 

then    LRPR'^tia^ 

RR' 

and  the  actual  velocity  (v)  of  R  = 

PR .  I  rpb:    „„ 

= =  PR.w, 

t 

and  — —  =  CO,   which  is  the   same  for   every   point,   is 
PR 

called  the  Angular  Velocity  of  the  body,  or  the  Velocity 

of  Rotation. 


Composition  of  Rotatory  Motion. 

From  these  simple  notions,  and  from  the  pri- 
mary elements  of  Geometry,  we  may  conclude  that 
if,  from  the  influence  of  any  two  separate  causes, 
a  body  tended  to  turn  at  the  same  time  round 
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the  two  sides  of  a  parallelogram,  with  two  angular 
velocities  respectively  proportional  to  the  lengths 
of  these  sides,  the  body  would  turn  round  the 
diagonal,  with  an  angular  velocity  proportional 
to  the  length  of  this  diagonal.    (2) 

(2)  Let  the  straight  lines  Oa^  Oh^  (fig.  2.)  lying  in  the 
plane  of  the  paper  intersect  each  other  in  O,  and  suppose 
two  impulses  to  act  simultaneously  upon  a  body,  one 
of  which  would  cause  it  to  turn  about  Oa  with  an  an- 
gular velocity  =  e .  0-4,  and  the  other  to  turn  about  Oh 
with   an  angular  velocity  =  e .  OB.      Draw   AP^  BP,  \ 

parallel   to  05,   0-4,  and  PJIf,   PN  perpendicular  to  ] 

0-4,  OB;  and  let  QPQ'  be  the  circle  which  the  point 
P  would  describe,  if  the  first  impulse  were  communicated 
singly,  about  Oa, 

RPR' 

second 

Ob. 

Then  the  planes  in  which  these  circles  lie  will  both  of 

them  be  perpendicular  to  the  plane  bOa  passing  through  i 

the  axes,  and  therefore  their  intersection  pPp'  will  be 

perpendicular  to  this  plane,  and  therefore  to  each  of  the 

lines  PM,  PN,  which  are  the  radii  of  the  circles,  and  i 

will  therefore  be  a  tangent  to  both  circles  at  P, 

The  first  impulse  therefore,  would  make  P  tend  to 
move  in  the  direction  Pp  with  a  velocity  =  MP  x  (angular 
velocity  round  Oa) 

=  e.  OA.MP^e.OJ.OB  sinBOA, 

and  the  second  in  the  direction  Pp'  with  a  velocity 
=  NP  X  (angular  velocity  round  Ob) 

=  e.OB.NP  =  e.OB.OA  sin  BOA, 

that  is,  in  a  direction  exactly  opposite,  with  the  same 
velocity.    If  therefore  these  impulses  were  communicated 


together,  the  point  P  would  remain  at  rest ;  and  the 
same  may  evidently  be  proved  of  every  other  point 
in  the  line  OP^  which  would  therefore  remain  entirely 
at  rest  in  consequence  of  the  two  impulses. 

Draw  AK^  AL  perpendicular  to  OB,  OP.  Then 
it  is  evident  that  the  first  impulse  would  not  cause  any 
tendency  to  motion  in  the  point  A^  and  the  second  would 
cause  it  to  move  in  the  direction  of  the  tangent  to  a 
circle  whose  radius  is  AK^  and  whose  plane  is  perpen- 
dicular to  06,  that  is,  in  a  direction  perpendicular  to  the 
plane  60a,  with  a  velocity  =  e,  OB .  AK.  But  in  con- 
sequence of  the  two  impulses,  the  line  OP  remains  fixed 
in  space,  and  since  the  body  is  rigid,  the  distance  AL  is 
invariable,  and  the  direction  of  ^'s  motion  coincides  with 
the  tangent  to  a  circle  whose  radius  is  AL^  and  whose 
plane  is  perpendicular  to  OP.  The  point  A  will  there- 
fore describe  about  L  the  circle  SAS\  with  an  angular 

velocity  =  -^ j =  e .  OP,   (by    similar    triangles 

OPNj  PAL*)  And  in  the  same  manner,  it  may  be  shewn 
that  every  point  in  OA  will  describe  a  circle,  in  a  plane 
perpendicular  to  OP,  with  an  angular  velocity  =  e .  OP, 
Hence  the  whole  line  OA,  and  consequently  the  rigid 
body  in  which  it  lies,,  will  turn  about  OP  with  an  angidar 
velocity  =  e .  OP, 

The  same  reasoning  clearly  holds  if  an  interval 
occur  between  the  communication  of. the  impulses. 

The  velocities  of  the  highest  points  Q'  and  R  of  the 
circles  described  by  a  point  lying  within  the  JL  hOa,  are 
here  supposed  to  be  in  the  same  direction,  when  resolved 
perpendicularly  to  a  plane  bisecting  z  bOa;  and  the 
rotatory  motions  are  consequently  said  to  be  in  the  same 
direction. 

If  they  are  in  opposite  directions,  we  must  take 
OJ?'  =  OB  (fig.  3.)  on  the  other  side  of  OA  and  complete 

B 
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the  parallel<^niiii,  when  OF^  may  be  shewn  as  before 
to  be  the  new  axis,  and  e^OP  the  angular  velocity  of  the 
body  about  it. 

Whence  it  follows  that  the  rotatory  motions 
about  different  axes  which  intersect  in  any  point 
are  compoimded  in  predsely  the  same  manner  as 
simple  forces  applied  at  the  point. 

And  this  similarity  of  composition  is  not  con- 
fined to  rotatory  motions  about  axes  which  inter- 
sect; but  what  is  very  remarkable,  it  extends  to 
rotatory  motions  about  axes  situated  any  how  in 
space. 

Thus  rotatory  motions  about  two  parallel  axes 
are  compounded  into  a  single  one  equal  to  their 
sum,  about  an  axis  parallel  to  them,  which  divides 
their  distance  in  the  inverse  ratio  of  the  component 
rotatory  motions.   (3) 

(3)  Let  the  axes  aa  j  hh'  (fig.  4.)  be  as  before  in  the 
plane  of  the  paper.  Draw  AB  perpendicular  to  them, 
and  let 

anguLur  velocity  round  ad  =  e. BPy 

hh'^e.AP^ 

then  as  before. 

Velocity  of  P  upwards,  in  a  direction  perpendicular 
to  the  plane  of  the  paper,  due  to  the  rotatory  motion 
round  ad^  =  AP  x  (angular  velocity  round  ad) 

^e.BP.AP. 

Velocity  downwards,  due  to  the  rotatory  motion  round  bb\ 

^e.AP.BP. 

And  Pj  and  similarly  every  point  in  pp'y  remains  at  rest, 
and  therefore  pp'  becomes   the  new  axis,  of  rotatHHi. 
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And  the  velocity  of  A  perpendicular  to  AP9  which  is 
that  due  to  the  rotatory  motion  round  bb\  »  e .  AP .  AB; 
therefore  velocity  of  A  round  P,  or  velocity  of  the 
body's  rotation  round  pp'^ 

e.AP.AB  ,„  ^„„      ^_ 

=      .       —  «  e .  ilJ?  «  c  •  (BP  +  AP), 

-  (velocity  of  rotation  round  a  a') 
+  (velocity  of  rotation  round  66'). 

What  is  meant  by  saying  that  the  rotatory  motions  are  in 
the  same  direction  is  evident  from  the  last  note :  that  is, 
that  the  motions  of  Q'  and  R  are  in  the  same  direction. 

If  these  are  in  opposite  directions,  the  resultant 
rotatory  motion  is  equal  to  their  difference,  and 
the  position  of  the  axes  is  determined  by  the  same 
laws  as  that  of  the  resultant  of  two  parallel  forces 
acting  in  opposite  directions.   (4) 

(4)  If  the  rotatory  motions  are  in  opposite  directions, 
the  motion  of  r\  (fig.  5.)  the  highest  point  of  the  circle 
described  by  a  point  P  round  66',  will  be  in  an  opposite 
direction  to  that  of  Q\  which  we  may  suppose  to  be 
the  same  as  in  the  last  note. 

Suppose  the  angular  velocities  to  be  unequal,  and 
let  that  round  aa  be  the  greater.  In  BA  produced 
take  a  point  P,  such  that 

angular  vel.  round  aa\  which  we  may  call  w^,  =  e .  PB, 
66', Wf,9  =^6 , PAj 

then  it  is  evident  that  the  motion  of  i2'  will  be  parallel 
to  that  of  r',  and  the  motion  of  P  round  66'  will  be 
in  the  direction  RPR',  while  the  motion  round  aa'  is 
in  the  direction  QfPQ;  and  therefore  as  before, 

velocity  of  P  downwards  =  w^ .  PA  =  e .  PB .  PA, 
upwards    =  wi,*PB=^  e.  PA  .PB; 
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therefore  pp  is  the  new  axis  of  rotation,  and  the  velocity 
pf  rotation  round  pp\  or  w^, 

e.PB.AB 
= ^^ =  e .  AB  =  ePB  -  «P^  =  w^  -  w^. 

We  may  therefore  conclude  that  the  resultant  of  two 
rotatory  motions  cd^,  oi^,  about  parallel  axes  aa'y  hh'  is  a 
rotatory  motion  about  an  axis  parallel  to  them  in  the 
same  plane,  which  =  w^^  o)^,  according  as  the  compo- 
nent rotatory  motions  are  in  the  same  or  opposite  direc- 
tions; the  distance  of  the  axis  from  hb'  being  equal 
to  BP 


eBP^eAP  '  oi^  ±  a,/ 

BA  being  measured  in  a  positive  direction. 

If  the  motions  are  in  opposite  directions  and  0)^  >  0)^9 
BP  will  be  negative,  and  P  will  lie  on  the  other  side 
of  B. 

If  w^=^  Wf,,  BP  will  be  infinitej  and  every  point  will 
describe  a  circle  of  infinite  radius.  This  case  is  con- 
sidered in  the  next  note.  (See  PritchardTs  Couples^ 
AppenditVy  Prop.  C.) 

If  these  twro  parallel  and  opposite  rotatory 
motions  are  equal,  they  can  never  be  reduced  to 
a  single  one.  They  form  in  that  case  what  may 
be  called  a  Couple  of  Rotatory  Motions:  a  rotatory 
motion  sui  generis,  and  which  can  never  be  reduced 
to  a  simple  rotatory  motion  about  any  axis  what- 
ever. And  in  fact  it  is  easy  to  see  that  the  result 
of  such  a  couple  would  be  to  give  the  body  a  simple 
motion  of  translation  in  space,  in  a  direction  per- 
pendicular to  the  plane  of  the  couple,  and-measured 
by  its  moment^  that  is,  by  the  product  of  one  of 
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the   rotatory   motions  and  the  distance   between 
the  parallel  axes.    (5) 

(5)    Let  the  plane  of  the  paper  be  perpendicular  to 
the   parallel  axes  aa\  hh\  (fig.  6.)    which   meet  it  in 
the  points  A  and  B\  and  suppose  two  impulses  to  be 
communicated   to   the   body   which,   separately,   would 
generate  angular  velocities,   each  =  w^,  round  them  in 
opposite  directions.     Take  AB  =  a.     Then  it  is  clear 
that  if  for  l"  the  motion  round  a  a!   were  alone  com- 
municated, B  would  describe  the  arc  BB'^  ^  aw^^  and 
if  the  motion  round  a  a   were  then  to  cease  and  that 
round  66'  to  commence,  A  would  describe  an  arc  A  A'' 
also  =  a .  ft)^.     At  this  time  therefore  the  position  of  the 
distance  between   the  axes   {A"  ff')   is  parallel  to   the 
initial  position  {AB)  and  the  points  of  intersection  {A) 
and  (B)  of  the  axes  with  the  paper  have  moved  in  the 
direction  BA  through  A' A''  =  a.  versin  oi^.    If  we  sup- 
pose the  motions  to  be  communicated  in  reversed  order 
we  shall  have  the  new  position  of  the  distance  {A'"  B"') 
still  parallel  to  AB^  while  the  points  of  intersection  will 
have  moved  in  the  direction  AB  through  A' A'"  =  a. ver- 
sin co^.     And  it  is  clear  that  the  efiects  will  be  similar 
however  small  the  intervals  may  be  taken.     If  therefore 
the  impulses  be  communicated  together,  the  direction 
of  the  distance  at  any  instant  will  be  parallel  to  AB^ 
and  consequently  the  motion  round  66',  which  tends  to 
make  A  move  in  the  direction  AB^  will  tend  (since  AB 
may  be  considered  as  an  incompressible  rod)  to  make 
B  move  in  the  same  direction,  while  an  equal  and  con- 
trary effect  will  be  produced  directly  on  B  by  the  motion 
round  aa\     Hence  every  point  in  AB  and  consequently 
every  point  in  the  body   will  move  in  a  direction  per- 
pendicular to  AB, 

And  if  P  be  any  point  in  AB^ 
jTs  velocity  =  AP,  w^  -f  BP.  w^ 

=  a .  w^  ;     which  is  the  moment  of  the  couple. 
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A  Couple  of  Rotatory  Motions  is  therefore 
equivalent  to  a  single  force,  applied  at  the  centre 
of  gravity  of  the  body,  in  a  direction  perpendicular 
to  the  plane  of  the  couple,  and  equal  to  the  product 
of  its  moment  by  the  mass  of  the  body. 

These  couples  may  be  transformed  into  others 
equivalent  to  them,  may  be  turned  about  or  re- 
moved at  pleasure  in  their  own  planes  or  into  planes 
parallel  to  their  own,  without  any  change  being 
produced  in  the  motion  of  the  body.  Their  com- 
position and  decomposition  follow  exactly  the  same 
law  with  those  of  ordinary  couples,  and  we  may 
apply  to  them  without  exception  the  corresponding 
theorems.   (6) 

(6)  If  a  a',  fc6',  in  the  plane  of  the  paper  be  the 
axes  of  a  couple  whose  moment  is  a.co^,  it  is  evident 
that  the  same  motion  will  be  produced  in  the  point 
P,  perpendicular  to  the  plane,  by  a  couple  of  rotatory 
motions  round  cc',  dd',  whose  distance  CD  =  6,  with 
angular  velocities  each  =  cwj,  if  a  .  co^  =  6 .  oij.  {See 
Pritchard^  P^op.  iv.) 

Also  if  the  axes  be  turned  in  the  same  plane  into 
the  positions  ee',  ff\  parallel  to  each  other  the  effect  on 
P  is  the  same.     (v.  Pritchard,  Prop,  iii.) 

And  what  is  here  true  of  P  is  true  of  every  point 
in  the  body. 

The  propositions  corresponding  to  (Pritchard, 
Prop.  II.  and  Cor.)  are  self-evident. 

The  effect  of  any  number  of  couples  in  the  same 
or  parallel  planes  is  clearly  equal  to  their  sum,  the 
angular  velocities  being  taken  with  their  proper  signs. 

If  two  couples  lie  in  planes  inclined  to  each  other 
they   may   be    transformed    and    removed,    until    their 
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distances  are  equal  and  coincide  with  the  intersection 
of  the  planes  and  with  each  other,  (v.  Pritchard, 
Prop.  VI.)  when  the  motions  of  translation  which  they 
produce  in  the  point  P,  taken  as  before,  may  be  com- 
pounded as  in  Elementary  Dynamics.  And  the  same 
will  apply  to  the  parallel  motions  of  every  other  point 
in  the  body. 

From  the  parallelogram  of  Simple  Rotatory 
Motions,  and  the  parallelogram  of  Couples  of 
Rotatory  Motions  results  the  composition  of  any 
number  whatever  of  rotatory  motions,  situated 
any  how  in  space,  and  this  general  composition 
perfectly  resembles  the  general  composition  of 
forces.  (7) 

(7)  If  Z  feOa  =  90^  (fig.  8.),  we  have  from  note  (2) 
the  rotatory  motion  round  Op  with  an  angular  velocity 
(a>p)  =  e  •  OP,  equivalent  to 

rotatory  motion  round  Oa  with  angular vel.  (w^  ^e.Oa, 
06... (aij)=e.06; 

.-.  (w,y  =  M'  +  (n)S 

and  o)^  =  wp  cos  a,  rt        4,     ^i^b 

where  a  =^C/a  =  tan  ^ — , 

aij  =  «tfp  sin  a,  ft'a 

and  similarly  if  Op  be  the  diagonal  of  a  parallelopiped, 
and  a,  j8,  7,  the  angles  which  it  makes  with  the  three 
edges  passing  through  O,  the  rotatory  motion  about  it 
may  be  resolved  into  three  rotatory  motions  about  these 
axes  with  angular  velocities, 

Wp  cos  a,     ctfp  cos  /3,     Wp  cos  7,  respectively. 

We  may  therefore  resolve  any  number  of  rotatory  mo- 
tions about  axes  passing  through  a  point,  into  others 
about  three  rectangular  axes  passing  through  that  point, 
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which  we  may  call  the  origin,  and  taking  the  sums  about 
each  axis,  compound  them  again  for  a  general  resultant* 

If  any  one  of  the  axes  do  not  pass  through  the 
origin  we  must  suppose  two  opposite  rotatory  motions, 
each  equal  to  the  motion  about  it,  to  be  impressed  upon 
the  body,  about  an  axis  parallel  to  it  through  the  origin : 
we  shall  then  have  a  motion  about  the  latter  axis,  and 
also  a  couple  of  rotatory  motions  to  consider,  in  addition 
to  any  supposed  to  exist  previously  in  the  body.  And 
any  number  of  couples  of  rotatory  motions  impressed  on 
the  body  may  be  resolved  into  equivalents  in  the  three 
co-ordinate  planes^  and  a  resultant  obtained  as  for  the 
simple  rotatory  motions. 

Thus,  in  the  same  way  that  any  number  of 
forces  whatever  may  always  be  reduced  to  a  single 
one  passing  through  a  given  point  and  a  single 
couple,  any  number  of  rotatory  motions  about 
diflPerent  axes  situated  any  how  in  space,  may 
always  be  reduced  to  a  single  rotatory  motion  about 
an  axis  passing  through  a  point,  selected  at  plea- 
sure, and  a  single  couple  of  two  equal  and  opposite 
rotatory  motions  about  axes  parallel  to  one  another. 
And  if,  as  in  the  case  of  forces,  we  wish  to  reduce 
them  so  as  to  leave  nothing  arbitrary,  we  may 
always  assign  a  position  for  the  point  above-men- 
tioned, such  that  the  plane  of  the  couple  shall 
be  perpendicular  to  the  axis  of  the  resultant 
rotatory  motion,  which  may  in  this  case  be  deno- 
minated the  Central  Axis  of  the  couples  of  rotatory 
motions*. 

Since  a  couple  of  rotatory  motions  is  equivalent 
to  a  simple  motion  of  translation  of  the  body  in 

*  See  Pritchard,  Prop.  vii. 
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the  direction  of  the  axis  of  the  couple,  the 
above  analysis  ultimately  reduces  the  whole  motion 
to  a  rotatory  motion  about  a  determinate  axis> 
and  a  simultaneous  motion  of  translation  in  the 
direction  of  this  axis.  Which  is,  as  we  shall 
see  farther  on,  the  most  general  motion  that  a 
body  can  have  in  absolute  space. 


Rotatory  Motion  about  a  Point. 

We  now  proceed  to  give  an  idea  of  the  mo- 
tion of  a  body  about  a  point  on  which  it  appears 
to  turn  in  every  direction. 

The  motion  of  a  body  which  turns  on  an 
immoveable  axis  being  the  only  one  of  which 
we  have  a  dear  idea,  it  is  to  our  notions  thereof 
that  we  must  endeavour  to  reduce  the  motion  of 
a  body  turning  any  how  about  a  fixed  point. 

Now  it  is  shewn  that  this  motion,  whatever 
it  may  be,  if  considered  only  for  a  single  instant, 
is  none  other  than  a  simple  rotatory  motion  about 
a  certain  axis  passing  through  the  fixed  point, 
whose  direction  remains  immoveable  during  this 
instant*. 

Hence  it  is  concluded  that  in  the  following 
instant  it  is  likewise  a  simple  motion  of  rotation, 
but  about  another  axis;  and  so  on,  from  one  in- 
stant to  another,  in  such  wise  that  the  motion 
of  the  body  may  be  considered  as  a  succession 
of  simple  rotatory  motions,  of  each  of  which  the 

*  See  Appendix. 
C 
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mind  has  a  distinct  idea.  It  is  in  the  same  way 
that,  in  order  to  form  a  notion  of  the  motion 
of  a  point  in  a  curved  line,  we  represent  this 
point  as  describing  successively  the  sides  of  an 
infinitesimal  polygon  inscribed  in  this  curve.  And 
the  same  is  true  of  the  instantaneous  axis  of 
rotation  in  the  motion  of  a  body,  as  of  the  tan- 
gent to  a  curve  in  the  motion  of  a  point  which 
describes  it. 


Sensible  Illuatratum  of  this  Rotatory  Motion. 

Though  the  preceding  analysis  is  6xact,  and 
I  have  laboured  to  render  it  clear^  it  seems  to  me 
that  our  idea  of  a  body,  turning  about  an  axis 
which  is  perpetually  changing,  is  still  rather 
obscure.  It  is  therefore  desirable  to  render  it 
clearer,  and  to  present  to  the  mind  a  distinct  and 
sensible  image  of  it. 

Now  I  demonstrate  in  the  most  simple  manner 
that,  the  rotatory  motion  of  a  body  about  an  axis 
which  incessantly  varies  its  position  round  a  fixed 
pointy  is  identical  with  the  motion  of  a  certain 
cone,  whose  vertex  coincides  tcith  this  pointy  and 
which  roUsy  without  slidingy  on  the  surface  of  a 
fixed  cone  having  the  same  vertex. 

I  mean  to  say  that  the  moveable  cone,  sup- 
posed to  have  a  rigid  connection  with  the  body, 
which  it  carries  along  with  it,  if  made  to  roll 
on  the  other  cone,  which  is  fixed  in  absolute 
space,  will  cause  the  body  to  perform  the  precise 
motion  with  which  it  is  supposed  to  be  endued. 
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The  line  of  contact  of  the  two  cones  will  he  at 
every  instant  the  axis  ahout  which  the  body  turns 
for  this  instant,  or  as  it  is  called,  the  instantaneous 
axis;  whence  we  perceive  that  this  axis  is  move- 
able at  the  same  time  in  the  body  and  in  absolute 
space,  describing  in  space  the  surface  of  the  fixed 
cone,  and  in  the  interior  of  the  body  the  surface 
of  the  moveable  cone  of  which  we  have  just 
spoken.  (8) 

(8)  The  most  general  motion  of  which  a  rigid 
body  is  capable  about  a  fixed  point  O  (fig.  9-)  is 
manifestly  such,  that  any  point  P  in  it,  taken  at 
pleasure,  may  be  made  to  describe  any  given  curve  of 
double  curvature  lying  on  the  surface  of  a  sphere,  of 
which  0  is  the  centre,  and  OP  the  radius,  with  a 
velocity  varying  as  any  function  of  its  position. 

The  normal  planes  at  successive  points  of  such  a 
curve  of  double  curvature  intersect  in  a  conical  surface*, 
whose  vertex  is  O.  Suppose  this  surface  to  be  dis- 
connected from  the  body ;  and  let  the  body  be  rigidly 
connected  with  a  plane  which  rolls  upon  the  cone,  both 
of  them  being  in  the  interior  of  the  body  and  perfectly 
rough.  Let  OR  be  the  line  of  contact  and  z  POR=a^ 
which  will  be  the  inclination  of  the  osculating  plane  j* 
at  P  to  the  rolling  plane. 

If  now  an  angular  velocity  (w)  be  communicated 
to  the  body  about  OR  it  may  be  resolved  into  two, 
one  about  an  axis  perpendicular  to  OP  in  the  plane 
POR^  which  will  cause  P  to  move  in  the  osculating 
plane,  with  an  angular  velocity  =  w  sin  a,  and  the  other 
about  OPj  which  being  resolved  again,  part  of  it  about 
an  axis  OQy  perpendiculaf  to  the  rolling  plane  and 
therefore  in  the  normal  plane  POR,  will  be  destroyed 

*  Hymers*  Analytical  Geometry y  Art.  64.  t  Ibid.  Art.  63. 
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by  friction,  leaving   finally  an  angular  velocity  about 
Oi{»a«cosasino. 

Let  t  be  the  small  time  which  elapses  before  the 
plane  comes  into  contact  with  the  next  axis  of  rotation, 
which  will  manifestly  depend  on  the  form  of  the  cone ; 
and  suppose  the  whole  system  to  turn  about  OR  in  an 
opposite  direction  with  an  angular  velocity  /3.  Then 
t,{w  sin  a  cos  a  -/3)  will  be  the  angle  described  by  the 
rolling  plane  in  space,  and  tw  sin  a  cos  a  in  the  system. 

Now  the  inclination  of  the  new  position  of  the  oscu* 
lating  plane  to  the  rolling  plane,  that  is,  the  new  value 
of  o,  depends  oh  the  latter  only,  while  the  new  position 
of  the  osculating  plane  in  space  depends  on  the  former. 
Hence  the  relation  between  the  alteration  of  P's  velocity 
in  the  osculating  plane  and  the  change  in  the  position 
of  this  plane,  may  be  varied  arbitrarily  by  varying  /3. 
But  we  may  evidently  give  what  value  we  please  to  /3 
at  any  point,  by  introducing  a  moveable  cone,  instead 
of  a  moveable  plane,  to  which  the  body  is  rigidly  at- 
tached, and  supposing  the  system  absolutely  at  rest; 
for  the  rolling  plane  revolving  backwards  in  space 
would  constantly  touch  such  a  cone.  So  that,  con- 
versely, we  may  assign  such  forms  to  the  cones,  and 
such  a  function  of  the  position  for  the  velocity  of  the 
moveable  cone,  as  to  make  P  describe  any  curve  what- 
ever; with  a  velocity  depending  in  any  manner  on  the 
position. 

And  this,  I  believe,  is  the  greatest  degree  of 
clearness  of  which  an  idea  so  complicated  and 
obscure,  as  that  of  the  motion  of  a  body  which 
turns  any  how  about  a  fixed  centre,  is  susceptible. 
There  is  no  motion  of  this  nature  which  cannot 
be  produced  exactly,  by*  making  a  certain  cone 
roll  on  a  fixed  cone  having  the  same  vertex;  so 
that  if  we  figure  to  ourselves  all  the  possible  cones 


21 

which  can  be  made  to  roll  in  this  manner  upon 
one  another,  we  have  a  faithful  illustration  of  all 
the  possible  motions  of  a  body  round  a  point,  on 
which  it  is  at  liberty  to  turn  in  every  direction. 

Also,  if  the  rotatory  motion  to  be  considered 
were  discontinuous,  that  is,  if  the  axis  of  rotation, 
instead  of  changing  its  position  by  insensible 
degrees,  were  to  leap  abruptly  from  one  position 
to  the  next  through  a  finite  angle,  we  could  imitate 
equally  well  the  motion  of  the  body,  by  taking, 
instead  of  two  cones,  two  pyramids  having  the 
same  vertex,  and  causing  one  to  roll  on  the  other, 
so  that  the  moveable  pyramid  turning  on  their 
common  edge  should  bring  into  contact  all  its 
different  faces,  one  after  the  other,  with  the  faces 
respectively  equal  to  them  of  the  fixed  pyramid. 

If  the  motion  of  the  body  is  given,  it  is  dear 
that  the  two  cones  or  pyramids  are  also  given, 
as  well  as  the  velocity  of  rotation  round  the  line 
of  contact,  and  consequently  the  velocity  with 
which  the  instantaneous  axis  traces  at  the  same 
time  the  two  surfaces.  And  reciprocally,  if  of  these 
different  quantities,  which  come  under  our  con- 
sideration in  discussing  the  motion,  any  three  are 
given,  we  may  say  that  the  fourth  is  also,  and 
that  the  motion  of  the  body  is  thoroughly  deter- 
mined. 

Thus  the  Earth  turns  in  one  day  on  its  axis, 
while  this  axis  describes  in  an  opposite  direction 
a  right  cone*  about  the  axis  of  the  ecliptic,  with 

*  See  Appendix. 
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a  velocity  measured  by  the  Retrograde  motion 
{Precession)  of  the  £quinoxes,  and  which  amounts 
to  about  50"  in  a  year;  we  may  th^efore  deter- 
mine in  the  case  of  the  Earth  the  cone  which, 
rolling  on  the  former  in  the  interior  of  the  globe, 
would  generate  in  the  Earth  a  motion  correspond- 
ing precisely  to  that  which  we  observe  in  it.  And 
it  is  easy  to  see  that  on  the  Earth  the  circum- 
ference of  the  circle  which  is  the  base  of  this 
little  moveable  cone,  is  to  that  of  the  base  of  the 
fixed  cone,  as  a  day  to  the  period  of  a  complete 
revolution  of  the  equinoxes :  which  gives  scarcely 
six  feet  for  the  little  circumference  which  the 
instantaneous  pole  of  rotation  of  the  Earth  de- 
scribes every  day  on  its  surface.  (This  is  on  the 
hypothesis  of  an  uniform  diurnal  Precession.)  (9) 

(9)  Let  P  (fig.  10.)  be  the  pole  of  the  Earth, 
K  the  point  where  a  line  perpendicular  to  the  plane 
of  the  ecliptic  at  the  Earth^s  centre  meets  the  surface. 
Then  we  may  consider  the  centre  of  gravity  as  a  fixed 
centre  of  rotation;  and  consequently  PQJty  the  fixed 
circle  in  space  which  the  polte  describes,  will  have  its 
circumference  equal  to  Stt  x  radius  of  Earth  x  sin  (PK 
=  Earth's  obliquity),  and  the  little  circle  which  rolls 
upon  it,  and  which  is  the  path  of  the  instantaneous 
pole  on  the  Earth's  surface,  will  have  its  circumference 
equal  to  the  portion  of  PQfi  which  is  described  in  one 
day,  that  is 


1 


360  X  60  X  60 


X  radius  of  0  x  sin  23" .  28' 


50 
=  5i  feet  nearly. 
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And  every  point  in  this  little  circle  becomes  successively 
in  the  course  of  a  day  the  instantaneous  pole  of  rotation. 
Hence  we  may  find  at  any  instant  the  actual  position, 
both  in  space  and  on  the  Earth  itself,  of  the  instan- 
taneous pole. 


The  most  general  Motion  that  a  Body  can  have   in 

Absolute  Space  considered. 

From  the  simple  idea  of  a  mere  motion  of 
translation,  which  carries  forward  at  every  instant 
all  the  equal  molecules  of  the  body  through  small 
equal  and  parallel  lines  in  space,  and  from  the 
simple  idea  of  the  rotation  of  the  body  about .  an 
axis,  which  remains  immoveable  during  this  in- 
stant, results  the  complex  idea  of  the  most  general 
motion  of  which  a  body  is  capable  in  absolute 
space.  Nothing  is  more  clear  than  this  resolution 
of  any  kind  of  motion  into,  two  others  which  we 
can  conceive  perfectly,  and  which  we  may  consider 
separately,  since  they  are  such  that,  if  at  every 
instant  they  were  executed  one  after  the  other, 
every  point  in  the  body  would  be  brought  to  the 
same  place  at  which  it  arrives,  by  its  natural 
motion,  at  the  end  of  the  instant  of  which  we 
are  speaking. 

But  we  may  have  a  curiosity  to  form  for  our- 
selves a  notion  of  the  real  and  single  motion  with 
which  the  body  is  endued,  for  the  purpose  of  seeing, 
in  some  degree,  the  nature  of  the  simultaneous  curves 
which  the  different  points   describe,   and  which 
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they  can  really  describe  at  the  same  time  witliout 
causing  any  change  in  the  fonn  of  the  body. 

Now  since  a  motion  of  translation  may  always 
be  considered  as  a  Couple  of  equal  and  opposite 
rotatory  motions,  it  follows  that  the  motion  of 
a  body,  whatever  it  may  be,  can  always  be  reduced 
to  a  simple  rotatory  motion  about  an  axis  passing 
through  a  point  selected  arbitrarily  in  space,  and 
a  certain  couple  of  rotatory  motions,  whose  plane 
will  be  in  general  inclined  to  this  axis.  But 
instead  of  taking  a  point  at  pleasure,  we  may 
always  assign  for  it  such  a  position,  that  the 
plane  of  the  couple  shall  be  perpendicular  to  the 
axis  of  simple  rotation ;  and  then  the  whole  mo- 
tion is  reduced  to  a  rotatory  motion  about  a 
determinate  axis,  and  a  motion  of  translation  in 
the  direction  of  this  axis.  Whence  it  results  that 
the  motion  is  identical  with  that  of  an  external 
screw  which  turns  in  the  corresponding  internal 
screw.  All  the  points  in  the  body  therefore  de- 
scribe on  concentric  cylinders  small  arcs  of  helices 
which  have  all  the  same  furrow  *.  In  the  next 
instant  it  is  a  different  screw,  with  another  axis 
and  a  different  furrow :  and  so  on,  whence  we 
see  the  way  in  which  are  formed  the  simultaneous 
curves  which  all  the  points  describe  in  space,  and 
in  which  they  move  as  in  curvilinear  canals, 
wherein  we  may  suppose  them  to  be  inclosed. 

Sometimes  the  farrow  of  this  screw  vanishes, 
and  then  the  whole  motion  is  reduced  to  a  simple 

*  "  /W/'  the  distance  between  two  contiguous  threads. 
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i  rotatory  motion  about  the  axis  of  the  screw,  which 

becomes  what  is  called  the  spontaneous  axis  of 

B  rotation. 

'  But  in  general  the  furrow  of  the  screw  does 

^  not  vanish,  and  there  is  no  spontaneous  axis  pro- 

perly so  called :  that  is,  there  is  no  straight  line  in 
the  body,  all  the  points  in  which  remain  immove- 
able for  an  instant.  But  there  is  always  what 
we  may  call  a  sliding  spontaneous  axis,  that  is, 
a  succession  of  points,  forming  a  straight  line, 
which  have  no  motion  other  than  a  simple  one 
of  translation,  in  the  direction  of  this  line. 

Such  are  the  simplest  notions  and  the  clearest 
illustrations  that  we  can  form  for  ourselves  of 
the  motion  of  bodies.  The  mere  motion  of  trans- 
lation and  the  mere  rotatory  motion  require  no 
explanation  to  enable  us  to  conceive  them.  Any 
motion  whatever  may  always  be  reduced,  and  that 
in  an  infinite  number  of  ways,  to  two  such  motions. 
And  among  this  infinite  number  of  reductions 
there  is  always  one  which  furnishes  the  axis  of 
rotation  in  the  actual  direction  of  the  translation : 
so  that,  the  most  general  motion  of  which  a  body 
is  capable  is,  as  we  before  observed,  that  of  a 
certain  external  screw  which  tarns  in  the  cor- 
responding  internal  screw. 

After  considering  the  actual  motion  of  bodies 
in  a  point  of  view  purely  geometrical,  I  proceed 
to  enquire  into  the  forces  capable  of  producing  it, 
in  order  to  determine  conversely  the  motion  due 
to  any  given  forces;  which  is  the  natural  object 
of  the  science  of  Dynamics. 

D 


26 


Forces  capable  of  producing  a  given  Motion. 

Whatever  be  the  motion  of  a  body  there  always 
exist  forces  capable  of  producing  it.  For  at  any 
instant  during  the  motion  of  the  body  we  may 
consider  every  molecule  as  if  it  were  at  rest,  but 
acted  on  by  a  force  capable  of  giving  it  the  actual 
velocity  which  we  suppose  it  to  possess.  Therefore 
an  infinity  of  similar  forces,  applied  individually 
to  all  the  equal  molecules  of  the  body,  are  capable 
of  producing  in  it  the  actual  motion  which  we 
observe;  and  this  too  spontaneously,  I  mean  to 
say  even  if  these  molecules  have  no  mutual  con- 
nexion, and  consequently  without  causing  any 
violent  strain,  which  would  tend  to  destroy  their 
actual  connection. 

Such  are  the  elementary  forces  capable  of  pro- 
ducing a  given  motion  in  a  system  of  molecules, 
either  free,  or  arbitrarily  connected  with  each 
other. 

But  if  these  molecules  constitute,  as  I  here  sup- 
pose, a  system  of  invariable  form,  we  may  compound 
together  all  these  elementary  forces,  and  so  replace 
them  by  a  single  force  and  a  single  couple,  which 
will  be  equally  capable  of  producing  a  given 
motion  in  the  solid  body  under  consideration,  (lo) 

(lO)  This  follows  immediately  from  the  theory  of 
couples,*  and  includes  d'*Alembert'*s  principle,  which  is, 
that  '*  if  any  number  of  forces  act  upon  a  rigid  system 
to  produce  motion,  the  elementary  forces   which  indi- 

*  Pritchardy  Prop.  vii. 
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vidually  propel  every  molecule  of  the  system,  and  which 
are  called  the  effective  forces,  are  statically  equivalent 
to  these  impressed  forces.**^  Since  the  system  is  rigid, 
we  may  reduce  each  set  of  forces  to  a  single  force 
applied  at  a  given  point,  and  a  couple  whose  plane 
passes  through  this  point.  Suppose  a  set  of  forces, 
respectively  equal  and  opposite  to  each  of  the  impressed 
forces,  to  be  applied  at  the  same  points ;  then  these  may 
be  reduced  to  a  single  force,  applied  at  the  same  point 
ais  before,  and  a  couple  whose  plane  also  passes  through 
this  point.  Now  the  force  will  clearly  be  equal  to  the 
resultant  of  the  impressed  forces,  and  in  an  opposite 
direction,  and  the  couple  will  be  equivalent  to  and  in 
the  same  plane  with  the  resultant  couple  of  the  im- 
pressed forces,  and  tend  in  an  opposite  direction.  But 
such  a  set  of  forces  would  entirely  prevent  motion ; 
therefore  their  resultant  force  and  resultant  couple  must 
exactly  balance  the  resultant  force  and  resultant  couple 
of  the  effective  forces.  Hence  the  impressed  and  effective 
forces  are  statically  equivalent. 

The  impressed  force  at  any  one  of  the  points  of 
application  may  be  more  than  adequate  to  produce  the 
actual  motion  of  the  molecule  on  which  it  immediately 
acts,  and  hence  we  might  imagine  a  part  of  it  to  be 
lost.  On  the  other  hand  at  some  points  the  impressed 
forces  may  be  inadequate  to  produce  the  actual  motion, 
and  at  others  there  may  be  no  impressed  forces  at  all ; 
whence  arises  an  idea  of  forces  being  gained  at  these 
points.  It  follows  immediately  from  what  has  been  said 
above  that  ^^the  forces  lost  and  gained  are  statically 
equivalent,^^  and  this  is  the  original  form  in  which 
the  principle  was  stated. 

Let  us  enquire  therefore  what  are  respectively 
the  force  and  the  couple  which  together  correspond 
to  a  given  motion. 
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And  first,  if  the  body  has  only  a  mere  motion 
of  translation  in  space,  so  that  all  the  equal  mo- 
lecules have  velocities  equal,  parallel  and  in  the 
same  direction,  it  is  manifest  that  all  the  ele- 
mentary forces  capable  of  producing  these  velocities 
are  also  equal,  parallel,  and  in  the  same  direction, 
and  consequently  reducible  to  a  single  force,  pa- 
rallel and  in  the  same  direction,  and  equal  to 
their  sum,  applied  at  the  centre  of  gravity  of  the 
body.  Hence  we  see  conversely,  that  the  effect 
of  any  force^  applied  arbitrarily  at  the  centre  of 
gravity  of  a  hody^  is  to  transport  aU  the  particles 
thereof  in  its  own  direction^  mth  a  velocity  mea^ 
sured  hy  the  magnitude  of  the  force  divided  hy 
the  mass  of  the  body ;  which  is,  so  to  speak,  self- 
evident. 

In  the  second  place,  if  the  body  has  only 
a  mere  rotatory  motion  about  any  axis,  it  is 
evident  that  the  velocities,  and  consequently  the 
forces  by  which  the  individual  molecules  are  im- 
pelled, are  all  proportional  to  the  distances  of 
the  molecules  from  this  axis,  and  in  directions 
always  perpendicular  to  these  distances,  and  to 
the  axis  of  which  we  speak.  Now  these  elementary 
forces  are  always  reducible  to  a  single  force  and 
a  couple.  But  if  the  axis  passes  through  the  centre 
of  gravity  of  the  body  the  force  vanishes,  and 
the  whole  is  reduced  to  a  couple,  whose  plane  is 
in  general  inclined  to  this  axis.  If  in  addition 
the  axis  is  one  of  the  three  rectangular  ones  which 
exist  in  all  bodies,  and  which  are  called  the  three 
principal  axes^   we  find  that  the  couple  is  per- 
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pendicular  to  this  axis,  and  that  it  is  measured 
by  the  product  of  the  angular  velocity  by  the 
m&ment  of  inertia  of  the  body  about  this  principal 
axis.  Whence  we  conclude  conversely,  that  the 
effect  of  a  couple  acting  on  a  hody  in  a  plane 
perpendicular  to  one  of  its  three  principal  axes 
is  to  make  the  hody  turn  about  this  axis,  tvith 
an  angular  velocity  equal  to  the  moment  of  the 
couple  divided  hy  the  moment  of  inertia  of  the 
hody  about  this  axis,   (ii) 

(11)  Let  a  rigid  system  turn  about  an  axis  OG 
(fig.  11.)  with  an  angular  velocity  oi,  and  let  any  point 
P  in  it,  whose  co-ordinates  are  ON^x,  NP  =  y,  OG^Xy 
be  the  position  of  a  molecule  whose  mass  is  m,  PT 
being  a  tangent  at  P  to  the  circle  which  it  describes 
about  OG* 

Then  m  is  impelled  by  a  moving  force  equal  to 
the  product  of  its  mass  and  velocity  s  m  •  co .  OP,  applied 
at  the  point  P  in  the  direction  TP\  which  we  may 
resolve  into  two  others  at  the  same  point,  one 

=  «i(tf.  OP. cos  TPN  =  m  w.  OP.  sin  OPN^^^mwof 

in  the  direction  NP  or  Gy^  and  another  ^mwy  in  the 
direction  iVO,  or  =  —  ma)y  in  the  direction  Gw. 

Now  we  may  suppose  the  former  force  to  act 
on  the  body  at  any  point  N  in  the  line  of  its 
direction.  Let  two  opposite  forces,  each  equal  and 
parallel  to  it  be  applied  at  O;  then  we  shall  have  a 
force  at  O  in  the  direction  Gy  =  aim<r,  and  a  couple 
whose  moment  is  wfna?  in  the  plane  NOP;  and  the 
former  will  give  us  in  the  same  manner  a  force  at  G 
in  the  direction  Gy  =  wmx^  and  a  couple  in  the  plane 
zy  whose  moment  is  wtnwx.  Proceeding  in  the  same 
way  with  the  other  force,  we  obtain, 
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A  force  at  G  in  the  direction  Gjb  =  —  wmy^  a  couple 
in  the  plane  NOP  which  tends  in  the  same  direction 
with  the  former  and  whose  moment  is  =  wmy^j 

And  a  couple  in  the  plane  zx  which  tends  in 
an  opposite  direction*  to  that  in  the  plane  zy,  and 
whose  moment  =  —  wmyz  when  estimated  in  the  same 
direction.  And  the  couples  in  the  plane  NOP  may 
be  removed  into  the  plane  wy.  Hence  the  resolved 
parts  of  all  the  elemadtary  forces  may  be  summed  up, 
and  reduced  to, 

(i)      Two  forces  applied  at  G\  viz. 

2  {wmw)  =  co2(m<r)  in  the  direction  Gy^ 

and   — Q)2(my) Gx. 

(li)     Two  couples ;  viz. 

0)^2  {m Of z)  in  the  plane  zy 
^  aj'Si{fnyz) zw^ 

tending   to   make  the  body   turn  about   some  axis  in 
the  plane  of  a;y. 

(lii)     Two  couples ;   viz  : 

w{2fna^)  and  to^^tnif)  in  the  plane  a^y. 

If  G  be  the  centre  of  gravity 

therefore  the  two  forces  vanish. 

If  'Siniwz  =  0,   and  2myz=^0, 

the   resultant  couple  lies  wholly  in   the  plane  of  xy, 
and  is  equal  to 

*  See  Note  (2). 
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which  is  called  the  inoment  of  inertia  of  the  body  about 
the  axi^  GO. 

For  an  investigation  of  the  number  and  directions 
of  the  axes  for  which,  when  they  are  severally  taken 
as  the  axis  of  Xy  the  quantities  'Zmofz  and  'Zmyz  sepa> 
rately  vanish,  and  for  the  method  of  determining  the 
moments  of  inertia  of  bodies,  see  Appendix. 

Now  this  one  theorem  gives  us  immediately 
the  effect  of  a  couple  acting  on  a  body  in  any 
plane  whatsoever.  For  whatever  be  the  couple, 
we  can  always  decompose  it  into  three  others, 
respectively  perpendicular  to  the  three  principal 
axes  of  the  body :  and  dividing  each  of  them  by 
the  moment  of  inertia  relative  to  its  axis,  we  shall 
have  the  three  angular  velocities  with  which  these 
three  couples  would  tend  to  make  the  body  tiun 
about  their  respective  axes.  If  then  from  the 
centre  as  origin,  we  take  three  lines  in  these  di- 
rections to  represent  at  once  the  axes  and  velocities 
of  rotation,  and  complete  the  parallelopiped,  we 
shall  have  in  the  diagonal  the  axis  and  velocity 
of  the  rotatory  motion  to  which  the  proposed 
couple  gives  rise  at  the  first  instant*.  The  sim- 
plicity of  this  operation  is  evident. 


Motion  of  a  Body  arising  from  any  given  Forces. 

Whatever  be  these  forces  they  may  always 
be  reduced  to  a  single  one,  passing  through  the 
centre  of  gravity  of  the  body,  and  a  single  couple. 

*  See  Note  (7). 
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Now  the  effect  of  the  force  is  a  mere  motion  of 
translaxion  in  the  direction  of  this  force,  and  the 
effect  of  the  couple  is  to  impress  on  the  body 
a  rotatory  motion  about  a  certain  axis  passing 
through  the  centre  of  gravity,  whose  direction  is 
determined  by  what  we  have  just  observed. 

But  it  will  be  seen  from  what  immediately 
follows  that  we  can  express'  much  more  clearly 
the  direction  of  the  instantaneous  axis,  relative 
to  the  plane  of  the  couple  which  gives  birth  to  it. 


The  Central  Ellipsoid  of  a  Solid  Body. 

Since  the  three  components  of  the  proposed 
couple  give  three  rotatory  motions  which  are  re- 
spectively proportional  to  these  couples,  and  in- 
versely as  the  moments  of  inertia  about  the  three 
axes,  we  perceive  from  geometrical  considerations 
that  the  axis  of  rotation  is  in  the  direction  of  the 
diameter  conjugate  to  the  plane  of  the  couple,  in 
an  ellipsoid  whose  axes  are  reciprocally  propor- 
tional to  the  square  roots  of  the  moments  of 
inertia  about  these  axes.   (12) 

(12)  Let  A,  By  C,  be  the  moments  of  inertia  about  the 
principal  axes,  and  let  the  centre  of  gravity  G  (fig.  11.) 
be  taken  as  origin,  and  these  three  rectangular  axes 
as  the  axes  of  <r,  y,  and  «  respectively.  Take  in  them 
the  lines 

1  1  1 

a  =     J  ,        h  =       .  ,        c  =  -Ty — , 

y/n.4  y/n.B  y/n.C 

^nd  about  these  three  lines  as  axes  describe  an  ellipsoid. 
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Let  tt)  /3,  7,  be  the  angles  which  the  axis  of  a 
couple,  whose  plane  passes  through  the  origin,  makes 
with  the  co-ordinate  axes;  and  let  M  be  its  moment. 
Then  the  equation  to  the  plane  of  the  couple  is* 


OS 


cosa  +  y  cos/S  +  ^cos'y  =  0 (i), 


and  the  resolved  parts  of  it  respectively  perpendicular 
to  the  axes  are 

Jlfcosa,       JIf  cos/3,       Jlfcos^y; 

and  by  the  theorem  laid  down  in  page  29,  if  01^  be 
the  velocity  generated  by  the  couple  M  cos  a  about  the 
principal  axis  Oco^ 

JIfcosa      __      2 

ia^  = —  =  Mnar  cos  a ; 

A 

and  similarly,  wj  =  Mnl?  cos  /3,     w^  =  Mm?  cos  'y ;    . 

and  if  GP  =  p  be  the  resultant  axis  of  rotation,  meeting 
the  surface  of  the  ellipsoid  in  the  point  P,  whose  co- 
ordinates are  a?',  y,  sdy  and  inclined  at  angles  a',  )3',  7' 
to  the  axes. 


.     f             ^a^ 

-'     ^^^ 

^            ^c 

a?  =  p  COS  a  =  p  —   , 

y  -P      y 

z  ^p  — 

a>p 

Wp 

Clip 

and  the  equation  to  the  tangent  plane  at  P,  which  is 


ofo/     yy      %s^ 
a^        If        c 


Wp 


becomes  a?  cos  a  +  y  cos)3  +  i^r  cos  7  =  -^       (ii.)^ 

'      Mnp 

wherefore  the   planes  (i.)  and  (ii.)   are  parallel;    that 


*  Hymers,  Art.  3.  Cor.  1. 
t  Note  (7). 

E 
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is,   GP  is  the  diameter  conjugate  to  the  plane  of  the 
couple*. 

I  suppose  therefore  an  ellipsoid  to  be  construct- 
ed about  the  centre  of  gravity  of  the  body,  having 
its  three  principal  axes  in  the  directions  of  the 
principal  axes  of  the  body,  the  squares  of  their 
lengths  being  reciprocally  proportional  to  the  mo- 
ments of  inertia  of  the  body  about  them:  and 
I  may  here  remark  that  this  ellipsoid  will  pos- 
sess the  remarkable  property,  that  the  moment  of 
inertia  of  the  body  about  any  one  of  its  diameters 
will  be  inversely  as  the  square  of  the  length  of 
this  diameter,   (is) 

(13)  The  equation  to  a  plane  perpendicular  to 
GP  (v.  last  note)  is 

8  =  {V  cosa'  +  y  cos)3'  +  %  cos  ^y'; 

and  if  Q  be  any  point  in  this  plane,  the  distance  of 
Q  from   GP  =  y/CQ^  -  5^ ;    therefore  moment  (P)  of 
the  body  round  GP,  which   =  2  mass  of  a  particle  x 
(distance  from  GP)*, 

And  since  the  co-ordinate  axes  are  by  hypothesis  prin- 
cipal axes, 

^myz  =  0,       ^ma^x  =  0,       ^mwy  =  0 ; 

.-.  P  =  (2ma?')  sin«  a  +  (2my^)  sin^  /3'  +  (2m»«)  sin^  7', 

or  since  sin"  a'  =  1  —  cos®  a  =  cos^  )3'  +  cos*  7', 

P  =  cos^  o' .  2  w  (y"  +  «*)  +  cos^  /3' .  2m  {a»  +  ^) 
4-  cos®  y'  2w  (jv^  4-  y^) 

*  Hymers,  Art.  24.  Cor.  1. 
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2^  / 


=  A  cos^  a!  -^  B  cos*  /3'  +  C  cos^  7 

-  COS-  a    +  — rr  COS^  p  +  •— -  COS'*  y 


na^  nh^  n& 


»a    jo       wo    J)       wc'    p*^ 

1  .        a;''      y''      x' 

— 5,     since -^  +-J  +-^=  1 


Now  whatever  be  the  form  and  constitution 
of  a  body,  it  has  always  a  centre  of  gravity  and 
three  principal  axes,  as  distinctly  determinate  as 
those  of  any  homogeneous  regular  solid*.  We 
may  therefore  always  conceive  such  an  ellipsoid 
as  the  above  to  be  constructed  in  it,  which  has 
the  triple  advantage,  of  placing  before  our  eyes 
the  centre  of  gravity  and  principal  axes,  of  giving 
us  all  the  moments  of  inertia  which  we  may  have 
to  take  into  consideration  (since  the  moment 
about  any  diameter  is  expressed  in  a  simple  func* 
tion  of  its  length),  and  of  offering  us  an  easy 
method  of  determining  the  position  of  the  axis 
of  instantaneous  rotation,  relative  to  the  plane 
of  the  impressed  couple.  Now  it  is  this  ellip- 
soid, the  consideration  of  which  will  throw  great 
light  on  the  theory  of  rotatory  motion,  that  I  shall 
for  the  future  denominate  the  central  Ellipsoid. 

*  See  Appendix. 
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The  Motion  of  a  Body  arising  from  any  given  Cov/ple 

clearly  ewpressed. 

Suppose  that  a  body  at  rest  is  struck  by  a 
couple  in  any  plane  drawn  through  the  centre  of 
gravity,  which  may  therefore  be  considered  a 
diametral  plane  of  the  central  ellipsoid:  we  have 
just  seen  that  the  instantaneous  axis  of  rotation 
to  which  the  couple  gives  rise  is  the  diameter 
conjugate  to  the  plane  of  the  couple:  and  the 
angular  velocity  will  evidently  be  measured  by 
the  moment  of  the  couple,  resolved  perpendicularly 
to  this  diameter,  and  divided  by  the  moment  of 
inertia  of  the  body  about  the  same  diameter.   (14) 

(l4)  This  may  be  proved  strictly  from  the  pre- 
ceding notes.  For  if  Q  be  the  angle  between  the 
instantaneous  axis  and  the  axis  of  the  couple, 

cos  Q  =  cos  a .  cos  a  +  cos  /3  .  cos  j8'  +  cos  ^y  cos  y' 
Mnc?  p      MnW' p      Mn&    p 


Wp 


(w'      y''      z\ 


Mnp^ 

Mcosd 
.'.  u>p  =  Mnp*  cos  Q  =  — — — . 

It  is  manifest  also  from  note  (10)  that  the  impressed 
couple  M  is  equal  to,  and  in  the  same  plane  with, 
the  resultant  couple  of  the  effective  forces;  that  is^ 
the  resultant  of  the  two  sets  of  couples  (ii)  and  (iii)  in 
note  (ll). 
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And  resolving  M  parallel  and  perpendicular  to  the 
plane  of  the  couples  (iii),  we  ^haU  have 

Jf  cos  6  =  resultant  of  (iii)  =  P.Wp^ 

the  same  equation  as  before. 

Likewise,  M  sin  6  «  resultant  of  the  couples  (ii). 

Hence  the  axis  of  an  impressed  couple  can  never 
be  the  corresponding  axis  of  instantaneous  rotation, 
unless  it  coincides  with  a  principal  axis  of  the  body. 
For  if  0  =  0,  no  part  of  M  can  be  employed  to  produce 
the  couples  (ii),  which  form  a  necessary  part  of  the 
effective  forces,  requisite  about  any  axis  not  a  principal 
one  to  give  to  each  molecule  its  proper  motion.  The 
theorem  (page  29)  expressed  by  M -  P .w^  only  holds 
therefore  for  a  principal  axis. 

Since  a  couple  may  always  be  removed  into 
any  plane  parallel  to  its  own,  without  causing 
any  change  in  its  effect  on  the  body,  we  may 
always  suppose  the  plane  of  the  impressed  couple 
instead  of  being  drawn  through  the  centre,  to 
touch  the  surface  of  the  ellipsoid:  and  then  we 
may  say,  that 

If  a  hody  is  struck  by  a  couple  situated  in 
any  plane  which  touches  the  central  ellipsoid  of 
the  hody^  the  instantaneous  pole  of  the  rotatory 
motion  to  which  the  couple  gives  birth  is  the 
point  of  contact.     And  conversely  that 

If  a  body  turns  on  any  diameter  of  its  central 
ellipsoid,  the  couple  actually  impressed  on  it  is 
in  the  tangent  plane  at  the  pole. 
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Which  appears  to  be  one  of  the  simplest 
theorems  in  Dynamical  Science,  on  the  difficult 
and  obscure  theory  of  rotatory  motion. 

We  proceed  to  enquire  how  the  rotatory 
motion  changes  from  one  instant  to  another,  and 
to  trace  throughout  its  whole  course  the  motion 
of  the  body. 


SECTION    II. 


SOLUTION   OF    THE    PROBLEM   OF   THE    ROTATION   OF   FREE 

BODIES. 


It  is  evident  that  the  axis  of  rotation  which 
we  denominate  the  instantaneous  axis  remains 
immoveable  only  for  a  single  instant.  For  fronji 
the  rotatory  motion  itself  there  arise,  for  each 
of  the  equal  molecules  of  the  body,  centrifugal 
forces  respectively  proportional  to,  and  in  the 
direction  of,  the  radii  of  the  circles  which  these 
molecules  tend  to  describe.  Now  the  axis  of 
which  we  speak  being,  by  hypothesis,  not  a 
principal  axis,  these  centriftigal  forces  will  not 
balance  each  other.  When  removed  parallel  to 
themselves  to  the  centre  of  gravity,  they  give 
it  is  true  a  residtant  which  equals  nothing,  but 
the  residtant  couple  does  not  vanish.  There  arises 
therefore  from  the  rotatory  motion  itself  an  ac- 
celerating  couple,  the  action  of  which  impresses 
on  the  body  at  each  instant  an  infinitely  small 
rotatory  motion,  which  is  compounded  with  the 
actual  rotatory  motion  of  the  body,  and  causes 
both  the  magnitude  and  the  axis  of  it  to  vary.    (15) 

(15)    The  whole  eflfect  of  the  couple  being,  as  we 
saw  in  the  last  note,  to  produce  a  rotatory  motion  about 

GF,  with  an   angular   velocity  w^^ — — — ,    we  may 

consider  the  body  in  motion  as  acted  on  by  no  external 
force.     And  in  such  case  the  tension  of  the  rod  (QR)^ 
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connecting  the  molecule  m  at  Q  with  the  axis  GP,  which 
is  for  the  instant  immoveable, 

(velocity  of  Qy 


=  w. 


QR 


^m.QR.(wpY 
applied  at  R  in  the  direction  RQ ;  which  is  equivalent,  to 

a  force  =  {wpY-rnQR  at  G,  perpendicular  to  GP^ 

and  a  couple  whose  moment  is  (juo^^.mQR.GR^  and 
whose  plane  passes  through  GR, 

And  it  is  clear  from  the  reasoning  in  note  (11)  that 
the  resultant  of  all  these  centrifugal  forces  at  G  will 
vanish,  by  the  property  of  the  centre  of  gravity. 

And  the  resultant  of  all  the  couples  will  be  a  couple> 
in  a  plane  passing  through  the  axis,  equal  to 

Wp  X  (resultant  of  all  the  couples  w^ .  mQR .  GR) 
=  fti  X  {resultant  of  the  couples  (ii)  for  the  axis  GP} 

which  does  not  vanish ;  since  the  axis  is  not  a  principal, 
one. 

In  order  to  investigate  the  motion  of  the  body,- 
it  is  necessary  therefore  to  commence  by  finding 
this  accelerating  couple  which  arises  from  the 
centrifugal  forces.  Nov^  it  is  very  easy  to  see 
directly y  or  to  conclude  from  the  principle  of  the 
conservation  of  couples*^  that  if  v^e  take  two  lines 
to  represent  respectively,  the  axis  and  magnitude 
of  the  impressed  couple,  and  the  axis  and  mag- 
nitude of  the  instantaneous  rotatory  motion,  the 
accelerating  couple  due  to  the  centrifiigal  forces 
is  always  represented  in  magnitude  and  position 

*  See  Appendix. 
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by  the  surface  of  the  parallelogram  constructed 
on  these  two  lines:  a  simple  and  remarkable 
theorem,  which  includes  the  whole  theory  of  ro- 
tatory motion,  and  which,  when  interpreted  ana- 
lytically  gives  immediately  those  three  elegant 
equations  which  we  o^e  to  Euler,  but  which  are 
ordinarily  obtained  by  long  and  circuitous  opera- 
tions bfily.   (16) 

(16)-  It  13;  clear  that  since  each  centrifugal  force 
is  proporticmM,  and  in  a  direction  perpendicular,  to  the 
corresponding  eflR^ctive  force  yrhich  must  have  originally 
acted  on.  the.  particle  m  to  produce  its  motion,  the 
resultant  couple  will  be  in  a  plane  perpendicular  to  that 
of  the  resultant  couple  of  the  effective  forces,  and  there- 
fore, during  the  first  instant,  perpendicular  to  that  of 
the  impressed  couple  M, 

The  plane  of  the  accelerating  couple  will  therefore, 
during  the  first  iiistant,  pass  through  the  axis  of  M  as 
well  as  through  the  axis  of  rotation. 

And  if  [I)  be  a  linear  unit,  we  may  take  GP  (fig.  12.) 

and  GM  m  the  axis  of  the  couple  =  —  . 

Then  the  area  of  the  parallelogram  Gm,  which  is 
manifestly  in  the  plane  of  the  accelerating  couple, 

-GP.Gilf.  sin  PGJf 

=  ft)^ .  ^  sin  0  ; 

which  from  notes  ( 14)  and  (15)  we  know  to  be  the  mag- 
nitude of  the  couple,  during  the  first  instnnt. 

And  since  the  body  is  acted  on  by  no  external  force, 
whatever  be  the  position  into  which  it  is  brought  by 
the  action  of  the  centrifugal  forces,  we  may  assume  that 

F 
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stantaneous  rotation ;  and  the  height  of  it  above  GQ  is 
manifestly  the  same  as  that  of  P. 

Also  velocity  round  Gi?  =  a,,—, 

we  see  moreover  from  the  reasoning  in  note  (l6)  and 
from  the  theorem  in  page  37,  that  the  body  will  come 
into  such  a  position  that  the  tangent  plane  at  the  pole  R 
shall  be  parallel  to  the  plane  of  the  couple  originally 
impressed:  which  in  the  original  position  of  the  body 
we  may  suppose  to  be  a  tangent  at  P. 

But  the  centre  is  fixed  in  absolute  space,  and 
the  plane  of  the  couple  always  parallel  to  itself; 
therefore  this  plane^  which  is  always  a  tangent 
at  the  instantaneous  pole  of  rotation^  is  an  in-- 
variable  plane^  fixed  in  absolute  space. 

Therefore  the  motion  of  the  body,  or  what 
is  the  same  thing  the  motion  of  the  central  el- 
lipsoid, is  such,  that  this  ellipsoid  remains  in 
contact  with  a  plane  fixed  in  absolute  space :  that 
is,  it  turns  at  every  instant  about  the  radius  vector 
at  the  point  of  contact,  with  an  angular  velocity 
proportional  to  the  length  of  this  radius. 

This  ellipsoid  therefore  rolls  without  sliding 
on  the  fixed  plane  abovementioned ;  for  since 
all  its  motion  consists  in  turning  for  an  instant 
on  the  line  drawn  from  the  centre  to  the  point 
of  contact,  the  ellipsoid  brings  at  the  end  of  this 
instant  a  new  point  into  contact  with  the  plane; 
and  this  new  point,  which  becomes  the  pole  of 
rotation  for  the  instant  following,  remains  in  its 
turn  immoveable  for  this  instant,  and  so  on  te 
infinity;  whence  it  is  manifest  that  none  of  the 
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points  at  which  the  ellipsoid  comes  into  contact 
with  the  fixed  plane  can  ever  slide  on  this  plane. 

We  have  therefore  a  clear  idea  of  the  com- 
plicated motion  of  a  body  of  any  shape  whatever, 
turning  freely  either  on  its  centre  of  gravity  or 
on  any  other  fixed  point,  due  to  the  action  of 
a  couple  whose  impulsion  it  originally  received 
in  any  given  plane.  For  about'  the  center  of 
gravity,  or  if  the  body  is  not  free,  the  fixed  centre 
of  rotation,  and  the  principal  axes  of  the  body 
at  that  point,  we  may  describe  the  Centred  El- 
lipsoidy  to  which  we  may  confine  our  attention 
and  neglect  entirely  the  shape  of  the  body.  We 
may  then  suppose  this  ellipsoid  whose  centre  is 
fixed,  to  roll  without  sliding  on  a  fixed  plane 
touching  it,  which  gives  us  an  exact  representation 
of  the  geometrical  motion  of  the  body :  and  since 
the  angular  velocity  with  which  it  turns  about 
the  radius  at  the  point  of  contact  is  proportional 
to  the  length  of  this  radius,  we  obtain  also  the 
dynamical  motion  of  the  body ;  that  is,  we  have 
before  us  the  complete  succession  of  the  positions 
which  the  body  occupies,  and  the  time  which  it 
takes  to  pass  from  any  one  to  any  other;  which 
completely  determines  the  motion. 


SECTION   iir 


DEVBLOPEMENT  OF   THB    SOLUTION. 


T^he  two  Curves  described  by  the  Instantaneous  Pole 

of  Rotation. 

The  above  illustration  of  the  rotatory  motion 
of  a  body  leads  us  at  once,  and  as  it  were  by  the 
hand,  to  the  calculations  necessary  to  measure  all 
the  different  affections  of  this  motion. 

And  first  this  succession  of  points,  at  which 
the  central  ellipsoid ^  comes  into  contact  with  the 
fixed  plane  of  the  impressed  couple,  traces  on 
the  surface  of  the  ellipsoid  the  path  of  the  in- 
stantaneous pole  in  the  interior  of  the  body,  and 
the  corresponding  succession  of.  points  on  the 
fixed  plane  traces  its  path  in  absolute  space.  We 
can  therefore  determine  immediately  these  two 
curved  lines,  and  consider  them  as  the  bases  of 
two  conical  surfaces  having  the  same  vertex,  one 
of  which,  moving  with  the  body,  woidd  by  rolling 
on  the  other,  which  is  fixed  in  absolute  space, 
cause  in  the  body  the  precise  motion  with  which 
it  is  endued. 
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To  find  the  first  curve  we  have  only  to  de- 
termine the  succession  of  points  in  which  the 
ellipsoid  is  touched  hy  a  plane  which  is  always 
at  the  same  distance  from  its  centre;  or  what 
is  the  same  thing,  which  touches  a  concentric 
sphere  whose  radius  is  equal  to  the  given  dis- 
tance. 

While  this  plane  traces  on  the  ellipsoid  the 
path  of  the  instantaneous  pole,  we  may  remark 
that  it  traces  on  the  sphere  the  path  that  the 
pole  of  the  couple,  which  is  fixed  in  space,  would 
appear  to  describe  in  the  interior  of  the  moveable 
body ;  a  curve  of  the  same  nature  which  we  shall 
have  also  occasion  to  consider. 

But  to  speak  of  the  first  only:  we  see  that 
it  is  a  re-entering  curve  of  double  curvature^ 
having  like  the  ellipse  Jimr  principal  vertices^ 
at  which  it  is  divided  into  four  equal  and  sym- 
metrical parts ;  a  species  of  elliptical  wheels  whose 
cude  is  always  either  the  greatest  or  lea^t  radius 
of  the  central  ellipsoid,  according  as  the  radius 
of  the  sphere  is  given  greater  or  less  than  the 
mean  radius  of  the  ellipsoid.  This  curve  of 
double  curvature  is  projected  in  a  complete  ellipse 
on  the  plane  perpendicular  to  the  axis  which 
forms  its  a>xle^  in.  an  elliptic  arc  on  the  other 
plane,  and  always  in  an  hyperbolic  arc  on  the 

plane  perpendicular  to  the  mean  radius.   (19) 
••  .  * 

(19)  Let  Pg  (fig.  14.)  be  a  perpendicular  section 
of  the  tangent  plane  touching  the  ellipsoid  in  P  and 
a  concentric  sphere  whose  radius  Gg  =  r  in  ^. 
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Let  Xj   y,   ;5r,   be  the  co-ordinates  of  P, 

^\  y'y  «\  • of  ^, 

''^  9  y  i  X  i of  any  point  m 

the  tangent  plane. 

Then  we  haye  two  equations  to  this  plane ;  viz  : 

ff  n  n 

XX        yy        x% 
_  X X        yy        X X 

X  X 

which  must  coincide ;  therefore  —  =  — , 


r*      a 


8 


or 


Therefore  -  =  —  4.  2.  +  -. ; 

Ai      ^      y"      ^ 
o*      fc*      cr 

which  are  the  equations  to  the  curve  of  double  curvature. 
Let  a  be  the  greatest  and  c  the  least  semi-axis.  Then 
if  r  >  6,  the  curve  can  never  meet  the  plane  perpendicular 
to  the  major  axis ; 


for  if  a;  s  0,       ^  =  c^. 


a  negative  quantity.     The  curve  therefore  lies  in  this 


1 

1 

»3 

"v 

1 

1' 

? 

6* 
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case  wholly  about  the  major  axis.  And  vice  versd  if 
r  <  b.  iUso  the  equation  to  the  projection  on  the 
principal  plane  perpendicular  to  c  is 

^  -  a* '^  b' "^ '^  V"a*"W' 
or 3 +  7: ?=*♦ 


which    is    evidently    the   equation   to  an  ellipse  whose 
semi-axes  are 


a 


the  first  of  which  is  always  <  a ;  and  if  r  <  6,  the  second 
is  .<  by  or  the  projection  is  a  complete  ellipse,  concentric 
to  the  principal  section  of  the  ellipsoid ;  but  if  r  >  6  the 
minor  semi-axis  is  >  6,  and  the  projection  is  only  part 
of  an  ellipse. 

The  equation  to  the  projection  perpendicular  to  the 
mean  semi-axis  is 


• 

6» 

t 

6* 

a^ 

1 

'a* 

^^MM      J. 

«* 

1 

c» 

o» 

•  ^^* 

V  '  c» 

6» 

1 

~  r» 

1 

r» 

=  1, 


which  is  manifestly  the  equation  to  an  hyperbola,  the 
coefficients  of  or  and  «f*  having  necessarily  different 
signs. 

G 
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The  four  vertices  of  this  curve  are  the  points 
where  the  radius  vector,  and  consequently  the 
velocity  of  rotation,  attain  their  maximum  and 
minimum  values;  and  we  may  remark  that  the 
maximum  always  occurs  when  the  instantaneous 
pole  passes  through  the  two  vertices  which  lie 
in  the  m^ean  principal  plane  of  the  ellipsoid,  and 
the  minimum  when  it  passes  through  the  other 
two  vertices.   (20) 

(20)     Since  GP  =  \/^^TyT^, 
0  ^  d^GP  ^  GP .  d,GP 

also  0  =  -5  +  --d,y  +  -  d,sf, 
a        tr  (r 

a?       y  ^  z   ^ 

0  =  —  ^ —  a.i/  H —  d^x% 

whence  we  derive  separately  y  =  0,  a?  =  0,  which  give 
possible  values  for  GP  when  r  >  6,  the  former  satisfying 
the  conditions  for  a  maximum,  and  the  latter  for  a 
minimum ;  the  value  of  the  maximum  radius  (P)  being 

r  \/a*  -  (? 
and  of  the  minimum  (p), 

"^^^ ^^7^^^ • 

The  second  curve,  being  traced  by  that  which 
rolls  about  the  centre  on  the  fixed  plane  of  the 
couple,  is  therefore  a  plane  curve  which  encircles 
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the  projection  of  the  centre,  forming  equal  and 
regular  undulations  corresponding  to  the  equal 
and  symmetrical  arcs  of  the  rolling  orbit  which 
produces  it :  it  is  a  species  of  circular  curve  whose 
radius  varies  periodically,  and  which  winds  for 
ever  between  two  concentric  circles  whose  circum- 
ferences it  touches  alternately.   (21) 

(21)  The  projection  (gp)  of  the  radius  vector  GP 
on  the  fixed  plane  of  the  couple  will  evidently  arrive 
at  its  maximum  and  minimum  values  cotemporaneously 
with  GP;  for  when  GP  is  greatest  its  inclination  to  this 
plane  is  least. 

With  centre  g*,  (fig.  15.)  the  projection  of  G,  and 
radii  p  and  P,  describe  two  circles ;  then  the  curve  being 
perpendicular  to  the  radius  vector  gp  at  the  points 
where  it  attains  its  maximum  and  minimum  values, 
will  manifestly  touch  these  circles  at  those  points ;  that 
is,  will  touch  them  alternately,  since  the  curve  passes 
alternately  the  mean  and  major  principal  planes. 

The  consequences  deduced  in  this  and  the  last  note 
for  r  >h  are  easily  adapted  to  the  case  when  r  <  b. 

If  the  angle  at  the  centre  which  corresponds 
to  two  consecutive  vertices  of  these  equidistant 
undulations  is  commensurable  with  four  right 
angles,  the  curve  re-enters  itself  after  a  certain 
number  of  revolutions;  and  the  instantaneous 
pole  which  describes  it  returns  at  once  to  the 
same  position,  both  in  the  body  and  in  space. 
But  in  the  contrary  case  the  curve  never  re-enters 
itself,  and  the  pole,  which  always  returns  peri- 
odically to  the  same  place  in  the  body,  can  never 
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return  at  the  same  time  to  the  same  point  in 
space. 

Such  are  the  two  curves  described  by  the  in- 
stantaneous pole,  the  one  in  the  interior  of  the 
body,  and  the  other  in  absolute  space.  And  al- 
though these  curves  are  of  such  different  forms, 
yet  since  it  is  one  and  the  same  point  which 
describes  them  both,  the  equations  to  them,  be- 
tween the  radius  vector  and  the  arc,  exactly 
coincide.    (22) 

(22)  To  find  this  equation  to  the  two  curves, 
we  have 

a^      y*      a^ 
a       o       c 

i^  ~  a*  "^  6*  "^  ?  ' 


Substituting  in  the  second  and  third  the  values  of 
7?  derived  from  the  first,   multiplying  the  former  by 

-5  +  —  ,  and  subtracting,  we  have 


•  *•       M/        SS     fit     , 


(a«-fe»)(o«-c*)     ' 


or  x  —  o'-v^+^j  suppose; 
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y/a^+p^ 


Similarly,  d,y  =  -^^,     V';^^^; 
.-.  dp«,  which  =  %/(dp^)*  +  (dpyY  +  (d^ar)* 

The  rolling  cone  of  which  the  first  curve 
forms  the  base  is  simply  a  right  cone  of  the 
second  degree ;  but  the  ^xed  cone  on  which  it 
rolls  is  a  transcendent  cone^  whose  surface  undu- 
lates for  ever  about  the  fixed  axis  of  the  couple : 
it  is  a  species  of  right  circular  cone,  whose  sur- 
face however  is  fluted  according  to  the  regular 
undulations  of  the  curve  which  forms  its  base. 


Proposed  Names  for  the  two  Curves. 

We  know  that  a  heavy  body  projected  any 
how  in  space  turns  on  its  centre  of  gravity,  ex- 
actly as  if  it  were  free  from  the  action  of  gravity. 
The. two  remarkable  curves  therefore  above  de- 
scribed are  presented  constantly  to  our  notice  in 
the  motion  of  projectiles,  and  merit  names  as 
much  as  the  path  of  the  centre-  of  gravity  which 
is  called  a  parabola. 

I  propose  therefore  to  give  them  the  names 
of  relative  and  absolute  Poloids;  or  rather,  in 
order  to  distinguish  them  by  their  respective  forms, 
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to  call  the  first  simply  the  peloid,  and  the  second 
the  serpoUnd. 

It  is  evident  .that  the  forms  of  the  curves  will 
depend  entirely  on  four  given  quantities,  viz,  the 
three  semi-axes  of  the  central  ellipsoid  which  are 
always  given  by  the  nature  of  the  body,  and  the 
height  of  the  centre  above  the  tangent  plane  of 
the  couple,  which  is  given  by  the  direction  of 
the  impressed  couple. 


Particular  Case  in  which  the  Polaid  becomes  an  EUipse, 

and  the  Serpoloid  a  Spiral. 

In  the  particular  case  in  which  the  height 
above  the  plane  of  the  couple  is  exactly  equal  to 
the  mean  radius  of  the  ellipsoid,  the  poloid  be- 
comes an  ellipse,  whose  plane  passes  through  the 
mean  radius,  and  the  serpoloid  a  spiral,  which 
when  examined  throughout  its  whole  extent  ap- 
pears to  be  a  sort  of  double  spiral.  I  mean  that 
it  throws  out  on  opposite  sides  of  a  vertex  two 
equal  branches  whose  generating  points  revolve  in 
opposite  directions  about  a  fixed  centre,  which 
they  continually  approach,  but  which  is  a  species 
of  asymptotic  point  that  they  never  attain.  In 
this  case  therefore'  the  instantaneous  pole  is  always 
a  new  point  both  in  the  body  and  in  absolute 
space,  sdthough  the  length  of  the  spiral  described 
is  finite,  and  moreover  equal  to  the  semi-cireum- 
ference  of  the  rolling  ellipse  which  produces  it.  (2S) 
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(23)     When  r  =  6,  we  have 

a^   V     f      x^  V  ^ 

.  a^      y^      st^ 

and  —  +  ^  +  -r  =  !» 
a^      }?      &       ' 


whence  a?  =  - .  V  "i — ij-  ^j 

and  the  curve  lies  wholly  in  a  plane  passing  through 
the  axis  of  y.     It  is  therefore  an  ellipse  whose  axes  are 


^/ 


r — -r 5=  a  and  b. 

or  ^  br 


Now  the  latter  is  evidently  the  value  of  Gg  (fig.  14.) 
in  this  case.  And  as  the  value  of  GP  diminishes  from 
the  former,  the  angle  PGg,  which  is  the  angle  (9)  be- 
tween the  instantaneous  axis  and  the  fixed  axis  of  the 
couple,  perpetually  diminishes,  and  the  accelerating 
couple  arising  from  the  centrifugal  forces  (wp .  M  sin  9) 
becomes  less  than  any  assignable  quantity;  that  is,  no 
finite  couple  M  can  make  the  pole  coincide  with  g 
(fig.  l6.)  though  it  continually  approaches  it  in  moving 
either  way  from  JT,  which  lies  in  the  circumference  of 
the  circle  described  with  radius  GK  »  a  on  the  plane  of 
the  couple. 


Particular  Cases  in  which  they  are  reduced  to  a  Point, 

If  tbe  distance  of  the  centre  from  the  tangent 
plane  is  given  equal  to  one  of  the  extreme  radii 
of  the  ellipsoid,  then  since  this  can  only  happen  at 
a  single  point  in  the  surface,  the  poloid  and  ser- 
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poloid  are  both  reduced  to  a  single  point,  and 
the  instantaneous  pole  remains  immoveable  both 
in  the  body  and  in  space  during  the  whole  motion ; 
and  the  same  thing  will  happen  in  a  single  variety 
of  the  particular  case  before  considered,  namely, 
when  the  plane  of  the  couple  touches  the  central 
ellipsoid  at  its  mean  pole.    (24) 

(24s)  In  all  these  cases  the  axis  of  the  impressed 
couple  coincides  with  a  principal  axis,  and  therefore  the 
theorem  of  page  29  is  applicable,  and  the  axis  of 
the  couple  being  the  instantaneous  axis,  0=0  and  the 
centrifugal  couple  vanishes,  that  is,  the  elementary  cen- 
trifugal couples  mutually  destroy  each  other. 


Particular  Case^  arising  from  the  Constitution  of  the 
Body,  in  which  the  two  Curves  become  Circles. 

Lastly,  if  the  body  is  one  of  those  which  have 
two  of  their  principal  moments  of  inertia  equal 
to  one  another,  in  which  case  the  ellipsoid  becomes 
a  solid  of  revolution,  the  poloid  becomes  a  circle 
about  the  axis  of  this  spheroid,  and  the  serpoloid 
another  circle  about  the  fixed  axis  of  the  couple. 
In  all  bodies  of  this  kind  the  movement  is  that 
of  a  right  cone  whose  base  is  a  circle  rolling 
uniformly  on  a  fixed  cone  of  the  same  kind.  It 
is  one  of  the  simplest  cases  of  rotatory  motion, 
but  we  must  remark  that  if,  as  is  usually  the 
case,  the  circumferences  of  these  circles  are  in- 
commensurable, the  instantaneous  pole  can  never 
return  at  the  same  time  to  the  same  point  in 
the  body  and  in  absolute  space.    (25) 
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(25)     If  a  =  ft,  the  equations  to  the  poloid  become 

a  c 

^  0^  +  ^      s^       1     • 
and  — 5^—  +  ~  «  - , 


whence  we  have 


^    /I        1\        1        1 


the  equations  to  a  circle  in  a  plane  perpendicular  to  the 
axis  of  z. 

Hence  GP,  and  therefore  the  angular  velocity,  is 
constant. 

And  the  serpoloid  being  traced  out  by  P  (fig.  14.), 
which  always  remains  at  the  same  distance  y/GP^  -  r^ 
from  g^  will  also  be  a  circle. 

The  uniformity  of  the  motions  of  the  pole  in  the 
body  and  in  space  will  be  shewn  hereafter. 

We  need  not  examine  the  simplest  case  of 
all^  in  which  the  central  ellipsoid  is  a  perfect 
sphere:  for  in  whatever  manner  the  couple  is 
applied^  the  axis  of  rotation  and  the  axis  of  the 
couple  coincide,  and  the  instantaneous  pole  re- 
mains immoveable  in  the  body  and  in  absolute 
space. 


H 
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Velocities^  with  which  the  Pole  describes  the  two  Curves^ 
with  which  it  approaches  and  recedes  from  the 
Centre^  with  which  it  revolves  about  the  JLved  A<7ns 
of  the  Couple^  4-c. 

After  having  examined  the  nature  of  the  two 
curves  described  by  the  pole,  which  have  the  same 
diflferential  equation  between  the  radius  vector 
drawn  from  the  centre  of  the  ellipsoid  and  the 
arc,  we  may  consider  the  velocity  with  which  the* 
pole  *  describes  them  both;  that  with  which  it 
recedes  from  or  approaches  the  centre,  which  is 
the  increment  ox  fluxion  of  the  radius  vector  and 
consequently  of  the  angular  velocity;  and  the 
angular  motion  of  the  pole  about  the  fixed  axis 
of  the  impressed  couple.  It  is  easy  to  deter- 
mine the  remarkable  points  where  these  different 
velocities  have  their  maximum  and  minimum 
values,  which  occur  at  the  alternate  vertices  of 
the  waves  of  the  serpoloid.  But  we  may  make 
a  curious  remark  on  the  velocity  of  the  pole  along 
this  curve ;  viz.  that  it  may  have,  in  certain  cases, 
a  minimum  value  at  the  superior  vertex  of  the 
wave,  and  likewise  a  minimum  at  the  inferior 
vertex,  and  consequently  a  maximum  at  a  third 
point  intermediate  to  them;  which  will  not  hold 
for  the  other  velocities,  whose  maximum  and 
minimum  values  occur  only  at  the  vertices  of  the 
curve  described  by  the  pole.   (26) 

(26)    The  velocity  in  the  poloid  (d^s)  =  PR  (fig.  13.) 

P 
=  —  (velocity  round  GQ)  ; 
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and  since  the  plane  of  the  centrifugal  couple  passes 
through  the  axis  of  the  impressed  couple,  the  axis  GN  of 
the  former  lies  in  the  plane  of  the  latter : 

(moment  of  centrifugal  couple)  cos  NGQ 
^  moment  of  inertia  round  GQ 

Wp.Msind.  cos  NGQ 
=  Q  ' 

.-.  dtS  =s  Mnpif  sin  Q  cos  NGQ. 

But  by  Napier^s  rules, 

cos  PGQ  =  cos  PGU .  cos  QGU, 

and  cos  PGU  =  sin  0  =  "^^  "     , 

P 

cos  PGQ  =  -  d,p  ♦, 

whence  cos   QGN=  |i  -  ^^f^^\  , 

and  (pqy  sin*  PGQ  +  (quy  sin*  UGQ  +  (puf  sin*  PGU 

=  (ac)*  +  (abf  +  (6c)% 
also  p*  +  g*  +  «**  =  a*  -H  6*  +  c*, 

whence  we  may  obtain  q  in  terms  of  p  and  d^p ;  and 
substituting,  we  have  d^s  in  terms  of  the  same  quantities. 

But  from  note  (22)   we  have    d,p  =  — „.  .  ,    and   we 

pF(p) 

can  therefore  determine  dtS  in  terms  of  p  alone. 

And  since  Wp  =  Mnp^  cos  0  =  Mnpr, 

dtWp  =  ilf  wr .  dfp  =  MnrdtS .  d,p, 

*  Miller  s  Differential  CalcuhUy  Art.  94. 
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which  is  reducible  to  an  elliptic  function  of  the  kind 
treated  by  Legendre,  Chap,  xxxiii. 

If  ^  be  the  radius  vector  Gg  of  the  serpoloid, 

and  dp9  =  d^s  .  dpp  ^        ^        .  n/t^T?.  F{r'^  -h  o*) 

V  r^  +  p"   ' 

diS  =  />/'  (r«  +  p')  dtp, 
and  at  the  vertices  dtp  =  0,   dpS  =  oo  . 

We  may  afterwards  simplify  the  equation  to 
the  serpoloid  by  referring  it  to  the  radius  vector 
drawn  from  its  own  centre  in  the  plane  in  which 
it  lies,  and  the  angle  described  by  this  radius 
about  the  centre.  And  any  such  expression  may 
be  obtained  without  difficulty.   (27) 

s 

(27)  If  6  be  the  angular  distance  of  the  radius 
vector  from  a  given  position, 


r  r 


which  is  reducible  as  before  to  an  elliptic  function. 


Determination  of  the  Position  of  the  Body  at  the  end 

of  d  given  Time. 

Lastly,  in  order  to  find  the  formulas  which  will 
enable  us  to  calculate  the  position  of  the  body 
at  the  end  of  a  given  time,  we  must  begin  by 
determining  the  velocity  of  rotation  in  terms  of 
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the  time,  which  will  be  done  by  a  single  inte- 
gration, and  will  give   the  place  of  the  instan- 
taneous pole  on  the  surface  of  the  central  ellipsoid. 
Afterwards  we  must  integrate  the  above  equation 
to  the  serpoloid,  which  will  give  the  place  of  the 
pole  on  the  fixed  plane  of  the  couple.     And  by 
these  two  quadratures,  which  naturally  belong  to 
the  class  of  elliptic  transcendents^  we  may  say  that 
the  proposed  problem  is  entirely  solved;  I  mean 
that  we  are  enabled  by  means  of  them  to  deter- 
mine the  actual  position  in  space  in  which  a  body 
is  found  at  the  end  of  a  given  time.     For  we 
have  only  to  suppose  the  ellipsoid  placed  in  con- 
tact with  the  fixed  plane,  so  that  they  touch  at 
the  points  which  we  have  just  determined  in  the 
ellipsoid  and  plane  respectively;  when  the  central 
ellipsoid,  and  consequently  the  body,  will  have  the 
exact  position  in  space  at  which  it  arrives  by  its 
natural  motion  at  the  end  of  the  given  time. 

We  may  vary  these  determinations  in  different 
ways,  by  taking  other  unknown  quantities  relative 
to  the  position  of  the  body ;  but  whatever  be  the 
co-ordinates  which  we  employ,  the  expression  of 
these  quantities  in  terms  of  the  time  will  always 
require  two  integrations,  which  necessarily  belong 
to  the  class  of  elliptic  transcendents. 

In  the  particular  case  in  which  the  height 
of  the  centre  above  the  fixed  plane  is  equal  to 
the  mean  radius  of  the  ellipsoid,  when  the  peloid 
*  becomes  a  simple  ellipse  and  the  serpoloid  a  spiral, 
the  difficulty  is  diminished,  and  the  integrals  be- 
come logarithmic  or  exponential,   (28) 
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(28)  In  this  case  dpS  is  reducible  at  once  to  an 
elliptic  function;  and  the  value  of  q^  deduced  from 
note  (26)  is  greatly  simplified;  and  thus  the  values  of 
dtWp  and   d^p  are  reduced  as  here  stated. 

Lastly  for  bodies  whose  central  ellipsoid  is  one 
of  revolution,  when  the  motion  becomes  wholly 
uniform  and  circular,  no  integration  is  required 
to  determine  the  position  of  the  body  at  the  end 
of  a  given  time.  (29) 

(29)  In  this  case  all  the  axes  in  the  equatoreal 
plane  AGB  (fig.  17.)  of  the  spheroid  are  principal  axes. 
Let  AGC  be  the  plane  passing  through  the  axis  of  the 
spheroid  and  the  axis  of  the  couple,  GB  the  intersection 
of  the  equatoreal  plane  with  the  plane  of  the  couple,  which 
will  be  manifestly  perpendicular  to  AGC-  Then  the 
resolved  part  of  M  perpendicular  to  the  principal  axis 
GB  =  0,  and  therefore  the  axis  of  instantaneous  rotation 
lies  in  the  plane  AGC. 

Therefore  AGC  is  the  plane  of  the  centrifugal  couple, 
and  GB,  which  is  the  diameter  conjugate  to  it,  the  axis 
about  which  this  couple  tends  to  make  the  body  turn. 

And  from  note  (25)  GP  (=jp)  is  constant,  as  indeed 
appears  also  from  the  consideration  that  GB  and  there- 
the  small  arc  PR  is  perpendicular  to  GP ;  substituting 
therefore  in  the  equation  obtained  in  note  (26)  and 
observing  that  NGQ  =  0,  we  have 

dtS  ^  Mnpa^ ,  a  constant  quantity. 

For  the  application  to  the  theory  of  Precession,  see 
Appendix. 
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Properties  of  the  three  principal  Axes  of  the  Body^ 
relative  to  the  Stability  of  the  Rotatory  Motion. 

m 

When  the  plane  of  the  impressed  couple  is  so 
situated  that  the  instantaneous  pole  falls  on  one 
of  the  principal  poles  of  the  central  ellipsoid,  it 
always  remains  there;  so  that  the  instantaneous 
axis  is  the  immoveable  straight  line  in  which  the 
axes  of  the  body  and  the  couple  coincide  through- 
out the  whole  motion.  Each  of  the  three  principal 
axes  is  therefore  a  permanent  axis  of  rotation.  But 
there  exists  between  them,  as  is  known,  a  remark- 
able difference  with  respect  to  the  stability  of  the 
rotatory  motion  about  each. 

If  the  instantaneous  pole  falls  on  the  greater 
or  lesser  pole  of  the  ellipsoid,  and  happens  by 
the  impulsion  of  any  small  disturbing  couple  to 
be  drawn  aside  to  a  little  distance  therefrom,  it 
will  not  recede  farther,  but  will  describe  its  poloid 
about  this  particular  pole  of  the  ellipsoid.  But 
this  is  not  the  case  when  the  instantaneous  pole 
falls  on  the  mean  pole  of  the  ellipsoid ;  for  on  any 
the  slightest  displacement  it  will  recede  farther  and 
farther,  and  proceed  to  describe  its  poloid  about  the 
greater  or  lesser  pole,  according  as  the  accidental 
disturbance  causes  the  distance  of  the  tangent 
plane  of  the  couple  from  the  centre  of  the  ellipsoid 
to  increase  or  diminish.  And  if  the  disturbance 
is  such  that  this  distance  is  not  altered,  which 
happens  in  the  directions  of  two  particular  ellipses 
which  cross  each  other  at  the  mean  pole,  the  in- 


64 

Stan  tan  ecus  pole  will  proceed  to  describe  the  par- 
ticular ellipse  along  which  it  has  been  started,  or 
rather  the  half  of  this  ellipse,  till  it  arrives  at  the 
opposite  mean  pole;  which  is  the  greatest  dis- 
turbance that  the  body  can  suffer:  whilst,  if  it 
had  been  started  along  the  other  half  of  the  ellipse 
it  would  have  returned  immediately  to  the  same 
mean  pole ;  which  is  the  least  possible  disturbance. 
There  is  therefore  a  single  case  in  which  the  in- 
stantaneous axis  being  drawn  aside  from  the  mean 
axis,  with  which  it  coincided  at  first,  not  only  does 
not  recede  farther  from  it,  but  even  returns  towards 
it  immediately,  until  its  distance  is  less  than  any 
assignable  quantity.  But  in  all  other  cases  it 
proceeds  to  describe  an  elliptical  cone  about  the 
major  or  minor  axis,  or  to  trace  the  plane  of  one 
or  other  of  the  ellipses  which  I  have  mentioned: 
and  we  may  say  that  the  rotatory  motion  about 
the  mean  axis  has  no  stability.    (30) 

(so)  The  rotatory  motions  about  GP,  GQ  (fig.  13.) 
are  supposed  to  be  in  the  same  direction ;  and  in  that 
case  P  moves  in  the  direction  MPU,  Suppose  the 
direction  of  the  motion  which  the  impressed  couple  tends 
to  produce  about  its  own  axis  to  be  reversed ;  then  the 
motion  about  the  instantaneous  axis  will  be  reversed,  the 
motion  which  the  centrifugal  couple  tends  to  produce 
about  GQ  being  unchanged.  The  motions  about  (3P, 
GQ  will  therefore  be  in  opposite  directions,  and  in  order 
to  find  R  the  new  pole  we  must  take  q  on  the  other  side 
of  G.  The  pole  will  therefore  move  in  the  direction 
UPM. 

Hence  the  direction  of  the  motion  of  the  pole  in  the 
poloid  depends  on  the  direction  of  the  motion  which  the 
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impressed  couple  tends  to  produce  about  its  axis.  If 
therefore,  for  a  given  direction  of  this  motion,  the  instan- 
taneous  pole,  on  being  started  in  one  direction  from 
the  mean  pole  along  the  above-mentioned  ellipse,  tends 
to  describe  the  whole  semi-ellipse,  it  will  on  being  started 
along  the  other  half  of  this  ellipse  still  tend  to  move 
in  the  same  direction  as  before,  i.  e.  will  return  towards 
the  mean  pole;  which  from  note  (24)  it  will  approach 
nearer  than  by  any  assignable  quantity. 

The  only  axes  of  stable  rotatory  motion  there- 
fore  are  those  about  which  the  moments  of  inertia 
of  the  body  are  respectively  the  greatest  and  least ; 
but  we  must  not  conclude  that  it  is  equally  stable 
about  these  two  axes:  for  if  one  of  them  differs 
little  from  the  mean  axis,  the  stability  of  the 
motion  about  it  will  not  be  greater  than  of  that 
about  the  mean  axis,  as  we  shall  presently  see. 


Measure  of  the  Stability  about  each  of  the  two  extreme 

Awes, 

In  order  to  form  a  distinct  idea  of  this 
stability,  and  of  that  which  forms  in  some 
degree  the  measure  of  it  for  each  of  these  two 
axes,  imagine  the  surface  of  the  ellipsoid  to  be 
cut  into  four  elliptical  sections  by  the  two  ellipses 
above-mentioned,  whose  planes  intersect  in  the 
mean  axis.  The  mean  pole  is  therefore  at  the 
intersection  of  these  two  ellipses ;  the  greater  pole 
is  in  the  centre  of  one  of  a  pair  of  sections,  and 
the  lesser  pole  in  the  centre  of  the  supplementary 
section. 

I 
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Now,  in  the  first  place,  if  the  instantaneous 
pole  of  rotation  falls  on  the  mean  pole  of  the 
ellipsoid,  it  is  clear  that  if  disturbed  ever  so  little 
it  will  be  thrown  into  one  or  other  of  these  two 
sections,  and  describe  its  poloid  about  one  or  other 
of  the  principal  poles  of  the  ellipsoid :  or  else  if 
the  disturbance  is  in  the  direction  of  one  of  the 
two  ellipses  it  will  either  describe  the  half  of  this 
ellipse,  or  return  immediately  to  its  former  po- 
sition ;  this  being  the  only  case  of  stability  about 
the  mean  axis. 

Again,  if  the  instantaneous  pole  falls  on  the 
greater  pole  of  the  ellipsoid  it  may  be  removed 
at  pleasure  to  any  point  in  the  surrounding  section 
without  ceasing  to  describe  its  poloid  about  the 
same  pole :  and  if  it  is  in  this  that  we  make  the 
stability  about  the  major  axis  to  consist,  we  may 
say  that  the  magnitude  of  the  section  is  in  some 
degree  the  measure  of  it.  Similarly  we  perceive 
that  the  supplementary  section  is  the  measure  of 
the  stability  of  the  rotatory  motion  about  the 
minor  axis.  Now  if  one  of  these  two  axes  differ 
little  from  the  mean  axis,  the  corresponding  section 
is  very  small,  and  the  supplementary  section  very 
great.  The  axis  which  differs  little  from  the  mean 
axis  affords  therefore  very  little  stability,  and  the 
other  axis  very  much.  It  is  not  therefore  correct 
to  say,  as  people  usually  do,  that  if  the  instan* 
taneous  axis  is  drawn  a  little  aside  from  the  prin- 
cipal axis  which  corresponds  to  the  greatest  or  least 
moment  of  inertia  of  the  body,  it  recedes  very  little 
from  it,  and  makes  only  small  oscillations  during 
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the  whote  period  of  tbe  motion :  for  if  the  moment 
of  inertia  relative  to  this  axis  differs  little  from 
the  mean  moment,  the  instantaneous  pole  may  be 
thrown  by  a  small  disturbance  out  of  the  little 
section  in  which  it  lies  into  the  neighbouring 
section,  and  proceed  to  describe  therein  its  peloid 
about  the  other  axis ;  or  else,  if  it  is  only  removed 
to  another  point  in  this  littie  section,  it  may  de- 
scribe therein  a  narrow  and  elongated  peloid,  and 
consequently  make  considerable  oscillations  about 
the  principal  pole  from  which  it  has  been  drawn 
aside,   (si) 

(si)  If  r  >  6,  the  semi-axes  of  the  ellipse  which  is 
the  projection  of  the  poloid  on  the  plane  perpendicular 
to  the  axis  of  w  are 

-V-2 s»       and-V-is — 755* 

r         a  "  c  r         or  ^b 

the  latter  of  which,  when  b  and  consequently  r  very 
nearly  equals  a,  becomes 

b'  ^  /      i^^^ 

—  'v  1 s —  "^ery  nearly, 

r  cr  '' 

which  may  be  made  to  approach  b  lis  nearly  as  we  please 
by  diminishing  the  difference  between  r  and  6,  that  is  by 
throwing  the  pole  very  near  to  the  boundary  of  the 
elliptic  section  mentioned  in  the  text. 

The  other  semi-axis  will  be  increased  by  this  means ; 
but  very  slightly,  as  a*  — r*  is  supposed  to  be  very 
small  in  comparison  with  c?  -  o'. 

*  Note  (19).    The  equation  to  the  projection  on  yz  is  obtained 
from  that  on  iry  by  writini^  z  for  ir,  a  for  c,  and  c  for  a. 
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In  bodies  where  one  of  the  extreme  moments 
of  inertia  differs  little  from  the  mean  moment,  and 
where  consequently  the  central  ellipsoid  is  nearly 
a  solid  of  revolution  about  the  other  axis,  the 
stability  of  the  rotatory  motion  is  only  absolute 
for  this  axis.  This  is  the  case  in  the  Earth, 
whose  motion  is  stable  about  its  present  axis, 
but  would  be  very  much  otherwise  about  the  third 
axis,  which  differs,  as  we  know,  very  little  from 
the  mean  axis. 


Motion  of  the  principal  Axes  of  the  Body  in  absolute 

Space^ 

We  have  considered  the  motion  of  the  instan- 
taneous pole  of  rotation  both  in  the  body  and  in 
space:  but  it  may  be  asked  what  are  the  motions 
of  the  poles  of  the  central  ellipsoid  themselves; 
the  velocities  with  which  they  revolve  about  the 
fixed  axis  of  the  impressed  couple,  and  with  which 
they  approach  or  recede  from  the  plane  perpen- 
dicular to  this  axis  which  gives  us  their  motions 
of  Precession  and  Nutation:  we  may  examine 
into  the  nature  of  the  three  curves  or  serpoloids 
which  the  projections  of  these  three  principal  poles 
trace  at  the  same  time  on  a  fixed  plane,  &c.  and 
we  shall  find  in  the  easiest  manner  many  curious 
properties  of  the  motion  of  a  body.    For  example, 

The  sum  of  the  area^s  swept  out^  during  the 
motion  of  the  hody^  hy  the  projections  on  the  plane 
of  the  couple  of  equal  portions  of  ea^h  of  the  three 
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principal  axes^  measured  ffom  the  centr^^  is  pro-' 
partional  to  the  time. 

^  these  three  UneSy  instead  of  being  equals  are 
proportional  to  the  square  roots  of  the  wMnents  of 
inertia^  or  to  what  I  call  the  arms  of  inertia  of 
the  body  about  the  same  axes,  the  sum  of  the 
areas  is  also  proportional  to  the  time. 

These  are  simple,  and  in  some  degree  geo- 
metrical theorems,  which  must  however  he  dis« 
tinguished  from  the  dynamical  theorem  relative 
to  the  areas  traced  hy  all  the  radii  vectores  drawn 
to  the  several  molecules  of  the  hody,  though  it  is 
easy  to  reduce  these  expressions,  drawn  from  the 
same  principle,  to  one  and  the  same. 

Analogous  theorems  may  he  proved  relative 
to  the  nutations  of  the  three  principal  axes  of 
the  hody  towards  the  fixed  plane  of  the  couple 
of  impulsion.  For  the  sum  of  the  squares  of  the 
distances  of  the  three  principal  poles  of  the  central 
ellipsoid  from  the  axis  of  the  couple  is  a  constant 
quantity:  and. 

The  sum  of  the  squares  respectively  multiplied 
by  the  moments  qf  inertia  of  the  body  is  constant 
throughout  the  whole  motion. 

Lastly^  if  we  consider  the  curves  described  by 
the  projections  of  these  poles  on  the  same  fixed 
plane,  we  shall  find  that  they  are  of  the  same 
nature  with  the  serpoloid  described  by  the  instan^ 
taneous  pole  of  rotation. 

In  general  the  pole,  whether  it  be  the  greater 
or  lesser,  which  forms  the  centre  of  the  poloid, 
describes  a  curve  having  like  the  serpoloid  equal 
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and  regular  undulatioos  about  the  same  centre ; 
the  superior  vertices  of  the  one  corresponding  to 
the  superior  vertices  of  the  other,  and  the  inferior 
to  the  inferior.  During  the  same  time  the  other 
two  poles  describe  also  curves  undulating  regularly: 
but  when  one  of  them  passes  the  superior  vertices 
of  its  path  the  other  is  passing  the  inferior  vertices 
of  its  similar  path ;  the  poles  being  at  an  angular 
distance  of  90^^  from  one  another. 

In  the  particular  cases  in  which  the  poloid  is 
an  ellipse  and  the  serpoloid  a  spiral,  the  mean 
pole  of  the  .body  describes  also  a  spiral  which 
approaches  the  centre  continually,  and  nearer  than 
by  any  assignable  limit,  without  ever  reaching  it : 
the  two  other  poles  also  describe  spirals^  of  a 
species  in  some  degree  resembUng  the  former; 
for  each  of  them  recedes  continually  from  a  certain 
minimum  distance  from  the  centre  to  a  certain 
maximum  which  it  never  reaches;  so  as  to  ap- 
proach continually  the  circumference  of  an  asymp- 
totic circle.  We  may  make  another  curious  remark 
on  this  particular  case  of  the  motion  of  bodies ; 
viz.  that  there  exists  in  the  mean  plane  of  the 
central  ellipsoid  a  certain  diameter  which  has  the 
remarkable  property  of  remaining  always  perpen- 
dicular to  the  fixed  axis  of  the  impressed  couple, 
and  therefore  of  describing  the  plane  of  this  couple, 
.and  that  too  with  an  uniform  motion.  So  that 
the  whole  motion  of  the  body  consists  in  turning 
on  this  particular  diameter  with  a  varud^le  velocity ^ 
while  this  diameter  uniformly  describes  a  circle  in 
space. 
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When  the  central  ellipsoid  is  one  of  revofution 
the  pole  of  the  figure  describes  a  circle  as  well  as 
the  instantaneous  pole.  In  this  case  there  is  no 
other  pole  properly  speaking  than  the  extremity 
of  the  axis  of  the  spheroid :  but  if  we  chose  to  fix 
arbitrarily  on  two  other  points  in  the  equator  at 
an  angular  distance  of  90^  firom  each  other  and  to 
examine  the  two  curves  which  their  projections 
describe,  we  should  have  two  perfectly  equal  but 
not  circular  curves:  which  would  be  two  equal 
serpoloids  about  the  same  centre,  the  superior 
vertices  of  the  one  being  always  at  an  angular 
distance  of  90^  from  the  corresponding  inferior 
vertices  of  the  other. 

We  shall  have  yet  more  new  properties  and 
new  illustrations  of  rotatory  motion  to  present. 
For  instance,  it  is  easy  to  see  that  the  section  of 
the  central  ellipsoid  made  hy  the  fixed  plane  of 
the  couple  is  an  eUipse  whose  area  is  constant 
throughout  the  motion. 

So  that  if  we  consider  the  central  ellipsoid  as 
plunged  into  a  non-resisting  fluid,  of  which  the 
fixed  plane  of  the  couple  forms  the  level,  we  may 
say  that  the  area  of  the  plane  of  floatation  is 
constant. 

We  may  pass  from  hence  to  a  new  illustration 
of  the  motion  and  represent  it  by  that  of  an  el- 
liptical cone  which  rolls  on  the  plane  of  the  couple 
with  a  variable  velocity,  and  slides  with  an  uniform 
velocity.  All  which  properties  will  be  developed 
in  the  Memoir. 
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We  see  how  much  these  illustrations  enlighten 
and  correct  our  ideas  of  even  the  most  elementary 
portions  of  the  theory  of  rotatory  motion.  Those 
who  cultivate  the  geometrical  properties  of  surfaces 
of  the  second  order  will  draw  from  them  without 
difficulty  a  great  numher  of  curious  theorems  re- 
lative to  this  kind  of  motion :  for  each  proposition 
in  Geometry  gives  a  corresponding  one  in  Dy- 
namics. But  the  great  advantage  of  our  mode 
of  treating  the  subject  consists  in  the  easy  demon- 
strations which  it  affords  of  the  motions  of  pre- 
cession and  nutation  of  the  equators  of  the  heavenly 
bodies,  and  of  the  nodes  of  their  orbits:  of  thus 
simplifying  and  sometimes  correcting  these  difficult 
theories,  of  which  we  have  already  seen  an  example 
in  the  determination  of  the  single  and  invariable 
plane  of  areas,  which  I  have  denominated  the 
Equator  qf  the  system  of  the  Universe. 


APPENDIX. 


I.     The  Awia  of  Instantaneous  Rotation. 

When  a  rigid  body  is  in  motion,  it  is  turnings 
during  every  separate  instant,  about  some  straight  line 
or  other,     (v.  page  17.) 

For  an  analytical  proof  of  the  existence  of  this  line 
see  Whewell's  Dynamics.  (Art.  120.) 

The  following  is  extracted,  by  permission  of  the 
Author,  from  Earnshaw's  Statics.  (Art.  I09.) 

*'  Let  JP,  Q,  (fig.  18.)  be  any  two  particles  of  a  rigid 
body ;  JPP',  QQ',  the  paths  which  they  describe  during 
the  same  instant;  A^  B,  the  centres  of  curvatures  of 
these  paths ;  then  the  line  joining  A^  B^  will  be  the  axis 
about  which  the  whole  body  turns  during  this  instant."*^ 

'^  For  the  lines  which  join  the  successive  contempo 
raneous  positions  of  P  and  Q,  while  they  are  respectively 
passing  to  P^  and  Q',  will  form  a  species  of  conical 
surface ;  and  since,  by  reason  of  the  rigidity  of  the 
body,  they  are  all  of  the  same  length,  the  planes  PAP^^ 
QBQ^y  in  which  the  curves  (PP',  QQ')  formed  by  their 
extremities  lie,  must  be  parallel.  Now  since  P  describes 
round  A  the  angle  PAP  in  the  same  time  that  Q 
describes  round  B  the  angle  QBQ\  the  trapezium  PABQ 
turns  in  the  same  time  round  AB  and  comes  into  the 
position  PABQ^  (for  AP  =  AP,  and  J5  Q  «  BQ\  since 
Aj  J5,  are  the  centres  of  curvature  of  PP',  QQ').     Con- 

K 


74 

sequently   the   motion   of   every   particle  of  the   body 
situated  in  PQ  takes  place  about  the  axis  AB.'*'* 

'^  Hence  the  motions  of  the  points  P  and  Q  take 
place  about  AB^  and  therefore  AB  must  be  perpendi- 
cular to  PAP ^  QBQ\  the  planes  of  these  motions. 
In  like  manner  if  the  motion  of  any  other  particle  R 
take  place  about  a  point  C^  AC  must  be  perpendicular 
to  the  planes  of  motion  PAP,  RCR'\  hence  both  AB 
and  AC  are  perpendicular  to  PAP\  which  is  impossible, 
(Euc.  XI.  13.)  unless  they  coincide;  in  which  case  C  is 
a  point  in  AB^  and  the  motion  of  R  takes  place  about 
AB\  and  since  R  is  any  particle,  the  motion  of  every 
particle  takes  place  about  AB^  that  is,  the  whole  body 
turns  during  the  instant  about  the  straight  line  AB.'''* 

If  any  point  in  the  body  be  fixed  the  axis  must  pass 
through  this  point. 

For  let  O  be  the  point  and  join  A0\  then  we  may 
consider  PAO  as  a  crooked  but  rigid  rod  moveable  about 
the  fixed  point  Ay  and  it  is  manifest  that  while  one 
extremity  P  moves  through  JPP',  the  other  cannot  remain 
at  rest  unless  it  lies  in  AB. 

In  this  case  the  motion  of  any  one  point  P  deter^ 
mines  the  motion  of  every  other  point. 

For  if  PO  be  joined,  the  rod  PO  considered  as  a 
rigid  body  must  be  turning  during  every  separate  instant 
about  some  axis  passing  through  O;  and  it  is  shewn  in 
the  course  of  the  above  demonstration  that  the  plane 
of  the  motion  of  any  other  point  Q  in  the  rigid  body 
is  parallel  to  the  plane  of  the  motion  of  any  point  in  OP. 
Therefore  the  motion  of  Q  is  about  the  same  axis  as  that 
of  OP'^  and  it  is  clear  from  note  (l)  that  the  angular 
velocities  are  the  same. 

If  the  body  is  perfectly  free,  it  has  during  every 
instant  a  simple  rotatory  motion  about  some  axis  pass- 
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ing  through  the  centre  of  gravity ;  except  in  the  case 
when  all  the  particles  move  in  equal  and  parallel  straight 
lines,  that  is,  when  the  body  has  a  mere  motion  of 
translation. 

To  prove  this  it  is  necessary  to  establish  the  follow- 
ing Dynamical  property  of  the  centre  of  gravity. 

If  a  motion  of  translation  be  communicated  to  a 
body  which  has  a  simple  rotatory  motion  about  any  axis 
passing  through  its  centre  of  gravity,  the  motions  will 
subsist  together,  and  each  will  continue  to  affect  the 
body  precisely  as  it  would  have  done  if  the  other  had 
never  existed. 

Suppose  a  velocity  v  in  the  direction  of  a  line  which 
makes  angles  a,  /3,  7,  with  the  co-ordinate  axes  to  be 
communicated  to  every  particle  of  the  rigid  system  in 
note  (11). 

Then  the  resolved  parts  of  the  effective  forces  which 
act  on  a  particle  M  situated  at  the  point  P  are 

—  mwy  +  mv  cos  a,  in  the  direction  G<r, 

m  {(ox  +  i?cos)3) Gy, 

fwwcos'y  G«. 

And  the  resolved  parts  of  all  the  elementary  effective 
forces  are  reducible  to 

(i.)     Three  forces  applied  at  G;  viz. 
-  cb2  (fny)  +  V  cos  a  2  (m), 

which  by  the  property  of  the  <;entre  of  gravity  (if  /m  =  S  (m) 
the  mass  of  the  system) 

=  /uv  cos  a,  in  the  direction  Gw^ 

2  (mo?)  +  t)  cos^2(w)  =  /uvcos/3 Gy. 

V  cos  7  2  {m)  =  /uv  cos  7 G%. 
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(ii.)     Two  couples ;  viz. 

^mz  {—  wy  +  V  cos  a)  -  Y,mivv  cos  y 
=  -  w^myz  in  the  plane  zw, 

^mz{a)a^  +  v  cos  fi)  —  ^myv  cos  7 
s=  a)2m<a?i9r isr^. 

(iii.)     Two  couples ;  viz  : 

^mw  (ft)ti?  +  ^)  cos  )3)    and  Swy  (<wy  -  v  cos  a), 
'which  together  =  coSm  (a?^  +  y^)  in  the  plane  a?y. 

The  whole  elementary  eflfective  forces  are  thereforef 
equivalent    to   a   force   equal   to   the  resultant  of  the 

forces  (i)  =  \//u^v*  (cos^  a  +  cos^  /3  +  cos^  y)  ^  /ulv  applied 
at  the  centre  of  gravity,  in  a  direction  making  angles 
«>  fii  7>  with  the  axes,  and  to  the  resultant  of  the  two 
sets  of  couples  (ii)  and  (iii);  and  it  is  manifest  that 
if  the  rotatory  motion  were  suppressed,  the  resultant 
force  would  still  be  /uv,  and  the  resultant  couple  would 
vanish ;  and  therefore  conversely  that  the  consequence  of 
applying  a  force  =  /mv  at  the  centre  of  gravity  of  the 
body  is  to  give  every  particle  of  it  a  mere  motion  of 
translation  with  a  velocity  v,  in  the  direction  of  the  force, 
whether  the  body  has  or  has  not  a  rotatory  motion ;  and 
that  on  the  other  hand  the  couples  (ii)  and  (iii),  which 
are  necessary  and  sufficient  to  produce  a  simple  rotatory 
motion  about  an  axis  through  (?,  remain  the  same,  what- 
ever be  the  value  of  «,  and  therefore  of  /ulv. 

Suppose  now  that  AB  (fig.  19.)  the  line  containing 
the  centres  of  curvature  of  the  paths  of  every  particle 
of  the  body  in  absolute  space,  does  not  pass  through  the 
centre  of  gravity  G  of  the  body,  and  that  the  angular 
velocity  of  the  body  about  it  is  w.  Then  if  about  Gg  a 
line  through  G  parallel  to  AB,  we  suppose  two  angular 
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velocities  each  «  o>  to  be  communicated  to  the  body  in 
opposite  directions,  we  shall  have  a  simple  rotatory 
motion  with  an  angular  velocity  w  about  Gg  and  a 
motion  of  translation  perpendicular  to  the  plane  GgAB ; 
and  since  Gg  passes  through  the  centre  of  gravity  these 
motions  are  independent,  that  is,  the  body  has  during 
the  instant,  a  simple  rotatory  motion  about  an  axis 
through  6. 

Hence  also  it  is  impossible  for  a  free  rigid  body  to 
have  a  simple  rotatory  motion  about  any  axis  which 
does  not  pass  through  the  centre  of  gravity. 

For  the  rdtatory  motion  which  it  has  for  an  instant 
about  any  such  axis  can  always  be  resolved  into  a  simple 
one  about  an  axis  through  the  centre  and  a  motion  of 
translation.  Hence  the  axis  of  the  screw  spoken  of  in 
pp.  24,  25,  always  passes  through  the  centre  of  gravity 
of  the  body. 

We  may  also  illustrate  the  above  principles  by  a 
reference  to  the  motions  of  the  Earth  and  Moon  in 
absolute  space. 

If  the  Earth  had  no  rotatory  motion  about  its  own 
axis  we  might  naturally  consider  SK  (fig.  20.)  perpen- 
dicular to  the  plane  of  the  ecliptic  as  the  instantaneous 
axis  {AB  figs.  18  and  19.).  The  motion  about  it  would 
be  equivalent  at  every  instant  to  a  motion  of  translation 
in  the  direction  of  a  tangent  to  the  Earth^s  orbit,  and  a 
simple  rotatory  motion  about  an  axis  through  the  centre 
of  gravity  of  the  Earth  parallel  to  SK.  In  the  course 
of  a  .year  the  Earth  would  turn  once  round  on  this 
axis  in  the  direction  WLE,  and  to  a  spectator  on  the 
Earth^s  surface  the  Sun  would  appear  to  describe  in  the 
same  direction  a  circle  round  the  centre  of  gravity  of 
the  Earth  in  the  plane  of  the  ecliptic,  and  the  fixed 
stars  parallel  circles  in  the  opposite  direction.  And 
this  motion  would  be  totally  independent  of  the  motion 
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of  translation,  of  which  the  spectator  would  only  be 
aware  from  the  consideration  that  if  it'  were  suppressed 
the  Sun^s  apparent  motion  would  be  in  the  opposite 
direction. 

But  no  such  apparent  annual  motion  of  the  fixed 
stars  is  observed.  We  may  therefore  conclude  that  the 
Earth  has  no  such  simple  rotatory  motion^  and  that 
its  motion  round  the  Sun  is  a  simple  motion  of  trans- 
lation of  the  centre  of  gravity ;  which  would  also  appear 
from  Dynamical  considerations.  It  is  observed  that  the 
Moon  presents  always  the  same  face  towards  the  Earth. 
Hence  all  the  particles  in  it  describe  similar  curves  about 
a  line  through  the  centre  of  gravity  of  the  Earth  perpen- 
dicular to  the  Moon's  orbit.  This  axis  is  therefore 
always  an  instantaneous  axis  of  the  Moon.  Hence  the 
Moon  has  a  simple  rotatory  motion  in  the  same  di- 
rection  with  its  motion  of  translation  about  an  axis 
through  its  centre  of  gravity  parallel  to  the  instan- 
taneous axis,  and  turns  once  round  on  this  axis  during 
a  revolution  of  its  centre  of  gravity  round  that  of  the 
Earth. 

If  now  we  suppose  one  or  more  rotatory  motions 
to  be  communicated  about  other  axes  through  the  centre 
of  gravity,  the  motion  of  translation  at  every  instant  will 
not  be  affected,  and  the  simple  rotatory  motion  about 
the  centre  of  gravity  at  every  instant,  upon  which  the 
appearances  of  the  heavens  depend,  will  be  compounded 
of  these. 


II.     Principal  Awes  and  Moments  of  Inertia. 

Through  every  point  in  a  material  system  at  least 
three  straight  lines  may  be  drawn,  in  directions  mutually 
at  right  angles,  for  which,  when  they  are  severally  taken 
as  the  axis  of  %,  each  of  the  quantities  2  (wa?«),  2  {myss) 
vanishes. 
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In  a  rigid  body  or  system  these  lines  are  called 
principal  axes.    (v.  page  28.) 

If  GP  (fig.  11.)  make  angles  a,  ^,  7,  with  the 
co-ordinate  axes,  and  the  co-ordinates  of  Q,  the  position 
of  any  particle  m,  he  w^  y,  %;  a&  in  note  (13). 

Moment  round  GP  (P)  =  2m  {QRY 
=  2w(<j?^  +  y*  +  «*-Gi?*) 
=  2m  J?*  +  2my*  +  2m5f* 

-  2ma?*  cos*  a  -  2my*  cos*  (i  —  ^msi?  cos*  7 

—  2^fnafy  cos  a  cos  )3  —  Q'Sitnwx  cos  a  cos  7 

—  2^my%  cos /3  cos  7. 

Let   A  =  2m y*  +  2mi2r*,    which    is    manifestly   the 
moment  round  6^, 

^'  s=  2m9i2r,  and  so  on  for  the  other  axes. 

Then      JP=  -4 cos* a+  B cos* (i  +  C  cos* 7 

—  ^^cos/3  cos  7  —  fi' cos  a  cos  7  —  C'cosocosjS. 

And  if  we  take  any  point  w^  y^  %  in  GP  at  a  distance 
p  from  69  we  shall  have 

JPp*  =  ^0?*  +  jBy*  +  Ci2f*  -  ^'y»  -  ^'^^  -  C'wy. 

Now  the  value  of  P  evidently  depends  upon  the  values 
of  a,  )3,  7,  that  is  upon  the  position  of  GP ;  and  p  being 
arbitrary  we  may  take  it  equal  to  any  function  of  the 
same  quantities; 

let  it  = 


Vn.P' 


.../>p-i, 
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and  AoG^  +  By^  +  Cx^  -  Ay%  -  Iffaoz  -  C txsy  =  -  =  c» 

is  the  equation  to  the  locus  of  the  extremity  of  'p.  We 
see  at  once  that  it  is  a  surface  of  the  secdhd  order 
whose  centre  is  G ;  and  since  P  can  never  vanish,  except 
in  the  particular  case  when  all  the  particles  lie  in  the 
straight  line  GP,  'p  is  always  finite,  and  the  surface  is  an 
ellipsoid. 

If  now  the  axes  of  the  co-ordinates  be  transformed 
so  as  to  coincide  with  the  Geometrical  Axes  of  the 
ellipsoid,  the  form  of  the  equation  becomes 

Aci?  +  B\^  +  Csi^  =5  c ; 

For  these  axes  therefore  the  quantities  -4',  S',  C, 
respectively  =  0 ;  and  therefore  each  of  them  is  a  principal 
axis  of  the  body  or  system. 

Now  a  geometrical  axis  of  an  ellipsoid  coincides  with 
the  normal  at  the  point  where  it  meets  the  surface ;  at 
this  point  therefore  we  have 

Ao!  -  Cy  -ff%      By  --  A'%  -  Cw  _  Cz  -B^a^-  A'y 

w  y  ss 

A  cos  a  —  C  cos  R  —  ff  cos  y 

or — 

cos  a 

B  cos  (i  "  A'  cos  «y  —  C  cos  a 
cos  fi 

C  cos  «v  —  -B'  cos  a  —  A*  cos  &      ^ 
cos  y 

whence  we  obtain 

(P  —  A)  cos  a  +  C  cos  /3  +  S'  cos  'y  =  0, 
C' cos o  +  (P -  J5) cos/3  +  J'cos7  =  0, 
jB'  cos  a  +  A'  cos  /3  +  (P  -  C)  cos  7  =  0. 
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and  by  elimination, 
(P-i<)(P-fi)(P-C)-i<'^(P-^)-J?'^(P-S)-C'-(P-C) 

in  which  the  roots  of  P  are  of  course  the  moments  of 
inertia  about  the  geometrical  axes  of  the  ellipsoid. 

To  shew  that  the  roots  of  this  equation  are  real, 
assume  J'  «  0,  J^  =  0 ;  then  the  factor  P  —  C  disap- 
pears and  the  equation  becomes  a  quadratic,  and  if  this 
has  for  its  roots  Pi,  Pg,  which  we  find  to  be  possible 
quantities,  and  we  substitute  successively  in  the  original 
equation 

-  00  ,  Pi  Pg,   and  +  oo  , 

we  obtain  results  alternately  positive  and  negative, 
whence  we  conclude  that  there  are  three  real  roots  be- 
tween these  limits,  (vide  Cauchy^  Ewerdces^  Vol.  in.  p.  5.) 

The  above  ellipsoid  is  manifestly  the  same  with  that 
which  Foinsot  calls  the  central  ellipsoid. 

The  moments  of  inertia  about  the  principal  axes 
passing  through  the  centre  of  gravity  are  called  the 
principal  moments  of  inertia  of  the  body. 

The  moment  about  the  major  axis  of  the  ellipsoid  is 
clearly  less,  and  that  about  the  minor  axis  greater,  than 
that  about  any  other  axis  whatever. 

If  two  of  these  are  equal  the  ellipsoid  whose  equa* 
tion  we  have  found  above  becomes  a  spheroid,  and 
every  diameter  in  the  equatoreal  plane  is  a  principal 
axis,  or  the  number  of  principal  axes  is  infinite. 

If  the  three  principal  moments  are  equal,  the  ellip- 
soid becomes  a  sphere,  and  every  diameter  is  a  principal 
axis. 

L 
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Whoi  the  oo-ordmate  axes  are  the  principal  axes 
throng  the  centre  of  gnnritj,  the  yalne  of  P  is  le- 
dooed  to 


From  this  we  can  deduce  the  moment  about  an  j  axis 
wfaidi  does  not  pass  thiDugfa  the  centre. 

For  if  a  rigid  body  or  system  rerc^e  about  a  fixed 
axis  JB  (fig.  19.)  with  an  angular  velocity  «,  the  re- 
sultant eflective  couple  in  Uie  plane  Pag  perpendicular 
to  AS  »  m  X  (moment  of  inertia  (A)  round  AB). 

But  if  the  axis  were  not  fixed  the  motion  might 
be  rescdved  as  before  into  a  rotatory  moticm  round  Ggy 
and  a  motion  of  translation ;  the  former  of  which  gives 
us  a  couple » 10  x  (moment  (G)  round  Gg)^  and  the 
latter  a  force  applied  at  G 

=  M  (velocity  of  translation) 

-  fi{w.a)  if  GO  =  o ,    see  note  (5), 

which  is  equivalent  to  a  force  fiwa  applied  at  O  and 
a  couple  s  fiwa .  a  in  a  plane  perpendicular  to  GO  A. 

And  the  force  is  destroyed  by  the  resistance  of  the 
fixed  axis; 

.'.  wA  =  wG  +  wfia^f 
A  =  G  -\-  fkd^. 

The  principal  moments  of  a  homogeneous  soUd  body 
are  readily  determined  by  integration. 

For  if  /i  SB  2  (m)  be  a  continuous  function  of  co  and  y^ 
the  value  of  an  individual  elementary  portion  ^fi^  m 
of  it  mu9t  entirely  depend  on  the  values  of  x  and  y 
at  the  point  where  that  portion  is  situated. 


r 


83 

Therefore  the  corresponding  elementary  portion  A  C 
of  the  moment,  which  »  AfA.  (07^  +  y*),  must  depend 
entirely  on  the  values  of  w  and  y,  and  must  therefore 
be  a  function  of  /u. 

But =  J?*  +  «* ; 

.-.  taking  the  limits,  d^C«a?'  +  y^. 
Similarly  d^-4  =  j^  +  «*, 

If  the  density  of  the  body  vary  according  to  a  given 
law  of  the  position  of  a  particle, 

d»dyd^tL^pxf{xy  y,  «); 

and  d,C  =  p/,^  {af^  +  y*)  x/(a?, y,  xr) 
and  similarly  for  A  and  B. 

If  the  body  is  homogeneous, 

dsd^d^ix  =  p;     .-.  d^fjL^pj^jyly 

and  similarly  for  J  and  jB. 

For  a  plane  surface  ^  -  0 ;    and  dgdyiuL  =  p; 
•••  C^pf,fya»  +  pj^fyf, 

. .  c  =  ^  +  s. 
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If  AB  (iig.  21.)  be  an  uniform  physical  line  whose 
middle  point  is  G,  which  is  clearly  the  centre  of  gravity, 
and  a  line  Gg  perpendicular  to  it  be  taken  for  the  axis 
of  (af),  we  shall  evidently  have  »  =  0  for  every  point 
in  this  line: 

.*.  2(wa?«r)  =  0,     %{my%)  =  0, 

and  every  line  perpendicular  to  AB  is  a  principal  axis 
thereof. 

To  find  the  principal  moment,  take  GA  for  the  axis 
of  a?,  then  y  =  0   and  d^/u  =  p ; 

which  from  «»  =  —     toa?=H-- 

2  2 

1    «'        - 

=  fx  .  — . 
12 

The  moment  about  an  axis  through  A  parallel  to  Gg 

a  a 

=  M« —  +  IX  .— 
12  4 

a 

The  moment  about  an  axis  Gh  inclined  at  an  angle 
(a)  to  Gg 

=  iu  .  —  cos'^  a. 
12 
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If  ABCD  (fig.  22.)  be  a  rectangular  parallelogram, 
any  axis  perpendicular  to  its  plane  will  be  a  principal 
axis;  and  lines  through  G  parallel  to  the  sides  will 
evidently  be  principal  axes  at  G,  since  for  every  product 
H-  wa?y  we  shall  have  a  corresponding  product  -  maiyj 

and  .-.  2wd?y  =  0,  and  if  AD^a^  AB=^b,  GN^y, 

dyH^p.MM'^p.AD, 

.-.  moment  round  Gob  {A)  =  f^y^ .  pa 


^  pa —  =  fi  — , 
^12         12 


^12  12 


Hence  in  this  case 


a^  +  fe* 


and  if  we  suppose  this  axis  to  pass  through  the  centre 
of  gravity  of  any  number  of  rectangles  of  the  same 
size  and  density,  and  exactly  parallel  to  ABCD,  the 
moment  of  the  system  about  this  axis  will  evidently 
be  obtained  by  multiplying  C  by  the  number  of  these 
planes.  Hence  the  principal  moments  of  a  rectangular 
parallelopiped  whose  base  is  ABCD  will  be 


C  =  pabc  . =  fi ,  and  similarly, 


a^  +  (^  b^-^  c^ 

'^         12  '^       12 
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Whenever  a  homogeneous  solid  body  can  be  divided 
by  three  planes,  passing  through  the  centre  of  gravity  at 
right  angles  to  each  other,  into  perfectly  symmetrical 
portions,  the  intersections  of  these  planes  are  principal 
axes.  This  follows  readily  from  what  has  just  been  said 
of  the  principal  axes  of  a  rectangle ;  it  appears  also  from 
the  consideration  that  each  plane  will  in  that  case  contain 
two  of  the  geometrical  axes  of  the  central  ellipsoid. 

If  APB  be  an  ellipse  (fig.  23.),  the  principal  axes  of 
G  are  GAy  GB,  and  a  line  perpendicular  to  the  plane 
APB, 

and  *  =  /»/,aj* .  PP',   since  d,/*  =  PP, 

.-.  I  jB  =  2p  -  {  ^  o« X x/?^^  -  i  «  (o*  -  a^)l} ; 

.'.  B  =  i^p-\a^.  Icircularareasin"*-] -a?(a*-^)l}+C, 
which  from  zps=  —  a  toa?  =  +  a 


a 


a  2        '       4 

2 


and  A  =  fx—\  .-.  C  =  ^a 


4  '4 
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The  principal  moments  for  a  circle  are  immediately 
deducible  by  making  b  ^^  a^  as  are  those  for  an  elliptic  or 
circular  cylinder  by  multiplying  by  the  height. 

We  may  however  obtain  C  more  readily  for  a  circle. 
For  if  GR  (fig.  24.)  =  r, 
r*  =  J?*  +  y^  =  d^C,  and  rf^/A  -^irr.p; 

.-.   C  =  ^irpjy  =  p =  111  — y  if  GA  =  a. 

Every  radius  6^^  is  a  principal  axis; 

C        a^ 

.-.    ^  =  fi  =  -ri^-. 

2  4 

For  a  solid  of  revolution  about  the  axis  of  z, 

d^fA  =  irf^ .  p-  TT  (fxY-  p  ; 

•••   C^irpf^ifzy. 
And  A  =  B; 
.-.  d^ii  =  ^  {df^A  +  d^ J?)  =  ^  (o?^  +  y*)  +  «2 

If  G  be  the  centre  of  an  ellipsoid  (fig.  25.)  the  axes 
GJ,  Gfi,  GC  are  principal  axes; 

and  d,^  =  p^^(y«  +  ^). 

But  if  PNP'  be  a  section  at  the  distance  GM^x^ 
the  equation  to  it  is 

f       1  ff_        1 
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a-  a* 

and  pfgf^  (y*  +  ss*)  between  the  limits 

y  =  -  MN,  «  =  -  MP, 

y  =  +  MN,         «  =  +  MP, 

is  manifestly  the  moment  of  inertia  of  the  plane  ellipse 
PNP'  about  GJ; 


.:  d,A  =  ^ 


4 


4 


which  from  ob  ^-^  a  to  a?  =  -ra 

15  5 

In  all  the  above  cases  the  moment  of  inertia  is  of  the 
form  fil^^  where  A;  is  a  constant  quantity.  And  this  will 
be  the  case  in  any  system  whatever,  since  the  moment  is 
made  up  of  positive  products  m  (o?*  +  y^)  each  of  which 
is  of  that  form. 

The  line  k  is  called  the  radius  of  gyration. 

If  G  (fig.  26.)  be  the  centre  of  gravity  of  a  free 
rigid  system,  k  the  radius  of  gyration  at  G,  and  Gg 
in  the  plane  of  the  paper  a  principal  axis  perpendicular 
to  GO,  an  impulsive  force  S  applied  in  a  direction  per- 
pendicular to  the  plane  of  the  paper  at  a  point  G  whose 
distance  from  G  is  «,  is  equivalent  to  a  force  S  applied  at 
G  and  a  couple  Ss  in  a  plane  perpendicular  to  Gg^ 
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The  effect  of  the  former  is  to  produce  a  motion  of 
trantlation  in  the  direction  of  S>  Let  v  be  the  velocity 
generated,  then  S^fiv. 

The  effect  of  the  latter  is  to  produce  a  rotatory 
motion  round  GC.     Let  w  be  the  velocity  of  rotation, 

then  S*8  ^  wfik^. 

Let  C  be  a  point  such  that  GC-(a  »  v,  then  C  and 
every  point  in  a  line  through  C  parallel  to  Gg  will 
remain  at  rest ;  therefore  this  line  will  be  the  axis  about 
which  the  body  or  system  will  actually  turn  during  the 
first  instant  in  absolute  apace. 

The  line  thus  obtained  by  reversing  the  process  in 
pp*  76,  77,  and  compounding  the  motion  of  translation 
with  the  rotatory  motion  is  called  the  Spontaneous  Ams 
of  Rotation  (v.  p.  25.),  which  is  therefore  a  principal 
axis  at  a  point  C  which  is  sometimes  caUed  the  Centre 
of  Spontaneous  Rotation^  and  whose  position  in  OG 
produced  is  determined  by  the  consideration  that 

GC.—-^  -;       .-.  GC=-. 

/jikr      /UL  8 

If  the  axis  Cc  were  fixed,  the  shock  of  any  force  S  on 
O  would  evidently  produce  no  pressure  whatever  on  Cc. 
Hence  O  is  called  the  Centre  of  Percussion  correspond- 
ing to  the  axis  Cc,  Its  position  is  determined  from  the 
equation 

^^       ** 

GO  =  -r-  . 

CG 

If  a  rigid  body  or  system  turn  about  any  fixed  axis 
Cc  with  an  angular  velocity  w,  the  motion  at  any  instant 
is  equivalent  to  a  simple  rotatory  motion  about  an  axis  ' 
Gg  through  the  centre  of  gravity  parallel  to  Cc^  and 
a  couple  of  rotatory  motions  whose  moment  is  CG.Wj 
that  is,  a  motion  of  translation  with  a  velocity  s  CG .  w ; 
for  these  are  the  motions  into  which,  if  the  axis  were 
set  free,  it  would  immediately  be  resolved. 

M 
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Now  the  motion  of  G  is  unaffected  by  the  former, 
and  the  latter  would  be  generated  by  a  force  S  applied 
at  G  ^  JUL.  CG .  ctf . 

Therefore  the  resultant  couple  of  the  effectire  forces 
in  a  plane  perpendicular  to  Cc  , 

=  o) .  (moment  of  inertia  round  Cc) 

ft* 
which,  if  O  be  a  point  such  that  GO  =  -— - ,  =  *? .  CO, 

CG 

But  a  force  S  applied  at  O  is  equivalent  to  a  force 
S  at  Cy  which  would  be  destroyed  by  the  reaction  of 
Ccy  and  a  couple  whose  moment  is  S .  CO. 

Hence  a  rotatory  motion  about  a  fixed  axis  Cc  with 
a  velocity  to  would  be  produced  by  a  force  S  =  a)*fi.  CG 
applied  at  O. 

But  since  the  axis  is  fixed,  the  same  effect  would 
be  produced  by  a  force  R  applied  at  G 

ct    CO 

—  O  .  -p^  =  ft) .  yU .  C0> 

CG 

Now  if  the  whole  mass  were  collected  at  O  and  connected 
with  C  by  an  imponderable  rigid  rod,  the  force  which 
must  be  applied  at  0,  which  would  then  become  the 
centre  of  gravity,  to  cause  /m  to  revolve  about  C 
would  be 

fi  X  (linear  velocity)  =  /m  .wCO,  as  before. 

It  is  evident  that  the  velocity  of  the  particle  m  at  O 
is  the  same  in  either  case. 

Any  point   0  lying  in  a  cylindrical  surface  at  a 

distance  CG  +  — ;  from  Cc  is  called  a  centre  of  oacillor- 

CG 

/ion  corresponding  to  the  axis  Cc, 
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The  angular  velocity  due  to  a  force  R  at  Gs= -pr^ , 

M  •  CO 

and  the  circumstance  of  the  axis  being  fixed  enables  us 

to  replace  any  force  T  acting  at  Q  perpendicular  to  the 

CQ 
plane  of  the  paper  by  a  force  R^T  •  -—  at  G,  parallel 

to  T.  ^^ 

The  same  reasoning  holds  for  a  succession  of  im- 
pulsive forces,  and  thus  for  a  continued  force,  such  as 
gravity. 

If  CA  (fig.  27.)  be  a  vertical,  ACG  =  0,  the  im- 
pulsive  force  at  G,  which  acts  at  every  successive 
instant  during  the  short  time  A  ^  to  produce  an  angular 
velocity  A<u, 

s  /A^  sin  0. 

And  each  successive  increment  of  velocity  being 
independent  of  the  former,  the  whole  increment  Aoi  in 
the  time  A^ 

^         fig  sin  0 

Aw     geinS 

.-.  taking  the  limits  dtw  =    ^^   ■ 

But  Ad,  the  angle  described  in  any  small  time  A^^ 
during  which  or  may  be  considered  uniform, 

=  w .  At; 

^sin  0 


.*.  d^0  =5  djctf  = 


CO 


The  same  expression  for  determining  t  which  would 
have  arisen  in  considering  the  motion  of  any  mass  sus- 
pended from  C  by  an  immaterial  thread  CO. 
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III.     Conservation  of  Ontplea.    Equations  of  Euler, 

The  following  statement  and  demonstration  of  the 
principle  of  the  Conservation  of  Couples  are  translated 
from  the  Memoir  presented  by  M.  Poinsot  to  the  Insti- 
tute in  May  1804. 

Let  any  number  of  perfectly  free  bodies,  unconnected 
with  each  other,  describe  uniformly  straight  lines  in 
space;  then  the  forces  by  which  they  are  respectively 
impelled  remain  always  the  same  and  in  the  same 
direction. 

Therefore  the  resultant  of  all  these  individual  forces 
passing  through  any  fixed  point,  and  the  resultant  couple, 
are  the  same  at  every  instant  during  the  whole  motion. 

Now  if  we  suppose  these  bodies  to  be  suddenly 
connected  together  so  as  to  act  one  upon  another  by 
virtue  of  any  reciprocal  forces  whatever,  that  is  to  say, 
such  that  between  any  two  bodies  the  action  and  re- 
action are  perfectly  equal  and  opposite,  which  com- 
prehends all  forces  of  this  nature,  the  individual  motions 
of  the  several  bodies  vdll  be  changed,  and  the  forces 
which  respectively  impel  them  will  vary  in  magnitude 
and  direction  during  every  instant  of  the  motion.  But 
the  resultant  of  these  forces  passing  through  any  fixed 
point  and  the  resultant  couple  will  remain  the  same 
as  before,  and  would  still  be  the  same  if  the  bodies 
were  suddenly  set  free,  and  each  were  to  fly  ofi^  in  a 
straight  line  with  the  new  velocity  by  which  it  is 
actually  impelled. 

This  principle,  which  follows  from  the  Differential 
Equations  of  Motion,  may  also  be  demonstrated  in  the 
following  manner. 
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Since  each  body  by  reason  of  its  connection  with 
the  others  is  unable  any  longer  to  obey  fully  the 
impulse  which  it  has  received,  the  force  which  acts 
on  it  is  decomposed  into  two  others,  one  of  which  is 
destroyed,  while  the  other  is  that  which  the  body 
actually  obeys.  The  circumstances  are  identical  with 
those  of  the  case  in  which  a  body  in  motion  meets  with 
an  insurmountable  obstacle,  except  that  the  component 
part  of  the  force  which  would  then  be  annihilated,  pro- 
ceeds to  act  upon  the  other  bodies  of  the  system,  and 
is  destroyed  by  the  united  action  of  the  similar  com- 
ponents which  each  of  them  contributes. 

Now  it  is  evident  that  the  resultant  force  passing 
through  any  fixed  point,  and  the  resultant  couple,  of  the 
impulsive  forces  are  respectively  equivalent  to  the  re- 
sultant forces  and  resultant  couples  of  the  two  sets  of 
forces  into  which  they  are  decomposed.  But  the  first  set 
being  in  equilibrio  their  resultant  force  and  resultant 
couple  vanish  by  the  laws  of  Statics :  therefore  the  ori- 
ginal resultant  force  and  resultant  couple  are  identical 
with  those  which  the  body  actually  obeys.  With  respect 
to  any  other  forces,  such  as  mutual  attractions,  which 
may  exist  in  the  system,  since  they  are  reciprocal,  that 
is  to  say,  distributed  in  pairs  of  equal  and  opposite  forces, 
they  cannot  in  any  way  affect  the  forces  above  mentioned. 

We  see  therefore  that  in  a  system  of  bodies  which 
have  received  any  primitive  impulses  and  which  act 
mutually  upon  each  other  in  any  manner,  the  resultant 
of  all  the  forces  which  impel  them  passing  through  any 
fixed  point,  and  the  resultant  couple,  remain  always  the 
same  whatever  variations  the  respective  moving  forces 
of  individual  bodies  may  experience,  whether  these  varia- 
tions take  place  by  insensible  degrees,  or  abruptly,  from 
any  change  in  the  reciprocal  actions  of  the  bodies,  or 
from  the  sudden  introduction  of  any  new  connecting 
forces  among  them. 
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Hence  in  note  (l6)  the  resultant  of  all  the  effective 
couples  at  any  instant  during  the  motion  =  M, 

The  centrifugal  couple  is  of  course  included.  It 
is  the  portion  of  the  resultant  M  sin  d'  of  the  couples 
whose  planes  pass  through  GP,  which  lies  in  a  plane 
passing  also  through  GM^ 

The  projections  of  GM  =*=  M  (fig.  12.)  on  three  fixed 
lines  Gx^  Gy,  Gx  in  space,  will  represent  in  magnitude 
and  direction  the  axes  of  the  resultant  couples  of  the 
effective  forces  in  planes  perpendicular  to  these  lines. 

Let  a,  6,  c,  be  the  cosines  of  the  angles  which  the 
axes  of  the  ellipsoid  make  with  the  line  Gx,  then 

Mco^  MGw^  M  cos  a.  a  +  Jf  cos/3.6  +  Mcosy.c 

Similarly 

JIf  cos  MGjf  =  Awa .  a'  +  -Bcd^.  6'  +  Cwc .  c', 

M cos MG«  =  Aw^ . a'  +  Bwf, *h"  +  Cw^*  c". 

(v.  Poisson,  Micaniqu^i  Art.  409.) 

It  must  be  observed  that  the  portion  of  the  centri- 
fugal couple,  as  obtained  in  note  (l5),  which  lies  in  the 
plane  perpendicular  to  the  axis  of  instantaneous  rotation 
is  omitted  in  deducing  the  final  equation,  as  having 
no  tendency  to  change  the  position  of  the  axis. 


IV*    Application  to  the  Precession  of  the  'Equinoxes.  ' 

Let  G  (fig.  28.)  be  the  Earth^s  centre,  GC  its  geome- 
trical axis;  5  the  Sun;  S'LW  the  equator,  the  Earth 
being   supposed    in   the   position   which  it   has  at  the 
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summer  solstice.  Then  the  action  of  the  Sun  on  S^ 
is  greater,  and  on  W  less  than  the  action  on  G>  There- 
fore in  addition  to  the  force  on  G  which  produces  the 
motion  of  translation  there  is  a  couple  of  forces  in 
opposite  directions  which  produces  a  rotatory  motion 
round  the  line  c^  L  perpendicular  to  the  plane  KGS- 
Also  in  winter  the  opposite  face  being  presented  to  iS 
the  couple  tends  to  produce  motion  in  the  same  direc- 
tion. If  therefore  the  Earth  when  originally  projected 
had  a  rotatory  motion  of  its  own  about  GC^  which  would 
be  the  case  if  the  primitive  impulse  did  not  pass  through 
G  but  through  some  other  point  in  the  equatoreal  plane 
in  a  direction  perpendicular  to  a  plane  passing  through 
6C,  these  two  rotatory  motions  would  be  compounded, 
and  the  pole  of  rotation  on  the  central  ellipsoid  would  be 
drawn  aside  to  a  short  distance  from  the  geometrical 
pole.  It  would  therefore  describe  as  its  poloid  a  circle 
at  this  distance  from  the  pole  C.  The  serpoloid  would 
also  be  a  circle  about  GK.  For  the  plane  of  the  re- 
sultant couple  would  be  parallel  to  the  plane  of  the 
ecliptic. 

The  ellipticity  of  the  Earth  being  very  small  the 
effect  of  the  centrifugal  forces  is  not  perceptible. 

When  the  Earth  is  in  any  other  position  the  effect  of 
the  Sun^s  attraction  is  at  some  times  to  increase  and  at 
others  to  diminish  the  obliquity,  which  however  it  does 
not  permanently  alter. 

To  determine  the  velocity  of  the  Pole  we  must  know 
the  amount  of  the  effect  of  the  disturbing  couple  at  ^S^ 
and  Wj  which  depends  on  the  Sun^s  attraction  at  those 
points,     (v.  Airy,  Precession,  Art.  21.) 

If  a  be  the  angular  velocity  generated  by  the  couple 
at  S'  and  TT,  w  the  angular  velocity  of  the  Earth's  rota- 
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tion  round  the  instantaneous  axis  which  is  always  the 
same,  p  the  radius  of  the  poloid, 

2irp  a=  (velocity  of  the  Pole)  x  (one  day). 

But  by  note  (26.),  vel.  of  the  Pole  =  (radius  of®)  —  , 

w 

and  length  of  a  day  =»  — ; 

w 


.*.  p  s=  (radius  of  ®) .  -j .     (v.  Airy,  Art.  IS.) 
The  value  of  p  is  obtained  by  observation  in  note  (9)  • 
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